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PREFACE. 


It  has  been  made  a  matter  of  Borprise,  that 

notwithstanding  there  are  many  individuals  in 
these  countries  perfectly  competent  to  the  task> 
there  ha&>  not  as  yet  appeared  a  translation  of  the 
works  of  Laplace. 

That  an  accurate  translation  of  the  works  of 
this  great  man  would  render  them  more  easily 
apprehended,  and  would  also  contribute  to  their 
being  more  extensively  known,  cannot  be  ques- 
tioned by  any  person  wlio  considers,  that  they 
are  read  with  avidity  by  many  persons  who  are 
frequently  embarrassed  as  to  the  author's  mean- 
ing,  in  consequence  of  their  imperfect  acquain- 
tance with  the  French  language.  The  present 
Translation  was  drawn  up  lor  the  pui'pose  of  ob- 
viating these  difficulties,  and  of  rendering  the 
w  ork  accessible  to  every  scientific  student.   It  is 


Digitized  by  Google 


vi 


FllEFACE. 


hoped  that  the  Notes  which  arc  sdijoiiied  at  the 
end  of  each  volume  will  tend  to  elucidate  many 
of  the  important  results  which  are  merely  an- 
nounced in  the  text.  The  Translator  is  awar^ 
that  to  those  readers  who  are  conversant  with 
the  Celestial  Mechanics,  many,  if  not  ail,  of  these 
might  be  dispensed  with;  but  when  it  is  consi- 
dered, that  his  object  has  been  to  render  these 
objects  accessible  to  the  generality  of  readers,  he 
trusts  he  will  not  be  deemed  uonecessarily  diffuse, 
*  if  he  has  insisted  longer  on  some  points  than  the 
experienced  reader  would  think  necessary. 

The  decimal  division  of  the  circle,  and  of  the 
day,  (of  which  the  origin  is  fixed  at  midnight,)  is 
adopted  in  the  text.  The  lineal  measures  are 
referred  to  the  metre,  and  all  temperatures  are 
estimated  on  the  centigrade  thermometer,  the 
height  of  the  barometer  being  supposed  Ci^ual 
to  76  centimetres,  when  this  thermometer  points 
to  zero  at  the  parallel  of  l-j^ 

By  means  of  the  following  table,  any  niunber 
of  decimal  degrees,  minutes,  and  seconds,  may  be 
obUiined  in  sexagesimal  degrees,  minutes,  and 
seconds,  by  simple  multiplication : 


1 

i  • 
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Daelml.      Sezag«ganal.  SmigM.  DeelHMl. 

(  1«  =s  54'      s  324*  1  lo  =  !<►  11'  11"  II*  &c. 

<  r  =  32",4  1'  =  I',  85"  18"'.dl.&c. 

1 1"  =  0"^24  1«  =  3"    8'".  64. 

As  it  is  frequently  required  to  know  the 
valoes  of  the  corresponding  quantities,  according 
to  the  English  staudaid  ol'  weights,  measures,  &c., 
tiie  following  table  is  subjoined,  by  means  of 
which  it  is  extremely  easy  to  estimate  the  French 
measures  in  terms  of  the  English,  or  vice  versa. 


1  foot  =  IS  iDches, 

.'.  3  feet  4*       of  an  iuch 


=  12.78d  inches. 

f  =  3  feet,  or  one  yard,  ivhicli 
'       r    is  the  English  linear  stand* 
J  ard. 


The  metre  =^1 0,000,000  of  the 
distance  of  the  pole  from  the  S  =  39.383  inches. 

equator,  J 
The  iitre,  wtiich  is  tlie  unit  of 

cafiarity,  (=  t)ie  cube  of  the  J-  =  Gl.063  inches. 

tenlh  part  of  the  metre,) 
The  grwtmef  which  is  the  unit 

of  weight,  (=  the  weight  of 

a  cube  of  distilled  water,  of  ^ss  22.966  grains 

which  one  side  is  the  100th 

part  of  the  u)etre» 

mSSiw!'^^  ^  the.8uperficial  J  ^  ,  j       ^^^^^  ^^^^^^ 

The  following  numerical  values  being  of  fre- 
quent occuirence  will  likewise  ha  useful  to  the 
practical  student :  I  denoting  the  logarithm  of  a 

quantity  in  the  Hyperbolic  or  Naperian  system, 
of  which  the  modulus  =  1,  and  L  denoting  the 

logarithui  of  a  quantity  iii  the  commou  system,  of 
which  the  base  =  10,  we  have  e,  the  base  of 
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the  Hyperbolic  system  =  2,  7128  18281  j901J 
^536,  &c,  the  modulus  in  the  oommon  system 
=:£ezzO,  iiSm,  44819  08951  827651  11S89. 

The  ratio  of  the  diameter  to  the  periphery 
of  a  circle,  or  w  the  semiperiphery  of  a  drde,  of 
which  the  rad,  is  unity 

a,  26685  80793  28846  26488  83279 

L.  «-  s  0,  49714  98726  94133  86635  127 
/.  r  a  1  14472  98868  49400  17414  342 

In  our  division  of  tlio  day»  one  second  of  time 
is  the  86400th  part  of  the  mean  day.  In  the  pre> 
sent  French  divisioii,  one  second  is  the  100,000th 
part  of  the  mean  day»  .%  denoting  by  p  the  force 
of  gravity,  and  by  a  the  length  of  the  pendulum 
which  vibrates  seconds,  lu  the  latitude  of  Paris 
we  have 

y.  =r  9",  80870/524S       i     §  (=  T"",  32214    ")  g  | -3 


A.  =  O"*,  9yab3b744(J  4  ^  B  «  )  =  O",  741887  (  I  ^  | 
L.  A.  =  1,    9978169236  J  -  5  s  (=  J,    87033783  «  8 
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SYSTEM  OF  THE  WORLD. 


Me  vera  prmfum  tUUcet  ante 

Quorum  Mcra  ^o^ingenti  peradnu  amore, 

Aedpionit  cacique  vku  et  tidera  monstrent. 

ViBo.  /t6.  li>  Gbor. 

Of  all  the  -natural  sdeDoes,  astronomy  is  that 

which  presents  the  longest  series  of  discoveries. 
The  hrst  appearance  of  the  heavens  is  indeed  far 
removed  firom  that  enlarged  view,  hj  whidi  we 
comprehend  at  the  present  day,  the  past  and  fu- 
ture states  of  the  system  of  the  world.  To  arrive 
at  this,  it  was  necessary  to  observe  the  heavenly 
bodies  during  a  long  succession  of  ages,  to  recog- 
nize in  their  appearances  the  real  motion  of  the 
earth,  to  develope  the  la\^  s  of  the  planetary  moti- 
onS)  to  derive  from  these  laws  the  principle  of  uni- 
versal gravitation,and  finally  from  this  principle  to 
descend  to  the  complete  explanation  of  all  the  ce- 
lestial phenomena  in  their  minutest  details.  This 
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is  what  the  human  imderstanding  has  i||(chie?ed  in 
astronomy.  The  exposition  of  these  discoTeries»and 
of  the  most  simple  manner,  in  which  they  may 
arise  one  from  the  other,  will  have  the  twofold  ad- 
vantage of  fbmishing  a  great  assemblage  of  im- 
portant truths,  and  of  pointing  out  the  true 
method  which  should  be  followed  in  investigating 
the  laws  of  nature.  This  is  the  object  which  I 
propose  in  the  following  work. 
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BOOK  THE  FIKST. 

OF  THE  Al'i'AilEMT   MOTIONS  OF  THJv    UXAVLNLY  B001£«. 


CHAP.  I. 

Cff  ihe  diurnal  moHon  of  the  heavene. 

IF  during  a  fine  nigfat»  and  in  a  place  where  llie 
Tiew  of  the  horieon  t8  unintemifyted,  the  appear- 

ant  o  of  the  heavens  he  attentively  observed,  it 
mil  be  perceived  to  change  at  every  instant.  The 
stars  are  either  rising  above  or  descending  to^ 
wards  the  horizon;  some  appear  towards  the 
east,  others  disappear  towards  the  west ;  several, 
as  th<»  pole  star,  and  the  stars  of  the  great  Bear, 
never  reach  the  horizon  in  our  climates.  In  these 
various  motions,  the  relative  position  of  all  tlia 
stars  remains  the  same:  they  describe  drcles 
which  diminish  in  proportion  as  they  are  nearer  to 
a  point  which  8ecnis  to  he  iniinoveahJe.  Thus  the 
heavons  appear  to  revolve  about  two  tixed  points, 
termed  from  this  circumstance)  poies  of  the  woridf 
and  in  this  motion  they  are  supposed  to  carry  with 
lihem,  the  entire  system  of  the  stars.  The  pole 
which  is  elevated  above  the  horizon      the  iwrth 
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|i()lo.  The  opposite  pole,  whieli  we  imagine  to  be 
depressed  l>eiieath  the  horizon,  is  the  south  pole. 

Already  several  ^iaterestiog  questions  present 
themselves  to  be  resolved.  What  becomes  dor* 
ing  the  day  'of  the  stara  which  have  been  seen 
in  the  night?  From  ulu  noe  do  those  come  which 
begin  to  appear  ?  and  wiiere  are  those  gone  which 
have  disappeared?  An  attentive  examination  of 
the  phenomena  fomishes  verjr  simple  answers  to 
these  questions.  In  the  morning  the  light  of  the 
stars  grows  fainter,  according  as  the  dawn  ad- 
vances.; in  the  evening  they  become  more  bril- 
liant, as  the  twilight  diminishes ;  it  is  not  there- 
fore because  they  cease  to  shine,  but  because  they 
are  effaced  by  the  more  vivid  light  of  the  twilight 
and  of  the  sun,  that  we  cease  to  perceive  them. 

The  fortunate  discovery  of  the  telescope  has 
furnished  us  with  the  means  of  verifying  this  ex- 
planation, for  the  stars  seen  through  this  instru- 
ment are  visible,  even  when  the  sun  is  at  its 
gix'u,lcbt  elevation  above  tlie  horizon.  Those 
stai's,  which  from  tiieir  proximity  to  the  pole,  ne- 
ver reach  the  horizon,  are  perpetually  visible. 
With  respect  to  tiie  stars  which  rise  in  the  east 
and  set  in  the  west,  it  is  natural  to  suppose  that 
they  complete  under  the  horizon  the  circle,  part 
of  which  appeared  to  be  described  above  it.  This 
truth  become  more  obvious  as  we  advance  to- 
wards the  north,  more  and  more  of  the  stars  si- 
tuated in  this  part  of  the  world  are  esitricated 
from  beneath  the  horizon,  till  at  length  these 
stars  cease  to  disappear  at  all,  while  the  stars 
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whick  are  situated  towards  the  south  become 
entirely  invisible.    When  we  advance  towards  the 

south  pole,  the  contrary  ib  observed  to  be  the 
case  i  stars  which  always  continued  above  the 
horizon,  oomniieiice  to  rise  and  set  alternately* 
and  new  stars  previously  invisible  begin  to  appear* 

It  appears  from  these  phenomena  that  the  surface 
of  the  earlh  is  not  what  it  appears  to  he,  namely, 
a  plane  on  wbicli  tlie  celestial  vault  is  supported. 
This  is  an  illusion  which  the  first  observers  rec- 
tified very  soon,  by  considerations  similar  to  the 
preceding  ;  they  observed  that  the  heavens  sur- 
round  the  eurtli  on  all  sides,  and  that-  the  stars 
shine  perpetualiy,  describing  every  day  their  re- 
spective circles.  We  shall  have  firequent  occa* 
sion  to  observe  in  the  sequel,  cases  in  which  sir 
milar  illusions  have  been  dissipated,  and  in  which 
even  the  real  objects  have  been  recognized  in 
their  erroueoujd  appearances,  by  means  of  astro- 
nomy. 

In  order  to  form  an  accurate  conception  of  the 
motion  of  the  stars,  we  conceive  an  axis  to  pass 

throut^'li  the  centre  of  the  eai*th,  and  the  two  poles 
ot  the  world,  on  which  the  celestial  sphere  re- 
volves. The  great  circle  perpendicular  to  this 
axis  is  called  the  Equator,  the  lesser  circles  which 
the  stars  describe  parallel  to  the  equator,  in  con- 
sequcjice  of  their  diurnal  motion,  nvv  termed  pa- 
rallel circles.  The  zenith  of  a  spectator,  is  that 
point  of  the  heavens  to  which  his  vertical  is  di- 
rected. The  nadir  is  the  point  diametrically  op-* 
posite.   The  meridian  (a)  is  the  gr^t  circle 


6  OP  THE  DIURKAL  MOTION,  8fC, 

which  paaaes  through  the  zenith  and  the  poie9 ;  it 

divides  into  two  equal  parts  tlie  arcrs  described  by 
the  stars  above  tlie  horizon,  so  that  when  they 
are  on  this  circle,  they  are  at  their  greatest  or 
least  altitude*  Finally,  the  horizon  is  the  great 
circle  perpendicular  to  the  Tertical,  or  parallel  to 
the  surface  of  staguant  water  at  the  place  of  the 
observer. 

The  elevation  of  the  pole  being  an  arithmetic 
mean  between  the  greatest  and  least  altitudes  of 
the  stars  which  never  set,  an  easy  method  is  sug- 
gested of  determininp:  the  height  of  the  pole.  As 
we  advance  directly  towards  the  pole,  it  is  ob- 
served to  be  elevated  very  nearly  in  proportion  (b) 
to  the  space  passed  over ;  hence  it  is  inferred  that 
the  snrfece  of  the  earth  is  convex,  its  figure  dif- 
fering little  Iroiu  tliut  of  a  sphere.  The  curva- 
ture of  the  t<MTestrial  globe  is  very  sensible  on 
the  surface  of  the  seas ;  the  sailor  in  his  approach 
towards  the  shore  perceives  first  the  most  ele- 
vated points,  and  afterwards  the  lower  parts, 
wJiieli  were  concealed  from  his  view  by  the  con- 
vexity of  the  earth.  It  is  also  in  consequence  of 
this  curvature,  that  the  sun  at  its  rising  gilds  the 
summits  of  the  mountains  before  he  illuminates 
the  planes. 
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Of  the  fim,  and  of  its  motions. 

All  the  lieaveniy  bodies  participate  in  the  di* 
urnal  motion  of  tiie  celestial  spberet  bul  seyeral 
have  proper  motions  of  their  own,  which  it  is  in- 
teresting to  follow,  l)ecau8e  it  is  by  means  of 
tbose  alone,  that  we  can  liope  to  arrive  at  the 
knowledge  of  the  true  system  of  the  world.  As 
in  measmring  the  distance  of  an  object»  we  ob^ 
serve  it  from  two  different  positions,  so  in  order 
to  discover  the  mechanism  of  natm-e,  we  must 
consider  her  under  different  points  of  view,  and 
observe  the  development  of  her  laws,  in  the 
changes  of  appearance,  which  she  presents  to  us. 
Upon  the  earth,  we  vary  the  phenomena  by  expe* 
riments,  in  the  heavens  we  carefullv  determine 
all  those  which  the  celoptial  motions  present  to 
us.  By  thus  interrogating  nature,  and  subjecting 
her  answers  to  analysis,  we  can  by  a  trmn  of  in* 
ductions  judiciously  managed,  arrive  at  the  gene- 
ral phenomena,  from  whence  these  particular 
facts  arise.  It  is  to  discover  these  grand  pheno- 
meoa,  and  to  reduce  them  to  the  least  possible 
number,  that  all  our  efforts  should  be  directed ;  for 
the  ih*8t  causes  and  intidiatA  n^ure-of  beinga  will 
be  for  ever  unknown. 


8  OF  THE  8UN»  AND  OF  ITS  MOTIONS* 

The  mm  bas  a  proper  motion^  of  which  the  dU 
rection  is  contrary  to  the  diurnal  motion.  This 

motion  is  recogi listed  by  the  appearances  which 
the  heavens  present  dwiug  the  nights,  which  ap- 
pearances change  and  are  renewed  with  the  sea- 
sons. The  stars  situated  in  the  path  of  the  sun, 
and  which  set  a  little  after  him,  are  very  soon  lost 
in  his  light,  and  at  length  reappear  before  his 
rising;  this  star  therefore  advances  towards  them, 
from  west  to  east.  It  is  thus  that  for  a  long  time 
his  proper  motion  was  traced^  (which  at  present 
can  be  determined  with  great  precision),  by  ob- 
serving every  day,  the  meridian  altitude  of  the 
sun,  and  the  interval  of  time  which  elapses  be- 
tween his  passage,  and  that  of  the  stars  over  the 
meridian.  By  means  of  these  observations,  we 
obtain  tlie  proper  motions  of  the  sun,  in  the  di- 
rection of  the  meridian,  and  also  in  the  direction 
of  the  parallels  ;  the  resultant  of  these  motions  is 
the  true  motion  of  this  star  about  the  earth.  In 
this  m^ner,  it  has  been  found  that  this  star 
moves  in  an  orbit,  whidi  is  called  the  ec^jHc, 
and  which  at  the  commencement  of  1801,  was 
inclined  to  the  equator  at  an  angle  of  26%07315. 

The  variety  of  seasons  is  caused  by  the  incli- 
nation of  the  ecliptic  to  the  equator.  When  the 
sun  in  his  annual  motion  arrives  at  the  equator, 
he  descnbes  very  nearly  in  his  diurnal  motion 
this  great  circle,  which  being  then  divided  into 
two  equal  parts  by  all  the  horizons,  the  day  is 
equal  to  the  night,  in  every  part  of  the^  earth. 
The  points  of  tiie  intersection  of  the  equator  and 
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the  ecliptic*  aiB  i&med  the  eqttirwxu,  onaocoont 
of  this  equality.   In  proportion  as  the  sun,  after 

leaving  the  eqaiuox  of  spring,  advances  in  fiis  or- 
bit, his  meridian  altitudes  a(:»ove  our  horizon  in- 
crease, the  visible  arc  of  the  parallels,  which  it 
describes  eveiy  day,  continually  increases,  and 
this  augments  the  length  of  the  days,  till  the  sun 
has  attained  his  greatest  altitude.  At  this  epoch, 
the  days  are  the  longest  in  the  year,  and  because 
the  variations  of  the  meridian  height  of  the  sun» 
are  insensible,  near  the  maximum,  the  sun  fcon- 
sidering  only  the  altitude  on  which  the  duration 
of  the  day  depends)  appears  stationaiy,  for  which 
reason,  (c)  this  point  of  the  maximum  height  has 
been  termed  the  summer  solstice*  The  parallel 
described  by  the  son  on  that  day,  is  called  the 
summer  iropic.  This  star  then  descends  towards 
the  equator,  which  it  traverses  again,  at  the  au- 
tumnal equinox,  from  thence  it  arrives  at  its 
mimmum  of  altitude,  or  at  the  winter  wktice. 
The  parallel  then  described  by  the  sun  is  the 
winter  tropic^  and  the  corresponding  day  is  the 
shortest  of  the  year;  having  attained  this  term, 
the  sun  again  ascends  and  returns  to  the  vernal 
equinox,  to  recommence  the  same  route. 

Such  is  the  constant  regular  progress  of  the 
sun  and  of  the  seasons.  Spring,  is  the  interval 
comprised  between  the  vernal  equinox,  and  the 
sunmier  solstice ;  summer  is  the  interval  from  this 
solstice  to  the  autumnal  equinox ;  and  the  inter- 
nal from  the  autumnal  equinox  to  the  winter  sols* 
Uce,  constitutes  the  autumn ;  finally,  winter  is 
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the  inteiral  of  time  from  tlie  Mrinter  fioktiee  to 
ike  vernal  equinox. 

The  presence  of  the  stm  above  the  horizon  being 
the  cause  of  heat,  it  might  be  8upfH>8ed  that  the 
temperature  should  be  the  tame  in  eummer  as  in 
Bpring»  and  in  the  winter  and  autumn.  But  the 
temperature  is  not  the  instantaneous  effect  of  the 
presence  of  the  sun,  it  is  ratlier  the  result  of  its  long 
continued  action.  It  does  not  produce  its  maxinyum 
of  eftect,  for  each  day,  till  some  time  after  the 
greatest  altitude  of  this  star  aboTe  the  horizon,  nor 
does  it  attain  its  maximum  effect  for  the  year,  till 
the  greatest  solstitial  altitude  is  passed. 

The  different  climates  exhibit  remarkable  va- 
rieties, which  we  will  now  examine  from  the 
equator  to  the  poles.  At  the  equator,  the  hori- 
zon divides  all  the  parallels  into  two  equal  parts ; 
the  tiny  is  therefore  constantly  equal  to  the  night. 
In  the  equinoxes  tlie  sun,  at  uiid  day,  passes 
through  the  zenith.  The  meridian  altitudes  of 
this  star,  at  the  solstices,  are  least,  and  equal  to 
the  complement  of  the  inclination  of  the  ecliptic 
to  the  equator.  The  solar  shadows  are  then  di- 
rectly opposite,  which  is  never  the  case  in  our 
climates,  where  they  are  always  at  mid-day  di* 
rected  towardei  the  north; 

At  the  equator,  therefore,  properly  speaking, 
there  are  two  summers  and  two  winters,  everyyear. 
This  is  also  the  ease  in  all  places,  where  the  height 
of  the  pole  is  less  than  the  obliquity  of  the  ediptie. 
Qeyond  this  limit,  as  the  sun  never  can  be  in  the 
zenith,  there  is  only  one  summer  and  OiMf  winter  ill 
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each  year ;  the  duration  of  the  longest  day  increase 

es  and  that  of  the  sliortost  da)  diminishes  as  we  ap- 
proach the  pole,  and  at  the  parallel  the  distance  of 
the  zenith  of  which  from  the  pole,  is  equal  to  the 
obliquity  of  the  ecliptic,  the  sun  neyer  (d)  setsta 
the  day  of  the  summer  sobtice,  nor  rises  on  the 
day  of  the  winter  solstice.  Still  nearer  to  the  pole, 
tii^etime  of  his  presence,  and  of  its  absence,  exceeds 
several  days,  and  even  months.  Finally,  under  the 
pole,  the  horizon  coinciding  with  the  equator  itself, 
the  sun  is  always  above  the  horizon  when  on  the 
same  sidt*  oi'  Uu^  equator  as  the  pole  ;  it  is  con- 
stantly below  the  horizon,  when  it  is  at  the  other 
side  of  the  equator }  so  that  there  is  then  but  one 
day  and  one  night  throughout  the  year,  (e) 

Let  us  trace  more  particularly  the  path  of 
the  Sim.  It  is  at  once  apparent  tliat  the  inter- 
vals which  separate  the  equinoxes  and  the  sol- 
stices are  unequal,  that  from  the  vernal  to  the 
autumnal  equinox,  is  about  eight  da3rs  longer 
than  the  interval  between  the  autumnal  and  ver- 
nal equinoxes;  the  motion  is  consequently  not  uni- 
form :  by  means  of  accurate  and  repeated  obser- 
vations, it  has  been  ascertained  that  the  motion 
is  most  rapid  in  a  point  of  the  solar  orbit, 
which  is  situated  near  the  winter  solstice,  and 
that  it  is  slowest  in  the  (qposite  point  of  the  orbit 
iK^ar  to  the  summer  solstice.  The  sun  describes 
in  a  day  in  the  first  point,  and  only 

1%0591  in  the  second.  Thus  during  the  course 
of  the  year  its  motion  varies  from  the  greatest  to 
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the  least  by  three  hundred  and  thirty^six  ten 
thousandths  of  its  mean  Talue.  (/) 

This  variation  produces,  by  its  accumulation, 
a  very  sensible  iuequality  in  the  inution  of  the 
8im«   In  order  to  determine  its  law,  and  in  gene- 
ral to  obtain  the  laws  of  all  the  periodical  ineqaa- 
lities,  it  should  be  remarked  that  these  inequalities 
may  be  properly  represented  by  thesines  and  cosines 
of  angles  whieii  become  the  same  after  the  com- 
pletion of  every  circumference.  (^)    If  therefore 
all  the  inequalities  of  the  celestial  motions  are 
expressed  in  this  manner^  the  only  difficulty  con* 
sists  in  separating  them  from  each  other,  aad  in 
deterniiiiing  the  angles  on  which  they  depend. 
As  the  inequality  which  we  are  at  present  coh- 
sidering,  performs  the  period  of  its  changes  in  a 
revolution  of  the  sun»  it  is  natural  to  make  it  de- 
pend on  the  motion  of  the  sun  and  on  its  multi- 
ples.   In  this  njuiiner,  it  hiib  been  found  tliat  it 
is  expressed  by  means  of  a  series  of  sines  depend- 
ing on  this  motion  $  it  is  reduced  very  nearly  to 
two  terms,  of  which  the  first  is  proportional  to  the 
sine  of  the  mean  angular  distance  of  the  sun, 
from  the  point  in  its  orbit,  where  his  velocity  is 
greatest,  and  of  which  the  second  is  about  ninety 
five  times  less  than  the  first,  and  proportional  to 
the  sine  of  double  of  this  distance. 

It  is  probable  that  the  distance  of  the  sun  from 
the  earth  varies  with  its  an^ulai  velocity,  and  this 
has  been  proved  by  the  measures  of  its  apparent 
diameter.  Tliis  diameter  increases  and  diminishes 
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aooonUng  to  the  same  law  as  the  velocity,  bat  in  a 
fatio  only  half  as  great  When  the  velocity  is  great* 

est,  the  diameter  i8  6035,"8  ancHt  is  observed  to  be 
only  c>8.3(>/^3,  when  this  velocity  is  the  least  j 
therefore  its  mean  magnitude  is  about  ^9d6/'0. 

The  distance  of  the  son  from  the  earth  being 
reciprocally  proportional  to  his  apparent  diame- 
ter, its  increase  follows  the  same  law  as  the  di. 
minution  of  this  diameter.  The  point  of  tlie  or- 
bit in  which  the  sun  is  nearest  to  the  earth,  is 
tenned  the  jmr^fee,  and  the  opposite  pointy  in 
which  the  sun  is  most  remote*  is  called  the  apogee. 
It  is  in  the  first  of  these  points,  that  the  apparent 
diameter  and  also  the  velocity  of  the  sun  are 
greatest  \  in  the  second  point,  the  apparent  di- 
ameter and  velocity  are  at  their  mtftimtim* 

It  would  be  sufficient*  in  order  to  explain  the 
diminution  of  the  sun^s  apparent  motion,  to  in- 
create  his  distance  from  the  cartli  ^  but  if  the  va- 
riation of  the  solar  motion  arose  from  tliis  cause 
only*  and  if  the  real  velocity  of  the  sun  was  con- 
stant, its  apparent  velooi^  would  diminish  in  the 
same  ratio  as  the  apparent  diameter.  It  diminish- 
es la  a  i*atio  twice  as  great,  theiet'ore  there  is  an 
actual  retardation  in  the  motion  of  this  star,  when 
it  recedes  irom  the  earth.  From  the  effect  of  this 
retardation,  combined  withthe  increase  of  distance, 
its  angular  motion  diminishes  as  the  square  of  the 
distance  increases,  so  that  its  product  by  this  square 
is  very  nearly  constant.  All  the  measures  of  the  ap- 
parent diameter  of  the  sun*  compared  with  the  ob- 
servations %A  his  daily  motion*  confirm  this  result. 
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Let  US  conceive   a  right  line  joining  the 
centres  of  the  Bun  and  eartht  which  we  wiJl 
call  the  radiui  vector  of  the  sun,  it  I9  easy 
to  perceive  that  the  small  sector,  or  tireu  de- 
scribed in  a  day  by  this  radius  about  the  eaith,  i& 
proportional  to  the  square  of  this  radius  into  the 
diurnal  motion  (h)  of  the  sun.   This  area  is 
therefore  constant,  and  the  entire  area  described 
by  the  radius  vector,  reckoning  from  a  given 
point,  increases  as  the  number  of  days,  elapsed 
since  the  epoch  at  which  the  sun  was  on  this 
radius.    Therefiure  the  areas  detcribed  bgf  its  ra- 
dius tfeciorj  are  proportionai  to  the  times.  This 
sini[>le  relation  between  the  motion  of  the  mn, 
and  its  distance  from  the  focus  of  this  luotiou, 
must  be  admitted  as  a  fundamental  law  in  its 
theory,  at  least,  until  obserrations  compel  us  to 
modify  it. 

If  fn»ui  tlie  preceding  data,  tlie  position  and 
length  of  tlic  radius  vector  of  the  solar  orbit  be  set 
down  every  day,  and  a  curve  be  supposed  to  pass 
through  the  extremities  of  all  those  radii,  it  will 
appear  that  this  curve  will  be  somewhat  elongated 
in  the  direction  of  the  right  line,  which,  ])assing 
through  tlie  centre  of  the  eartti,  joins  the  points 
of  the  greatest  and  least  distance  of  the  sun.  The 
resemblance  of  this  curve  with  the  ellipse,  having 
suggested  the  notion  of  comparing  them  together, 
their  identity  was  ascertainetl ;  I'lom  wljich  it  has 
been  inferred,  that  the  solar  orbit  is  an  eUipsey  of 
which  the  centre  the  earth  occupies  one  of  the 
foci,  (i) 
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The  ellipse  m  one  of  thoee  ourves  so  oelebraled 
both  in  antient  and  modern  geometry,  which  be- 
ing formed  by  tlie  intersection  oi  a  plane  vvitli  the 
surface  of  a  tone,  liave  been  therefore  termed 
conic  sections.  The  extremities  of  a  tlireadwhioh 
is  stretched  on  a  plane,  being  fized  on  two  im- 
momble  points,  called  foci,  any  point  which  slides 
along  this  thread  describes  the  ellipse ;  it  is  evi- 
dently elongated  in  the  direction  of  the  right  line 
which  joins  the  foci,  and  which  being  extended 
on  each  side  to  meet  the  curve,  forms  the  greater 
axis,  of  which  the  length  is  eqnal  to  that  of  the 
thread.  The  lej>ser  axis  is  the  right  line  drawn 
through  the  centre  perpendicularly  to  the  greater 
axis,  and  extended  on  both  sides  to  meet  the 
'  curve :  the  distance  of  the  centre  from  one  of  the 
fid  is  the  esBogntriciiy  of  the  ellipse.  When  the 
two  foci  are  united  in  the  same  point,  the  ellipse 
becomes  a  circle  ;  by  increabing  tlieir  distance  the 
ellipse  gradually  lengthens,  and  if  the  mutual 
distance  becomes  infinite,  the  distance  of  the  fo- 
ctts  from  the  nearest  summit  of  the  curve,  re^ 
mains  finite,  and  the  ellipse  becomes  a  pam- 
bola. 

T))e  solar  ellipse  differs  but  little  from  a  circle ; 
far  the  excess  of  the  greatest  above  the  least  die- 
tance  of  the  sun  from  the  earth  is  equal  to  the 

hundred  and  sixty  ten  thousandth  part  of  this  dis- 
tance.   This  excess  is  the  excentricity  itself,  in 
which  observations  indicate  a  very  slow  diminu- 
tion, and  hardly  perceptible  in  a  century.  . 
In  order  to  have  a  just  conception  4^  tte  elliptic 
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motion  of  the  sun,  let  ob  conceive  a  point  to 
move  ttillformly  on  the  circumference  of  a  drcle^ 

of  which  the  centre  coincides  with  the  centre  of 
the  earth,  the  radius  being  equal  to  llie  perigeon 
distance  of  the  suu  ;  suppose  moreover  that  this 
point  and  the  Sim  set  off  together  from  the  pe- 
rigee, and  that  the  angular  motion  of  the  point 
is  equal  to  the  mean  angular  motion  of  the  sun, 
while  the  radius  vector  of  this  point  revolves  uni- 
formly about  the  earth,  the  radius  vector  ot^  the 
sun  moves  unequally,  always  constituting  with 
the  distance  of  the  perigee,  and  the  arcs  of  the 
eDipse,  sectors  proportional  to  the  times.  At 
first,  it  precedes  tlie  radius  vector  of  the  point, 
and  makes  with  it  an  angle,  which  after  having 
increased  to  a  certain  limit  (k%  diminishes^  and  at 
length  vanishes,  when  the  sun  arrives  at  his 
apogee.    The  two  radii  will  then  coincide  with 
the  ^eater  axis.    In  the  second  Iialf  of  the  elhpse, 
the  radius  vector  of  the  point  precedes  in  its 
turn,  that  of  the  sun,  and  makes  with  it  angles 
exactly  equal  to  those,  which  it  made  in  the  first 
half,  at  the  same  distance  fit>m  the  perigee,  at 
which  point  it  coincides  again  with  the  radius 
vector  of  the  sun,  aiul  \v  ith  the  greater  axis  of  the 
ellipse.    The  angle  by  which  the  radius  vector  of 
the  sun  precedes  that  of  the  point,  is  termed 
the  equaiitm  rf  the  centre.    Its  maximum  was 
2**,13807  at  the  commencement  of  the  present 
century,     e.  at  the  iniduight,  on  which  the  first 
of  January  1801  commenced.    It  diminishes  hy  a 
quantity  equal  to  about        for  eveiy  centuiy. 
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From  the  duration  Of  the  bud's  revolution  in  its 
orhit,  the  angular  motion  of  the  point  about  the 

earth  may  be  iufen*cd.  The  angular  motion  of 
the  sun  will  be  obtained  by  udiliiig  to  this  motion, 
the  equation  of  the  centre.  Tiie  investigation  of 
this  equation  is  a  veiy  interesting  problem  of 
analysis*  which  can  only  be  resolved  by  ap> 
proximation  ;  but  the  small  excentricity  of  the 
solar  orbit  lead.N  to  very  converging  series,  which 
are  easily  reduced  to  tlie  form  of  tables. 

The  greater  axis  of  the  solar  eUipse  is  not  fixed 
ui  the  heavens ;  it  has  relatively  to  the  fixed  stars 
an  annual  motion  of  about  86/'  in  the  same  di- 
rection as  that  of  JIjc  bun. 

The  solar  orbit  approaches  by  insensible  de- 
grees to  the  equator ;  the  secular  diminution  of 
its  obliquity,  to  the  plane  of  this  great  cirde^  may 
be  estiniated  at  about  1  iS'\ 

The  elliptic  motion  oi  the  sun  does  not  exactly 
represent  modem  observations  their  great  pre- 
cision has  enabled  us  to  perceive  small  inequa* 
litiesy  of  which  it  would  have  been  impossible  to 
have  developed  the  laws  by  observations  alone. 
The  inrostipration  of  these  inecjualities  appertains 
to  that  branch  of  astronomy,  which  redescends 
firom  causes  to  the  phenomena,  and  which  will 
constitute  the  subject  of  the  fourth  book. 

The  distance  of  the  sun  firom  the  earth,  has  at 
every  period  interested  astronomers.  Observers 
have  (/)  endeavoured  to  determine  it,  by  ail  the 
means  astronomy  has  successively  furnished  them 
with.   The  most  natural  and  simple  is  that  which 
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Gfeometers  employ  in  measuriDg  the  distance  of 
terrestrial  objects.    At  the  two  extremities  of  a 

known  base,  the  angles,  whicli  the  visual  rays  of 
an  object  make  with  it,  are  observed,  and  by  de- 
ducting their  sum  from  two  right  angles,  the 
angle  will  be  obtained  which  these  rays  form  at 
'the  point  where  they  meet ;  this  angle  is  termed 
the  paralla.v  of  tho  object,  the  distance  of  which 
fi'oui  the  extremities  of  the  base  is  easily  obtain- 
ed.   In  applying  this  method  to  the  sun,  the  most 
extensive  base  which  can  be  taken  on  the  surface 
of  the  earth  should  be  selected.    Suppose  two 
observers  situated  nnder  the  same  men dian,  and 
observing  at  noon,  the  distance  of  the  o  ntre  of 
of  the  sun  from  the  north  pole;  the  ditference 
of  these  two  observed  distances  vnll  be  the 
angle,  which  the  line  joining  the  observers 
would  subtend  at  tliis  centre  ;  the  (liilen  iu  es  of 
tbe  elevations  of  the  pole  gives  this  line  in  j)arts 
of  the  terrestrial  radius ;  it  will  therefore  be  easy 
to  infer  from  thence  the  angle  under  which  thct 
semidiameter  of  the  earth  would  appear  at  the 
centre  of  the  sun.    This  angle  is  the  Jiorizontal 
j/ara/ia.v  of  the  sun  ;  but  it  is  too  small  to  be  ac- 
curately determined  by  this  method,  which  only 
enables  us  to  judge  that  the  distance  of  this  star 
is  at  least  nine  thousand  diameters  of  the  earth. 
In  the  sequel,  it  will  be  seen,  that  the  discoveries 
in  aFtronouiy  I'uruish  other  method*?  niucli  more 
accurate  for  determining  the  parallax,  which  we 
now  know  to  be  about  fT'>         nearly,  at  its 
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mean  distance  from  the  earth ;  hence  it  follows 
that  this  distaoce  is  about  23984  terrestrial  radii. 

Black  spots  are  observed  on  the  surface  of  the 
Min»  of  an  imgolar  and  Tariabk  feiriQ.  Sometimes 
they  me  rery  nmnerous,  and  of  oonriderable  ex- 
tent ;  some  liave  been  observed,  of  which  the 
magnitude  was  equal  to  four  or  five  times  that  of 
the  earth.  At  other  times,  though  rarely,  the 
iarHioe  of  the  mm  has  appeared  pure^  and  with- 
out spots  for  seTersl  saeeessive  years.  FVequent*- 
'  ly  the  solar  spots  are  enveloped  by  penumbras, 
which  are  themselves  surrounded  by  a  more  bril- 
liant light  than  that  of  the  rest  of  the  sun,  in  the 
middle  of  which  these  sJnHs  are  ohsenred  to  torn 
and  to  disappear.  The  natim  of  these  spots  is 
yet  unknown,  however  they  have  made  us  ac- 
quainted with  a  remarkable  phenomenon,  namely, 
the  rotation  of  the  sun.  Amidst  all  the  varia- 
tions which  thej  undetgo  in  their  position  and 
Biagniliidey  we  can  discover  regular  melons 
precisely  the  same  as  those  of  corresponding 
points  of  the  surface  of  the  sun,  if  we  siippose 
it  te  have  a  motion  of  rotation  in  the  direction  of 
iSs  BiOtien  ronad  the  eortli,  on  an  axis  almost 
Itorpendicidar  to  the  eeHipttc.  From  a  continvh 
ed  observation  of  these  spots,  it  has  been  infer- 
red that  the  duration  of  an  entire  revolution  of 
the  sun  is  about  twenty-five  days  and  a  half,  and 
that  the  solar  eq^oator  is  inclined  at  an  angle  of 
eight  degrees  and  one  third  to  the  plane  of  the 
ecliptic 

The  extensive  spots  of  the  sun  are  almost  al- 
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ways  comprised  in  a  zone  of  its  surface,  the 
breadth  of  which,  measured  on  liie  solar  meridian, 
does  not  extend  beyond  thirty-four  degrees  on 
each  side  of  the  equator ;  however*  spots  have 
been  observed  which  were  forty*four  degrees  from 
this  equator.  There  has  been  observed,  particu- 
larly about  the  vernal  equinox,  a  faint  light  which 
is  visible  before  the  rising  and  af\er  the  setting  of 
the  sun,  to  which  has  been  given  the  name  of 
xodiacai  light.  Its  colour  is  white,  and  its  appa- 
rent figure  that  of  a  spindle,  the  base  ol  which 
rests  on  tlie  solai*  equator ;  such  as  would  be  the 
appearance  of  an  ellipsoid  of  revolution  extremely 
flattened,  the  centre  and  plane  of  equator  coin* 
elding  with  those  of  the  sun.  The  length  of  this 
zodiacal  liirht  appeuis  hunietimes  to  subtend  an 
angle  of  more  than  one  hundred  degrees.  The 
fluid  which  reflects  this  light  to  us,  must  be  ex- 
tremely rare,  since  the  stars  are  sometimes  visi- 
ble through  it.  The  most  received  opinion  re- 
specting its  nature  is,  that  this  fluid  is  the  atmos- 
phere itself  of  the  sun  ;  but  this  atmosphere  cer- 
tainly does  not  extend  to  so  great  a  distance. — At 
the  conclusion  of  this  work  we  will  suggest  what 
appears  to  us  to  be  the  cause  of  this  light,  which 
is  unknown,  and  has  hitherto  baffled  our  en- 
quiries. 
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Of  Time,  and  of  its  measure. 

TiMi:  is,  relatively  to  us,  the  impression  which 
a  series  of  events,  of  which  we  are  assured  that 
the  existence  has  been  successive,  leaves  in  the 
memory.   Motion  is  a  proper  measure  of  time ; 
Ibr  since  a  body  cannot  be  in  several  places  at  the 
same  time,  when  it  moves  from  one  place  to  ano- 
ther, it  niubt  pass  successively  through  all  the  in- 
termediate points.    If  it  is  actuated  by  the  same 
force  at  every  point  of  the  line,  which  it  describes, 
its  motion  is  uniform,  and  the  several  portions  of 
this  line  will  measure  the  time  employed  to  des- 
cribe them.    When  a  pendulum,  at  the  termina- 
tion of  each  oscillation,  is  in  precisely  the  same 
circumstances  as  at  the  commencement  of  the 
motion,  the  durations  of  these  oscillations  are  the 
same,  and  the  lime  may  he  measured  by  their 
number.    We  may  also  employ  for  this  measure- 
ment, the  revolutions  of  the  celestial  sphere,  in 
which  the  motions  appear  to  be  perfectly  uniform  \ 
and  mankind  have  universally  a^eed  to  make 
use  of  the  motion  of  the  sun  for  tliis  purpose,  the 
returns  of  which  to  the  meridian,  and  to  the  same 
equinox  or  the  same  solstice,  constitute  the  day 
and  the  year. 
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In  civil  life,  the  day  is  the  mtenral  of  time 
which  lapses  from  the  rising  to  the  setting  of  the 
sun :  the  ni^^lit  is  the  time,  daring  which  the 

sun  remains  below  the  horizon.  The  astronomi- 
cal day  comprises  the  entire  duration  of  the  diur- 
nal revolution  ;  it  is  the  interval  of  time  between  ^ 
two  successiTe  noons  or  midnights.  It  is  greater 
than  the  duration  of  a  revolution  of  the  heavens^ 
which  constitutes  the  sidereal  (huj  ;  for  if  the  sun 
and  a  star  pass  the  meridian  at  the  same  instant, 
on  the  following  day  the  sun  will  pass  later,  in 
consequence  of  its  proper  motion,  by  which  it  ad- 
vances from  west  to  east,  and  in  the  interval  of  a 
year  it  will  pass  the  meridian  once  less  than  the 
star.  It  is  found  hy  assuming  the  mean  astrono- 
mical day  equal  to  unity,  that  the  sidereal  day  is 

0,997«69.57. 

The  astronomical  days  are  not  equal ;  their  dif- 
ference arises  from  two  causes,  namely,  the  in- 
equality of  the  proper  motion  of  the  sun,  and  the 
obliquity  of  the  ecliptic.  The  effect  of  the  first 
cause  is  evident ;  thus,  at  the  summer  solstice, 
near  to  which  the  motion  of  the  sun  is  slowest, 
the  ajstronomieal  day  appioaches  more  to  the  si- 
dereal day  timn  at  the  winter  t»olbtice,  when  tiie 
motion  is  most  rapid. 

In  order  to  conceive  the  effect  of  the  second 
cause,  it  should  be  observed  that  the  excess  of  the 
a>tronomical  over  the  sidereal  diiy  arises  solely 
from  the  proper  motion  of  the  sun  reduced  to  the 
eqtiator.  If  we  conceive  two  great  circles  to  pass 
through  the  poles  of  the  world,  and  through  the 


0P  TIMBp  AND  OF  ITS  MEAfl0R£«  4S 


vxtremittes  of  the  tmall  arc  which  the  sun  describes 
on  the  ecliptic  each  day,  the  arc  of  the  equator, 
which  they  intercept,  is  the  daily  motion  of  the  i?iin 
referred  to  the  equator,  and  the  time  which  this 
arc  takes  to  pass  over  the  ineridiaii»  is  the  excess 
of  the  astronomical  over  the  sidereal  day;  but  it 
is  evident  that  in  the  equinoxes,  the  arc  of  the 
equator  is  Jess  tluiii  the  corrcvspoiuliiig  arc  of  the 
ecliptic,  in  the  ratio  of  the  cosine  of  the  obliquity 
of  the  ecliptic  to  radios ;  in  the  solstices  it  is 
greater  in  die  ratio  of  radius  to  the  cosine  (m)  of 
the  same  obliquity ;  therefore  the  astronomical 
day  is  dimiiiibiied  in  the  fii'st  case,  and  increased 
in  the  second. 

To  obtain  a  mean  day»  independent  of  these 
causes ;  we  imagine  a  second  sun»  which  moving 
uniformly  in  the  ecliptic,  passes  always  at  the 
same  instant  as  the  true  sun  ilie  giealt  r  axis  of 
the  solar  orbit  ^  this  will  cause  the  inequality  of 
the  proper  motion  of  the  sun  to  disappear.  The 
effect  arising  from  the  obliqui^  is  then  made 
to  disappear,  by  imagining  a  third  sun  to  pass 
through  the  equinoxes  at  the  t?aine  nio:nent  as 
the  second  sun,  and  to  move  on  the  equator  in 
such  a  manner,  tliat  the  angular  distances  of 
these  two  suns  from  the  vernal  equinox,  may  be 
constantly  equal  to  each  other.  The  interval  of 
time  between  two  consecutive  retuims  of  this  thiid 
sun  to  the  meridian,  consitutes  the  mean  astro- 
nomical  day.  Mean  time  is  measured  by  the 
number  of  these  retums^  and. the  (rue  Hme  is 
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measured  by  the  number  of  returns  of  the  true 

sun  to  the  meridian.  The  arc  of  tlio  equator,  in- 
terceptetl  hetvyeeii  two  meridians  diawii  through 
the  centres  of  the  true  miiy  and  of  the  third  sun, 
converted  into  time»  in  the  proportion  of  the 
entire  circumference  to  one  day,  is  what  is  term- 
ed the  (n)  equation  of  time. 

The  day  has  heen  divided  into  t^renty-four 
hours,  and  its  origin  has  heen  fixed  at  midnight. 
The  hour  is  divided  into  sixty  miuutes,  the  mi- 
nutes into  sixty  seconds,  tlie  second  into  sixty 
thirds,  &c.  But  the  division  of  the  day  into 
ten  hours,  ot  tiie  hours  into  one  huiidred  minutes, 
of  the  minutes  into  one  hundred  seconds,  will  be 
adopted  in  this  work,  as  being  much  more  con- 
venient for  astronomical  purposes. 

The  second  sun,  which  we  have  imasrined,  de- 
teniunes  by  its  returns  to  the  equinoxes  and  the 
solstices,  the  mean  equinoxes  and  solstices*  The 
duration  of  its  returns  to  the  same  equinox,  or 
the  same  solstice,  forms  the  tropical  year^  of  which 
the  actual  length  is  about  3Go^^42^6l  ly.  Ohser- 
vation  shews  us  that  the  sun  employs  a  longer 
time  to  return  to  the  same  fix^  stars.  The 
Hdenal  year  is  the  interval  between  two  of 
these  consecutive  returns ;  it  exceeds  a  tropical 
year  by  jihout  0,'Ul411f).  Therefore  the  equinoxes 
have  a  retrograde  motion  on  the  ecliptic,  or  con- 
trary to  the  proper  motion  of  the  sun,  in  conse* 
quence  of  n^hich  they  describe  every  year,  an  arc 
equal  to  the  mean  motion  of  this  star,  in  the  in- 
terval of  about  0,014'119i  which  is  very  nearly 
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equal  to  154^  fiS.   This  motion  is  not  exactly  the 

same  every  century,  oii  which  account,  the  du- 
ratiou  of  the  tropical  year  is  subject  to  a  small 
inequality  ;  it  is  dow  about  13'  sliorter  thaa  in 
the  time  of  Hipparchos. 

It  is  natural  that  the  year  should  be  made  to 
commence  at  one  of  the  equinoxes  or  solstices  ; 
but  if  the  origin  of  the  year  was  placed  at  the 
summer  solstice,  or  at  the  autumnal  equinox,  the 
same  operations  and  labours  would  be  appropri- 
ated to  two  different  years.  A  like  inconvenience 
would  arise  if  the  day  was  suf»posed  to  commence 
at  noon,  according  to  the  cu.stoiri  of  the  old  as- 
tronomers. It  seems  therefore  most  natural,  that 
the  year  should  be  made  to  commence  at  the 
yemal  equinox,  at  which  period  nature  begins  to 
revive;  but  it  is  equally  natural  to  fix  its  com- 
mencement at  tiie  winter  solstice,  when,  accord- 
ing to  the  received  opinion  of  all  antiquity,  th e 
sun  begins  to  reviye,  and  which  is  the  middle 
of  the  longest  night  in  the  year  under  the  poles. 

If  tbe  length  of  tbe  civil  year  was  constantly 
365  days,  its  commencement  would  always  (o) 
anticipate  that  of  the  true  tropical  year,  and  it 
would  pass  through  the  different  seaspns  with  a 
retrograde  motion  in  a  period  of  about  1508  years. 
But  this  year  (which  was  formerly  in  use  in 
Egypt;  would  deprive  the  calendar  of  the  advan- 
tage of  attaching  the  months  and  festivals  to  the 
same  seasons,  and  of  rendering  them  useful 
epochs  for  the  purposes  of  agriculture.  This  in- 
esUmable  advantage  would  be  secured,  by  con- 
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(sideriog  the  origin  of  the  year  as  an  astronomical 
phenomenon,  which  should  he  fixed  hy  compu- 
tation to  the  midnight  which  immediately  pre. 
cedes  the  equioox  or  the  solstice :  this  has  been 
done  in  France  at  the  end  of  the  last  century. 
But  then  the  hiasextile  years  being  intercalated  ac- 
cording to  a  very  complicated  law,  it  would  be 
difficult  to  resolve  any  given  number  of  years  into 
days,  wliich  would  cause  great  confusion  in  his- 
tory and  chronology.    Besides  the  origin  of  the 
year,  which  is  always  required  to  he  known  in  ad- 
-    vance,  would  be  uncertain  and  arbitrary  when 
it  approached  midniglit,  hy  a  quantity  less  than 
the  error  (/>>)  of  the  sohir  tuhh^s.    Finally,  the  or- 
der of  the  bissextiles  would  ho  different  for  dif- 
ferent meridians,  which  would  be  an  obstacle  to 
the  adoption  of  the  same  calendar  hy  all  nations ; 
indeed,  when  it  is  considered  how  pertinacious 
diflforent  iiaUun>i  are  iu  reckoniug  p^eographioal 
longitudes  from  their  respective  principal  ohser- 
Tatories,  it  cannot  be  supposed  that  they  would 
all  concur  in  making  the  commencement  of  the 
year  to  depend  on  the  same  meridian.    We  are 
therefore  cornpL'lled  to  abandon  the  method  point- 
ed out  by  nature,  and  to  recur  to  u  mode  of  in- 
tercalating, which,  though  artificial,  is  regular 
and  convenient.    The  simplest  of  all  is  that  which 
Julius  Cwsar  introduced  into  the  Roman  ca- 
lendar, and  which  eonsisjti  in  intercalating  (p)  one 
bissextih;  every  four  years.    But  if  the  short  du- 
ration of  life  was  sufiicient  to  make  the  origin  of 
the  Egyptian  years  to  deviate  considerably  firom 
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Ihe  •oklioe  or  the  equinox*  it  only  required  a  «naU 
number  of  centuries  to  produce  the  same  dis- 
placement in  tlie  origin  of  the  Julian  year.  This 

rendei>i  ii  more  complicated  intercalation  indis- 
pensable. In  the  eleventh  ceiitury  the  Persians 
(9)  adopted  one  remarkable  for  it»  accuracy.  1$ 
ooDsists  in  rendering  the  fourth  year  bissextile  se- 
ven times  successively,  and  to  defer  this  change 
on  the  eighth  time  to  the  fifth  year.  This 
supposes  that  the  tropical  year  is  36.5^,  which 
is  greater  than,  the  year  as  determined  by  obser- 
vations by  0,00018^.  So  that  a  great  number 
of  centuries  is  requi^^ite  to  produce  a  seiisihle  dis- 
placement in  the  origin  of  the  civil  year.  The 
mode  of  intercalating  adopted  in  the  Gregorian 
calendar  is  less  exact»  but  it  furnishes  greater 
fiusilities  in  reducing  the  years  and  centuries  into 
days,  which  is  one  of  the  principal  objects  of  the 
calendar.  It  consists  in  intercalating  a  bissextile 
every  ^Mirth  year,  the  bissextile  at  the  end  of  each 
century  being  suppressed,  to  reestablish  it  at  the 
end  of  the  fourth.  The  length  of  the  year  which 
this  intercalation  supposscs  is  about  3()5, 
days,  or  about  ^(iJj^^SdOO,  which  is  greater  than 
the  true  length  by  about  0,'000^i85.  But  if,  ac 
cerding  to  the  analogy  of  this  mode  of  interea^ 
lating,  a  bissextile  is  also  suppressed  every  four 
thousand  year^,  which  ^^ ould  reduce  the  number 
of  bissextiles  in  this  interval  to  y(i9,  the  iengtli 
erf  the  year  would  be  3G5^,^*y|7 ;  or  365^24^00, 
whioh  approaches  so  near  to  365,S42i2419»  which 
is  the  length  as  determined  by  observation,  that  the 
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diflferenoe  may  be  r^ected,  particularly  as  there 
exists  some  slight  micertainty  about  the  true 

lengtli  of  the  year,  which  besides  is  not  rigorously 
constant. 

The  division  of  the  year  into  twelve  months  is 
very  ancient»  and  almost  universal.  Some  nations 
have  supposed  that  all  the  months  are  equal,  and 

each  to  consist  of  thirty  days,  and  they  have  com- 
pleted the  year  by  the  addition  of  an  adequate 
nmnber  of  complementary  days.   Among  other 
nations  the  entire  year  is  comprized  in  the  in- 
terval  of  twelve  months,  which  are  su|)[)osed  to  be 
uneq\ial.    The  system  ol  months,  each  consisting 
of  thirty  days,  leads  naturally  to  their  subdivision 
into  tliree  decads.  Tiiis  period  enables  us  to  find 
out  with  great  focility  how  much  of  the  month 
has  lapsed,  but  at  the  end  of  the  year  the  comple- 
mentary days  wotild  derange  the  order  of  things 
appropriated  to  the  different  days  of  the  decad, 
which  must  necessarily  embarras  the  measures  of 
governments.   This  inconvenience  would  be  ob- 
viated by  making  use  of  a  short  period,  equally  in- 
dependent  of  months  and  of  years,  such  as  the 
week,  which  from  tlie  most  remote  antiquity  in 
which  its  origin  is  confounded,  has  uninterruptedly 
pervaded  all  nations,  always  constituting  a  part 
of  the  successive  calenders  of  different  people.  It 
is  very  remarkable  that  it  is  identically  the  same 
over  the  entire  earth,  as  well  relatively  to  the  de- 
nomination ( r)  of  its  days,  which  has  been  regu- 
lated by  the  most  ancient  system  of  astronomy,  as 
also  with  respect  to  their  correspondence  to  the 
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same  physical  instant.  This  is  periiaps  the  most 
ancient  and  most  incontrovertable  monument  of 

human  attainments  ;  it  seems  to  indicate  acom- 
mou  origin  liom  which  they  have  heen  derived, 
but  the  astronomical  system  on  which  they  were 
founded  is  a  proof  of  their  imperfection  at  this 
commencement. 

An  interval  of  one  hundred  years  constitutes  a 
century,  which  is  tlie  longest  period  ever  employ- 
ed in  the  measurement  of  time ;  for  the  interval 
which  separates  ns  Irom  the  most  ancient  known 
events  does  not  reqoire  a  longer  perkKL 


Digitized  by  Google 


CHAP.  IV 


Of  the  niotioiis  of  t/ie  uioon.  Us  p/iases,  and  eclipses. 

After  the  sun,  the  moon,  of  all  the  heavenly 
bodies*  is  that  which  most  interests  us  ^  its  phases 
fbrnish  a  measure  of  time  so  remarkable,  that  H 
has  been  primitively  made  use  of  by  all  people. 
The  moon,  like  the  sun,  has  a  proper  motion  from 
west  to  east  ;  the  dTii'ation  of  its  sidereal  revolu- 
tion was  27^3^1661423,  at  the  commencement 
of  this  century :  it  is  not  always  the  same,  and 
the  comparison  of  ancient  with  modem  observa- 
tions evinces  incontrovertably  an  acceleration  in 
the  mean  motion  of  the  moon.  This  acceleration,' 
though  hardly  sensible  since  the  most  ancient 
eclipse  on  record,  will  be  developed  in  the  pro- 
gress of  time.  But  will  it  go  on  always  increasing, 
or  will  it  cease  to  increase,  and  at  length  be 
changed  into  a  retardation  ?  This  cannot  be  de- 
termined by  observations,  except  after  a  very 
great  number  of  ages.  Fortunately,  the  discovery 
of  its  cause  has  anticipated  them,  and  shewn  us 
that  it  is  periodical.  At  the  commencement  of 
this  century,  the  mean  angular  distance  of  the 
moon  from  the  vernal  eiiuinox,  and  reckoned 
from  this  equinox  in  the  direction  of  the  proper 
motion  of  this  star,  was  1524,01391. 


Digitized  by  Google 


OF  THE  MOTIONS  OF  THE  MOON,  ^C.  51 

*  The  moon  moves  ia  an  elliptic  orbit,  of  which 
the  centre  of  the  earth  occapies  one  of  the  foci. 
Its  radius  vector  traces  about  this  point  areas 
which  are  very  nearly  proportional  to  the  times. 
The  mean  distance  of  tliis  star  from  the  earth  be- 
ing assumed  equal  to  unity,  the  excentricity  of 
its  ellipse  is  0,054844^,  which  gives  the  greatest 
equation  of  the  centre  equal  (m)  to  6»9854 :  it  ap- 
pears to  be  invariable.  The  lanar  perigee  has  A 
dire<  I  liiotiou,  that  is  to  say,  in  tlie  direction  of 
the  proper  motion  of  the  sun,  the  duration  of  its 
sidereal  reyolutidn  was,  at  the  commencement  of 
this  century,  dSSS^,  57^d43,  and  its  mean  angular 
distance  from  the  vernal  equinox  was  S^5'',68037* 
Its  motion  is  not  uniform  ;  it  is  retarded  when 
that  of  the  moon  is  ajucclcrated. 

The  laws  of  the  elliptic  motion  are  very  far 
from  representing  the  observations  of  the  moon ; 
it  is  subject  to  a  great  number  of  inequalities, 
wliich  liave  an  evident  connection  with  the  posi- 
tion of  the  sun.  W  e  shall  indicate  the  three 
principal. 

The  most  considerable,  and  that  which  was 
first  recognised  is,  what  has  been  termed  the 

evecfion,  Thi>.  inequality,  which  at  its  maximum 
amounts  to  l",4y()7,  is  proportional  to  the  sine  of 
double  the  distance  of  the  moon  from  the  mm, 
minus  the  distance  of  the  moon  from  its  perigee. 
In  the  oppositions  and  conjunctions  (t)  of  the 
moon  with  tlie  sun,  it  is  confounded  witli  the 
equation  of  the  centre,  which  it  constantly  di- 
minishes.   For  this  reason  the  ancient  obsmers. 
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who  only  determined  the  elements  of  the  lunar 
theory,  in  order  to  be  able  to  predict  the  pheno- 
mena of  the  eclipses,  found  the  equation  of  the 

centre  of  the  moon  less  than  the  true  equa- 
tion, by  the  entire  quantity  of  the  evection. 

Another  great  inequality  is  also  observed  in 
the  lunar  motions,  which  disappears  in  the  op- 
positions and  conjunctions  of  the  moon,  and  also 
in  those  points  vvliere  these  two  stars  are  distant 
from  each  other  by  a  quarter  of  the  circumference. 
It  arrives  at  its  maximum^  which  is  0'',66n,  when 
their  mutual  distance  is  fifty  degrees:  hence  it 
has  been  inferred  that  it  is  proportional  to  double 
of  the  angular  distance  of  the  moon  ironi  the  sun. 
This  inequality  is  termed  (/)  tlie  variation  :  as  it 
disappears  in  the  eclipses,  it  could  not  have  been 
recognized  by  the  observation  of  these  pheno- 
mena. 

Finally,  the  motion  of  the  moon  is  accelerated, 
when  that  of  the  sun  is  retarded,  and  conversely ; 
hence  arises  an  inequality  which  is  denominated 
the  mnual  equaiiont  the  law  of  which  is  precisely 
the  same  as  that  of  the  equation  of  the  centre  of 
the  sun,  only  uffccted  with  a  contrary  sign.  This 
inequality,  which  at  its  maximum  (u)  amounts  to 
0^,^074,  is  confounded  with  the  equation  of  the 
centre  of  the  sun  in  the  eclipses.   In  the  compu- 
tation of  the  moment  at  which  these  phenomena 
occur,  it  is  indiflfereut  whether  these  two  equa- 
tions are  considered  separately,  or  whether  the 
annual  equation  of  the  lunar  theory  is  suppressed, 
in  order  to  increase  the  equation  of  the  centre  of 
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the  miD.  This  is  the  reason  why  the  ancient  as- 
Ironamers  assigned  too  great  an  excentricity  to 
the  orbit  of  the  son ;  while  they  assigned  too 
stnali  a  one  to  the  iuiiur  orbit,  in  consequence  of 
the  eveciion. 

This  orbit  is  inclined  to  the  ecliptic  at  an  angle 
of  5%718d :  its  points  of  intersection  with  the 
ecliptic,  which  are  called  the  nodet^  are  not  fixed 
in  the  heavens  ;  they  have  a  retrograde  motion,  or 
coTitrary  to  that  of  the  sun  ;  this  motion  i:?  eas^ily 
recognized  by  the  succession  of  stai-s  which  the 
moon  meets  with  when  it  traverses  the  ecliptic 
The  asctinding  node  is  that,  in  which  the  moon 
ascends  above  the  ecliptic  towards  the  north  pole, 
and  tlie  descaaJing  node  is  that  in  which  it  descends 
below  the  ecliptic  towards  the  south  pole.  The 
duration  of  a  sidereal  revolution  of  the  nodes 
was  at  the  commencement  of  this  century 
6793^39108,  and  the  mean  (v)  distance  of  the  . 
ascending  node  fioin  the  vernal  equinox,  was 
17,  but  the  motion  of  the  nodes  is  retard- 
ed trom  one  century  to  another. 

It  is  subject  to  several  inequalities,  of  which  the 
greatest  is  proportional  to  the  sine  of  double  the 
distance  of  the  moon  from  the  sun,  and  amounts 
at  its  maximum  to  1**8I0^.  The  inclination  of 
the  orbit  is  likewise  variable,  its  greatest  inequa- 
lity, which  amounts  to  0*',l()'i7  at  its  mtfatVittiMi,  is 
proportional  to  the  cosine  of  the  same  angle  on 
which  the  inequality  of  the  motion  of  the  nodes 
depends  ;  however  the  mean  inclination  appears 
to  be  constant  in  dilferent  centuiies,  notwith- 
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Standing  the  secular  variations  ot  the  plane  of  tho 
ecliptic. 

The  lunar  orbit,  and  generally  the  orbits  of 
tbe  min  and  of  all  the  heavenly  bodies,  have  no 

more  a  real  existence  tliau  the  paroholas  des- 
cribed by  projectiles  at  the  surlaee  of  the  earth. 
In  order  to  represent  the  motion  of  a  body  in 
apace,  we  conceive  a  line  to  pass  through  ail  the 
Buccesaive  positions  of  its  centre ;  this  line  Is  its 
orbit,  of  which  the  fixed  or  variable  plane  is  thai 
whieli  passes  through  tw  o  consecutive  positions  of 
the  body,  and  through  the  point  about  which  it 
ia  supposed  to  move. 

Instead  of  considering  the  moHon  of  a  body  ia 
this  manner,  we  may  in  imagination  project  it  on. 
a  fixed  plane,  and  determine  its  curve  of  projec- 
tion and  height  above  thi^  ]>lane.  This  method, 
which  is  extremely  simple,  has  been  adopted  by 
astronomers  in  the  tables  of  the  celestial  motions. 

The  apparent  diameter  ( w)  of  the  moon  changes 
in  a  manner  analogous  to  the  variations  of  the  lu- 
nar  motion  ;  it  is  ^4^8"  at  the  g:rpatest  distance 
of  the  moon  from  the  earth,  and  about  (i^^^^  at 
the  least  distance,  (x) 

The  same  methods  which  were  insufficient  to. 
determine  the  parallax  of  the  son,  in  consequence  ' 
of  its  extreme  snitiliness,  have  assigned  lOGGl"  lur 
tlie  mean  parallax  of  the  moon  ;  consequently  at 
same  distance  at  which  the  moon  appears  under 
m  angle  of  dd^3'',  the  earth  would  subtend  an 
angle  of  SLd39" ;  their  diameters  are  therefore  in 
Uic  ratio  of  these  numbers,  or  in  the  ratio  of. 
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three  to  eleveD^  reiy  nearly ;  and  fhe  Toltiine  of 
the  lunar  globe  is  forty-nine  times  less  than  the 

volume  of  the  earth. 

.  The  phases  of  the  mocm  arc  one  of  the  most 
strilcing  phenomena  of  tiie  heavens.  When  it  ex- 
tricates itself  in  the  evening  from  the  rays  of  the 
snn,  it  appears  with  a  feeble  crescent,  which  in- 
creases according  as  it  elongates  itself  iVu ai  tlie 
sun  ;  and  it  becomes  a  perfect  circle  of  light 
when  it  is  in  opposition  with  this  star.  When  it 
afterwards  approaches  this  star,  its  phases  dimi- 
nish  in  the  same  proportion  as  they  had  pre- 
viously increased,  until  in  the  morning  it  is  im- 
mersed in  the  sun*s  rays.  The  lunar  crescent  be- 
ing always  turned  towards  the  sun,  evidently  in- 
dicates that  it  receives  its  light  from  that  body, 
and  the  law  of  the  variation  of  its  phases,  which 
increase  nearly  as  the  versed  sine  of  the  angular 
dis^tance  of  the  moon  from  the  sun,  proves  that 
it  is  spherical. 

The  recurrence  of  the  phases  depends  on  the 
excess  of  the  motion  of  the  moon  above  that  of 
the  son,  which  excess  (z)  has  been  termed  the 
synodic  motion  of  the  moon.    The  duration  of 
the  synodic  revolution  of  this  star,  or  the  pe- 
riod of  its  mean  conjunctions,   is   now  about 
29<»,530.58871()  :  it  is  to  the  tropical  year  very 
nearly  in  the  ratio  of  lU  to  235f  that  is  to  say, 
nineteen  solar  years  are  equivalent  to  about  two 
liundred  and  thirty-five  lunar 'months. 

The  st/^)/gits  are  the  points  of  the  orbit  in 
which  the  moon  is  in  opposition  or  conjunction 
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with  the  aun.  In  the  finst  case  the  moon  is  said 
to  be  new,  it  is  called  full  moon  in  the  second* 
The  quadratures  are  those  points  in  which  the 
moon  is  elongated  from  sun  one  limalred  or 
three  hundred  decrees,  reckoning  in  tlie  direction 
of  its  proper  motion. 

In  those  points,  which  are  called  the  first  and 
second  quarters  of  the  moon,  we  see  the  half  of 
its  illaminated  hemisphere ;  .strictly  s<peaking,  we 
see  a  little  more  ;  for  when  the  exact  half  is  pre- 
sented io{a)  us*,  the  angular  distance  of  thenioou 
from  the  sun  is  a  little  less  than  one  hundred  de- 
grees. At  this  instant  the  line  which  separates  the 
illuminated  from  the  darkened  hemisphere,  ap- 
pears to  be  a  right  line,  and  the  line  drawn  from 
the  ohse!  ver  to  the  centre  of  the  moon  is  j)er|jen- 
dicuiar  to  the  line  which  joins  the  ccntret^  of  the 
sun  and  moon.  Therefore  in  the  triangle  formed 
by  the  Hues  which  join  these  centres  and  the  eye 
of  the  observer,  the  angle  at  the  moon  is  a  right 
angle,  and  the  angle  at  the  observer  is  determin- 
ed !)y  observation,  coiiM  kjnently  tlie  distance  of 
the  earth  from  the  sun  may  he  determined  in 
parts  of  the  distance  of  the  earth  fi*om  the  moon. 
The  difficulty  of  determining,  with  precision,  the 
iiistant  when  the  half  of  the  disk  of  the  moon  is 
observed  to  be  illuminated  bv  the  sun,  renders  this 
method  nut  rigorously  exact ;  we  are  indebted  to  it 
nevertheless,  ibr  the  lirst  just  notions  that  have 
been  formed  (U)  concerning  the  immense  magni* 
tude  of  the  sun,  and  its  great  distance  from  the 
eiM^« 


ITS  PHASES,  AND  ECLIP8£8<  . 


The  explanation  of  the  phases  of  the  moon  Is 

connected  witli  that  of  the  eclipses,  which,  in 
times  of  ignorance,  have  been  an  object  of  terror 
to  men,  and  of  their  curiosity  in  all  agesk  The 
moon  can  only  be  eclipsed  by  an  opaque  body, 
which  deprives  it  of  the  light  of  the  san,  and  it  is 
evident  that  this  body  is  llic  earth,  because  an 
eclipse  of  the  moon  never  happens  except  ^rhcn  it 
is  in  opposition,  or  when  the  earth  is  lietwecu 
this  star  and  the  sun.  The  terrestrial  globe  pro- 
jects behind  it  a  conical  shadow,  of  which  the 
axis  is  on  the  ri<^ht  line,  which  joins  the  centres  of 
the  snn  ami  ul  the  eai  lh,  and  which "  terminates 
at  the  point  wliere  the  apparent  diameter  of  these 
two  bodies,  would  be  the  same.  Their  diameters 
seen  from  the  centre  of  the  moon  in  opposition, 
and  at  its  mean  distance,  are  nearly  59^0^  for  the 
siiti,  and  SISh^^'  for  the  earth  :  therefore  the 
length  of  the  cone  of  the  earth's  shadow  is  at  least 
three  times  and  a  half  greater  than  the  distance 
of  the  moon  from  the  earth,  and  its  breadth  at 
the  points  where  it  is  traversed  by  the  moon  is 
about  eight  tliirds  of  the  diameter  of  the  moon. 
Tlie  moon  would  be  therefore  eclij»sed  every  time 
that  it  is  in  opposition  to  the  sun,  provithnl  that 
tho  plane  of  its  orbit  coincided  with  the  ecliptic  ; 
but  in  (c)  consequence  of.  the  mutual  inclination 
of  these  planes,  the  moon  in  its  oppositions  is 
frequently  elevated  al)t)ve,  or  depressed  below  the 
cone  of  the  earth's  shadow,  and  it  does  not  enter 
into  it  except  when  it  is  near  to  its  nodes.  If 
the  entire  disk  of  the  moon  k  plunged  in  the 
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shadow  of  the  earth,  the  eclipse  of  the  moon  is 
total ;  it  is  said  to  be  partial  if  only  a  portion  of 
tliis  disk  is  obscured ;  and  we  may  easily  conceive 
that  a  greater  or  less  proximity  of  the  moon  to  its 
nodes,  at  the  moment  of  opposition,  may  pro- 
duce all  the  varieties  (d)  which  are  observed  ia 
these  eclipF^os. 

Each  point  of  the  surface  of  the  moon,  before 
it  IS  eclipsed^  loses  successively  the  light  of  di& 
ferent  parts  of  the  sun's  disk.  Its  brightness 
lljrK'tore  diminishes  t^radually,  and  at  the  mo- 
ment  when  it  penetrates  into  the  earth's  shadow 
it  is  extinguished.  Tiie  interval  through  which 
this  diminution  has  place  is  termed  the  penumbra^ 
the  breadth  of  which  is  equal  to  the  apparent  di- 
ameter of  the  sun,  as  seen  from  the  centre  of  the 
moon. 

The  mean  duration  of  a  revolution  of  the  san» 
with  respect  to  the  node  of  the  moon's  orbit,  is 
about  d46',6lf]8^1  ;  it  is  to  the  duration  of  a 

synodic  revoluliuN  of  the  moon,  very  neaily  in 
the  ratio  of  ^2^23  to  19.  Therefore,  after  a  period 
of  ^3  lunar  months,  the  sun  and  moon  return 
to  the  srme  position  relatively  to  the  lunar  orbit ; 
the  eclipses  must  consequently  recur  very  nearly  in 
the  same  order,  this  circumstance  suggests  a  simple 
manner  of  predicting  them,  whicl)  was  enfjdoyed 
by  the  ancient  astronomers.  But  the  inequalitieb  in 
the  motions  of  the  sun,  and  of  the  moon,  ought 
*  to  produce  very  sensible  differences;  besides 
the  return  of  these  two  stars  to  the  same  position 
with  respect  to  the  node,  in  the  interval  of 
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mmthfl^  Is  not  rigorotuily  exact ;  and  the  derUu 
tiooa  which  result,  change  at  length  the  order  of 
the  eclipses  which  have  heen  observed  during 

one  of  these  periods. 

The  circular  form  of  the  earth's  shadow  in  the 
eclipses  of  the  moon,  indicated  to  the  first  astro- 
nomers that  the  figure  of  the  earth  was  Ter|r  nearly 
spherical ;  we  shall  see  hereafter  that  the  most 
exact  method  of  determining  tlie  compression  of 
the  earth,  ib  lurni^hed  by  the  great  perfection  to 
.  which  the  lunar  theory  has  been  brought. 

It  is  solely  in  the  conjunctions  of  the  sun  and 
of  the  moon,  when  this  star,  by  being  interposed 
between  the  sun  and  tlie  earth,  deprives  us  of  the 
light  of  the  sun,  that  the  eclipses  of  the  sun  can 
be  observed.  Although  the  moon  is  incomparably 
smaller  than  the  sun,  yet  on  account  of  its  pros* 
imity  to  the  earth,  its  ap[)arent  diameter  dlfiera 
little  from  that  of  the  sun  ;  it  even  happens  from 
the  variations  of  these  diameters,  that  thev  sur- 
pass  each  otiier  alternately.  Let  us  suppose  the 
centres^f  the  sun  and  moon  to  be  on  the  same 
right  line  with  the  eye  of  the  spectator,  he  will 
observe  the  sun  to  be  eclipsed  ;  and  if  the  appa- 
rent diameter  of  the  moon  exceeds  that  of  the 
sun,  the  eclipse  will  be  total ;  but  if  this  diameter 
be  less,  the  observer  will  perceive  a  luminous 
ring,  formed  by  that  part  of  the  sun  which  ex-* 
tends  beyond  the  disk  of  the  moon,  and  then  the 
eclipse  will  be  atmular.  If  the  centre  of  the 
moon  does  not  exist  in  the  right  line  drawn  from 
the  eye  of  the  observer  to  the  centre  of  the  sun. 
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the  moon  can  only  eclipse  a  part  of  the  sun's 
disk,  and  the  eclipse  will  be  partial.  Thus  the 
changes  of  distance  of  the  sun  and  moon  from  the 
centre  of  the  earth,  combined  with  the  greater  or 
less  proximity  of  the  moon  to  its  nodes,  at  the 
moment  of  its  c  tMijuiiclions,  ought  to  produce  very 
sensible  cliangcs  in  the  eclipses  of  the  sun.  To 
these  causes  may  be  added  the  elevation  of 
the  moon  above  the  horizon,  whtcli  changes 
the  magnitude  of  its  apparent  diameter,  and 
which,  hy  the  eflfeet  of  the  lunar  parallax,  may  so 
increase  oi-  diniiiii-h  the  ajiprinMit  distance  of  the 
centres  of  these  two  stars,  that  of  two  observers, 
at  some  distance  from  each  other*  the  one  may 
see  an  eclipse  of  the  sun  which  will  not  be  yisi* 
ble  to  the  other.  In  this  respect  the  eclipses  o^ 
the  sun  differ  (Vom  eclipses  of  the  moon,  which 
are  the  same  to  all  places  on  the  earth  where  the 
two  stars  are  elevated  above  the  horizon. 

We  often  see  the  shadow  of  a  cloud,  borne  along 
by  the  winds,  to  pass  ra])idiy  over  the  hills  and 
planes,  and  to  deprive  the  .^jM  Clators  in  lliose 
places  of  the  view  of  the  sun,  which  is  visible  to 
those  who  are  out  of  tlie  reach  of  its  influence  : 
this  is  an  exact  representation  of  a  total  eclipse  of 
the  sun.  We  may  perceive  then  about  the  disk 
of  the  moon  a  crown  of  pale  light,  which  is  pro- 
bably the  solar  ainiosphere ;  for  its  extent  can- 
not  correspond  to  that  of  the  moon,  because  it 
has  been  ascertained,  by  edipees  of  the  fixed  stars 
and  of  the  8un»  that  this  last  atmosphere  is  al- 
most iDsensible. 
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The  atmosphere  which  may  be  supposed  to 
sarronnd  the  moon,  inflects  the  rays  of  light  to- 
wards the  centre  of  this  star;  and  if,  as  ouglit  to 

be  the  case,  the  atmospherical  strata  are  rarer  in 
proportion  as  they  are  farther  removed  from  the 
surface^  these  rays,  according  as  they  penetrate  far- 
ther into  lU  ought  to  be  more  inflected,  and  should 
consequently  descrilie  a  curve  whit^  is  concave 
to  its  surface.  Hence  it  appears  that  a  spectator 
on  the  surface  of  tfie  moon,  would  not  cease  to 
see  the  9tar  till  it  was  depressed  below  t)ie  hori- 
zon by  an  angle  equal  to  the  horizontal  refracfion. 
The  rays  which  emanate  from  this  star  seen 
at  the  horizon,  after  having  touched  th^  surface 
of  the  moon,  continue  their  route,  descrihing  a 
curve  similar  to  that  which  they  descrihed  in  ap- 
proaching the  surface.  Thus,  a  second  spectator 
placed  behifid  the  moon,  with  respect  to  the  star, 
would  still  continue  to  perceive  it  in  consequence 
of  the  inflexion  of  its  rays  in  the  moon's  atmos- 
phere. The  diameter  of  the  moon  is  (e)  not  sen- 
sibly increased  by  the  refraction  of  its  ntmoapbere ; 
therefore  a  star  appears  to  be  eclipsed  later  than 
if  this  atmosphere  did  not  exist,  and  for  the  same 
reason  it  ceases  to  he  eclipsed  sooner,  so  that  tlie 
effect  of  the  atmo^itlicre  of  the  moon  is  principally 
apparent  in  the  duration  of  the  eclipses  of  the 
sun,  and  of  the  stars,  by  the  moon.  Precise  and 
numerous  observations  have  enabled  us  with  dif> 
Acuity  to  suspect  its  existence  ;  and  it  has  been 
ascertained  that  at  the  surface  of  the  moon  the 
hohzootal  refraction  does  not  exceed  four  seconds. 
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This  refraction  at  the  surface  of  the  earth  is  at 
leant  one  thousand  times  greater ;  therefore  the 
lunar  atmosphere,  if  any  such  exiatSt  is  of  an  ex- 
treme rarity,  greater  even  than  that  which  can  be 

produced  (HI  tlie  surface  of  the  earth  b)'  the  best 
con^trucleU  air  pumps.  It  may  he  inferred  from  this 
that  no  terrestrial  animal  could  live  or  respire  at  the 
surface  of  the  moon,  and  that  if  the  moon  be  in- 
habited, it  must  he  by  animals  of  another  species. 
There  is  grouiiil  lor  supposing  that  all  is  solid  at 
its  surface,  for  it  appears  in  our  powerful  teles- 
copes as  an  arid  mass,  on  which  some  have 
thought  they  could  perceive  the  effects,  and  even 
the  explosions  of  volcanoes. 

Bouguer  has  found  by  experiment  that  the 
light  of  the  full  iiioon  (/}  is  three  hundred  thou- 
sand times  more  feeble  than  that  of  the  sun  ;  this 
is  the  reason  why  this  light,  collected  in  the  focus 
of  the  most  powerful  mirrors,  produces  no  sensi- 
ble effect  on  the  thermometer. 

We  may  distinguish,  especially  near  to  the 
new  moons,  that  part  of  the  disk  of  the  moon 
which  is  not  illuminated  by  the  sun«  This  feeble 
lighty  which  has  been  termed  the  hmiere  cendreB, 
is  supposed  to  be  the  elfect  of  the  light  which  the 
illuminated  hemisphere  of  the  earth  reflects  on 
the  (ff)  moon  ;  and  that  which  confirms  tliis  sup* 
position  is  the  circumstance  of  this  light  being 
most  sensible  near  to  the  new  moon  when  the 
greatest  part  of  this  hemisphere  is  directed  to- 
wards this  star.  In  fact,  it  is  evident  that  the 
earth  exhibits  to  a  spectator  at  the  mooa,  phases 
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Bimilar  to  those  which  the  moon  preeeDts  to 
but  accompanied  with  a  much  stronger  light,  on 
account  of  the   greater  extent  of  the  earth*s 
surface. 

The  disk  of  the  moon  presents  a  great  number 
of  invariable  spot8»  which  have  been  carefuJJy  ob* 
served  and  described.   They  prove  to  us  that  this 

star  always  presents  to  us  the  same  hemisphere ; 
it  revolves  on  its  axis  in  a  ]>Lriod  equal  to 
that  of  its  revolution  about  the  earth  ;  for  if  a 
spectator  be  placed  at  the  centre  of  the  rooon> 
supposed  transparent^  he  will  perceive  the  earth 
and  his  visual  ray  to  revolve  about  him  ;  and  as 
this  ray  trans vei*ses  always  the  same  point  of  the 
moon's  surface  very  ueuriy,  it  is  evident  that  this 
point  must  revolve  in  the  same  time^  and  in  the 
same  direction  as  the  earth  about  the  spectator. 

Nevertheless,  a  continued  observation  of  the 
moon's  disk  indicates  slight  varieties  in  its  ap- 
pearances ;  spots  are  ohserved  to  approach  and 
recede  alternately  from  its  borders ;  those  which 
are  very  near  to  the  borders,  disappear  and  re- 
appear successively,  making  periodical  oscilla- 
tions, which  have  been  denominated  the  libraiion 
of  the  moon,  lii  oickr  to  form  a  precise  idea  of  the 
principal  canses  of  this  ])}ienomenon,  it  should  be 
considered  that  the  disk  of  the  moon,  as  seen  from 
the  centre  of  the  earth,  is  terminated  by  the  cir- 
cnmference  of  a  circle  of  the  lunar  globe,  which 
is  perpendicular  to  its  radius  (A)  vector,  it  is  on 
llie  plane  of  this  circle  that  the  hemisphere  of  the 
moon,  whicli  i&  directed  towards  the  earth,  is  pro- 


44  OP  THE  MOTIONS  Of  THE  HOOK, 

jected»  the  appearances  of  which  are  connected 
with  the  motion  of  rotation  of  this  star.   If  the 

moon  had  no  motion  of  rotation,  its  radius  vector 
would  describe  on  its  surface,  in  vdch  lunar  revo- 
lution, the  cu  cuuiferencc  of  a  great  circle,  all  the 
parts  of  which  would  be  successively  presented  to 
us.  Bat  at  the  same  time  that  the  radius  vector 
tends  to  describe  this  circumference,  the  lunar 
glohc,  by  revolviniif,  brincrs  always  very  nearly  the 
same  point  of  its  surface  to  this  radius,  and  con- 
sequently the  same  hemisphere  to  the  earth.  The 
inequalities  of  tiie  motion  of  the 'moon  produce 
slight  changes  in  its  appearances ;  for  as  its  mo- 
tion of  rotation  docs  not  participate  in  a  sensible 
manner  in  these  inequalities,  it  is  variable  rela- 
tive to  its  radius  vector,  whicli  thus  meets  its  sur- 
face in  different  points ;  therefore  the  lunar  globe 
makes,  relatively  to  this  radius,  oscillations  which 
correspond  to  the  inequalities  of  its  motion,  and 
which  aht'i  luiU'l y  di  privc  us  of  and  exhibit  to  us 
some  parts  of  its  surface. 

Moreover,  the  lunar  globe  has  another  libra- 
tlon  perpbndicular  to  the  preceding;  in  conse- 
quence of  which  the  regions  (i)  wliich  are  si- 
tuatcd  nc:\r  to  the  poles  of  rotation  altrrnately 
disappear  and  reappear.  In  order  to  conceive 
this  phenomenon,  let  the  axis  of  rotation,  be 
supposed  perpendrcular  to  the  plane  of  the  eclip- 
tic. When  the  moon  is  in  the  ascending  node, 
its  two  poles  will  be  in  the  southci  ii  and  northern 
extremities  of  the  visible  lieinispherc.  According 
as  it  ascends  above  the  cdiptic,  the  north  pole 
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and  those  parts  wbicli  are  contiguous  to  it»  di8» 
appear,  whilst  more  and  more  of  thoee  parte 
which  border  on  the  south  pole  are  discovered* 
until  the  moon  having  attained  its  greatest  nor- 
thern latitinle,  recommeiu'es  to  descend  towards 
the  ecliptic.  The  preceding  phenoniena  then 
takes  place  in  a  reverse  order ;  and  after  that  the 
moon,  having  arrived  at  the  descending  node,  is 
depressed  below  the  ecliptic,  the  north  pole  will 
present  precisely  tlie  name  phenomena  as  the 
soutli  \]{)\e  had  p!Tvi^^n^ly  exhibited. 

The  axis  of  rotation  of  the  moon  is  not  exactly 
perpendicular  to  the  plane  of  the  ecliptic,  and  its 
inclination  produces  appearances  which  may  be 
conceived  by  supposing  the  moon  to  move  on  the 
plane  itself  of  tlio  ecliptic,  in  such  a  manner  that 
its  axis  of  rotation  remains  always  parallel  to  it- 
self. It  is  manifest  that  then  each  pole  will  be 
visible  during  one  half  of  the  revolution  of  the 
moon  about  the  earth,  and  invisible  during  the 
other  half,  so  that  those  parts  which  aie  conti- 
guous to  the  pules  will  be  alternately  perceived 
and  concealed. 

Finally,  the  observer  is  not  at  the  centre,  but  at 
the  surfiiee  of  the  earth ;  it  Is  the  visible  ray 
drawn  from  his  eye  to  the  centre  of  the  moon, 
which  determines  tlie  middle  of  the  visible  hemis- 
phere  ;  and  on  account  of  the  lunar  parallax,  it 
is  evident  that  this  radius  intersects  the  surface  of 
the  moon  in  points  which  depend  on  the  height 
of  the  moon  above  the  horizon. 

All  these  cuLL3C:>  produce  only  an  apparent  11- 
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bration  in  the  lunar  globe  ;  they  are  purely  opticalt 
and  do  not  affect  the  real  motion  of  rotation. 
However,  this  motion  may  be  subject  to  some 
small  inequalities,  tliough  they  are  not  sufficiently 
sensible  to  l>e  discerned. 

This  is  not  the  case  with  the  variations  of  the 
plane  of  the  lunar  equator.   From  an  attentive 
observation  of  the  spots  of  the  'moon,  Dominick 
Casini  inferred  that  the  axis  of  this  equator  is 
not  exactly  perpendicular  to  the  plane  of  the 
ecliptic,  as  had  been  supposed  previous  to  his 
time»  and  also  that  its  successive  positions  are  not 
exactly  paralle).   This  celebrated  astronomer  was 
led  to  the  following  remarkable  result,  one  of  his 
most  splendid  discoveries,  and  which  contains  the 
entire  asti  ononiical  theory  of  the  real  libration  of 
the  moon.    If  through  the  centre  of  this  star  a 
plane  be  conceived  to  pass  perpendicular  to 
its  axis  of  rotations  which  plane  coincides  with 
that  of  its  equator;  if  moreover  we  conceive 
a  second  plane  to  pass  through  the  same  centre 
parallel  to  that  of  the  ecliptic,   and  a  third 
plane,  which  is  the  plane  of  the  lunar  orbit,  ab- 
stracting from  the  periodic  inequalities  of  its  in- 
dination  and  of  the  nodes,  these  thi-ee  planes 
have  invariably  a  common  intei*section  ;  the  se- 
cond situated  between  the  two  others,  makes  with 
the  first  an  angle  of  about  1%(^7»  and  with  the 
third  an  angle  of  d%7l55 ;  consequently  the  in- 
tersections of  the  lunar  equator  with  the  ecliptic, 
or  its  nodes,  coincide  always  with  the  mean 
nodesi  of  the  lunar  orbit,  and  like  them  they  have 
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a  retrograde  motion,  of  which  the  period  is  about 
679^^^91081.  In  this  interval,  the  two  poles  of 
the  equator  and  of  the  lunar  orbit  describe  small 

circles  parallel  to  the  ecliptic,  its  pole  being  com- 
prised between  them,  so  that  those  three  poles 
exist  always  on  the  same  great  circle  of  the  celes* 
tial  sphere* 

There  are  mountains  on  the  surface  of  the 
moon,  which  rise  to  a  considerable  height ;  their 
6hado\/s  projected  on  the  planes^,  form  spots 
which  vary  with  the  position  of  the  sun.  At  the 
edges  of  the  illumiDated  part  of  the  lunar  disk, 
these  mountains  present  the  form  of  an  indented 
border,  which  extends  beyond  the  line  of  light 
by  a  quantity  of  which  the  measurement  proves 
that  their  height  is  at  Ua^t  three  thousand  metres. 
From  the  direction  of  these  shadows  it  has  been 
inferred  that  the  surface  of  the  moon  is  intersect- 
ed by  deep  cavities*  similar  toULhe  basons  of  our 
seas.  Fiiui]ly»  this  surface  seems  to  shew  traces 
of  volcanoes  ;  and  the  formation  of  new  spots,  and 
the  sparkb  whicii  are  observed  in  lis  obs(  iire  part 
appear  to  indicate  (k)  volcanoes  in  actual  opera* 
tion» 


CHAP.  V 


the  Planets,  and  in  particular  of  Mercury  and 

of  Venus, 

In  the  midst  of  the  iiitinile  number  of  shining 
points  whieli  are  spread  over  the  celestial  vaults 
and  of  which  the  relative  position  is  very  nearly 
constant*  ten  stars,  always  visible,  except  when 
they  are  iininei'sed  in  the  rays  of  the  sun,  move 
according  to  very  complicated  Uius,  the  investiga- 
tion of  which  constitutes  one  ui*  the  principal  ob- 
jects of  astronomy.  These  stars,  which  have  been 
denominated  piantsts,  are.  Mercury,  Venus,  Mars, 
Jupiter,  and  Saturn,  which  hove  been  known 
front  the  remotest  antiquity,  because  they  can  be 
observed  l>y  the  naked  eye ;  and  likewise  Uranus, 
Ceres,  Pallas,  Juno,  and  Vesta,  which  have  been 
recently  discovered  by  means  of  the  telescope. 
The  two  first  planets  never  recede  from  the  sun 
beyond  certain  limits  ;  the  others  are  elongated 
from  it  to  all  possible  angular  distances.  The 
motions  of  all  these  bodies  are  comprehended  in 
a  zone  of  the  celestial  sphere,  wliich  is  called  the 
zodiac^  the  breadth  of  which  is  divided  into  two 
tupml  parts  by  the  ecliptic. 

The  eIon2;ation  of  Mercury  from  the  sun  never 
eaLceedA  thirty-two  degrees :  when  it  begins  to  ap- 
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pear  in  the  evening,  it  is  distinguished  with  diffi- 
culty in  the  rays  of  twilight ;  it  extricates  itself 
more  and  more  on  the  succeeding  days ;  and  after 
it  Ib  elongated  from  the  sun  about  twenty.iive  de- 
grees, it  returns  towards  him  again.  In  tins  inter- 
val, the  motion  of  Mercury,  with  respect  to  the 
stars,  is  direct  j  hut  wiien  in  approaching  the  sun, 
its  distance  from  this  star  is  about  twenty  degrees  $ 
it  appears  stationary,  (f)  and  afterwards  the  motion 
becomes  retrop^rade.  Mercury  still  continues  to 
approach  the  sun,  and  at  length  in  the  evening  is 
again  immersed  in  his  rays.  Allor  continuing  for 
some  time  invisible,  it  is  again  seen  in  the  morn- 
ing, emerging  from  the  sun's  rays,  and  receding 
from  him.  Its  motion  is  still  retrograde,  as  it  was 
previous  to  tlie  disappearance  ;  but  when  the  planet 
is  twenty  degrees  eiongatetl  from  the  sun,  it  be* 
comes  again  stationary,  and  afterwards  resumes 
a  direct  motion  ;  its  elongation  from  the  sun  con- 
tinues to  increase  till  it  becomes  equal  to  twenty- 
five  degrees,  \vlien  the  planet  returns  again,  dis- 
appearing in  the  morning  in  the  light  of  the  dawn, 
and  very  soon  after  appearing  in  the  evening,  after 
which  the  same  phenomena  as  before  take  place. 

The  extent  of  the  greatest  digi-essions  of  Mer- 
cury, or  of  his  greatest  deviations  on  eacli  side  of 
the  sun,  varies  from  eighteen  to  about  thirty-two 
degrees.  The  duration  of  its  total  oscillations,  (m) 
or  of  its  return  to  the  same  position  relatively  to 
the  sun,  varies  in  like  manner  from  one  hundred 
and  six,  to  one  liundred  and  thirty  days.  Tlie 
mean  arc  of  retrogradation  is  about  iiiicen  da- 
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greeftt  and  ite  mean  duration  is  twenty-tlnve 

days ;  but  these  qnantities  differ  considerably  in 
diliereiit  retrogiadations.  In  general,  tlie  motion 
of  Mercui'y  is  extremely  couipiicated  ;  it  does  not 
take  place  exactly  in  the  plane  of  the  ecliptio ; 
some  time  this  planet  deviates  live  degrees  from  it* 

A  long  series  of  observations  was  no  doubt  re- 
quiretl  to  enalrle  to  rocoiimze  tlie  identity  of 
the  two  stars,  winch  were  aJteruately  observed  iu 
tlie  morning,  and  in  the  evening,  to  recede  froin» 
and  approach  to  the  son  f  but  as  the  one  was  ne- 
ver seen  until  the  other  was  invisible,  it  was  at 
last  condndt'd  iliat  it  was  the  same  planet  whidi 
oscillated  on  each  ^ide  ot  the  sun. 

The  apparent  diameter  of  Mercury  is  very 
varialde,  and  its  changes  are  evidently  connected 
with  Its  position  relatively  to  the  sun,  and  with 
the  <lirei't!on  of  its  motion.  It  is  a  mtni/^ium, 
either  when  the  planet  in  the  morning  is  immersed 
in. the  sun's  rays,  or  when  in  the  evening  it  is  dis- 
engaged from  them.  It  is  at  its  maximum^  when 
in  the  evening  it  is  immersed  in  these  rays,  or 
when  it  diseiiiraires  itself  from  them  in  tlie  iiiorn- 
iug.  The  mean  apparent  diameter  is  about  ^1",  3* 

Sometimes  during  the  interval  of  its  disappear- 
ing in  the  evening,  and  its  re-appearing  in  the 
morning,  the  planet  is  seen  projected  in  the  form 
of  a  hh*ek  spot  on  the  disk  of  the  sun,  of  which  it 
describes  a  chord.  It  is  recognized  by  its  position, 
by  its  apparentdiameter,  and  by  its  retrograde  mo- 
tion, being  exactly  those  which  it  ought  to  have. 
Tuese  traui^its  of  Mercury  are  real  annular  eclipses 
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of  the  sun,  which  prove  to  us  tliat  this  planet  dep- 
rives its  light  from  the  sun*  When  seen  through 
a  povirorful  telescope,  it  exhibits  phases  analagous 

to  those  of  the  moon,  and,  like  to  them,  directed 
towards  the  sun,  the  variable  c  xtent  of  whicii,  ac- 
cording  to  the  position  of  the  planet  with  respect 
to  the  sun,  and  according  to  the  direction  of  its 
]notion»  throws  great  light  on  the  nature  of  its 
orbit. 

The  planet  Venus  exhibits  the  same  phenomena 
as  Mercury,  with  this  «Ufference,  that  its  phases 
•  are  much  more  sensible,  its  oscillations  more  exp 
tensive,  and  their  duration  more  considerable. 

The  greatest  digressions  of  Wims  vary  from  about 
fifty  to  fifty-three  degrees  ;  and  the  mean  duration 
of  its  oscillations,  or  of  its  return  to  the  same  po- 
sition with  respect  to  the  sun,  is  about  five  hun^ 
dred  and  eighty-four  days.  The  retrogradation 
commences,  or  terminates,  when  the  planet,  ap- 
prouciiing  to  tfie  sun  in  the  evening,  or  receding 
from  him  in  the  morning,  is  elongated  from  this 
star  about  thirty-two  degrees.  The  arc  of  retro« 
gradation  is  eighteen  degrees  very  nearly,  and  its 
mean  duration  is  forty-two  days.  Venus  does  not 
cxaitly  move  in  the  plane  of  the  ecliptic,  hut 
sometimr^s  deviates  from  it  several  degrees. 

Tlie  durations  of  the  passages  of  Venus  over  the 
disk,  dbsei*ved  at  places  which  are  at  considerable 
distances  from  each  other  on  the  surface  of  tho 
earth,  are  very  sensibly  dill'erent,  for  the  same 
cause  which  (»)  makes  the  dunitions  of  the  same 
eclipse  of  the  sun  dilXerent  in  different  places.  In 
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consequence  of  the  parallax  of  this  planet,  different 
spectators  refer  it  to  different  points  of  this  disk, 
of  which  they  observe  it  to  describe  diords  of  dif- 
ferent lengths. 

In  the  IranKit,  whieh  took  place  in  17^>9>  the 
difference  of  its  duration,  as  observed  at  Otaheite  in 
the  South  Sea»  and  at  Cajanibourgh  in  (o)  Swedish 
Lapland,  amounted  to  more  than  fifteen  minutes. 
As  tliese  durations  may  be  iletermined  with  very 
great  exactness,  their  diliei  ences  determine  very 
accurately  the  parallax  of  Venus,  and  consequently 
its  distance  from  the  earth  at  the  moment  of  its 
conjunction.  A  remarkable  law,  which  we  (p) 
shall  explain  at  the  end  of  our  account  of  the  dis- 
coveries wliioli  liasc  made  it  known,  connects  this 
parallax  with  that  of  the  ami  and  of  all  the  planets  i 
which  circumstance  renders  these  transits  of  pe- 
culiar importance  in  astronomy.  Aflter  (q)  suc- 
ceeding each  other  in  an  interval  of  eight  years, 
they  do  n»)i  recur  airain  for  more  than  a  century, 
when  they  again  succeed  each  other  iu  the  short 
interval  of  eight  years,  and  so  on  continually. 
The  two  last  transits  happened  on  the  fifth  of  J  une^ 
1761,  and  on  the  third  of  June  I76O.  Astronomers 
were  sent  to  different  places  wlicre  the  observa- 
tions could  be  made  under  circumstances  tiie  most 
favourable  for  observing  them,  and  from  the  result 
of  their  observations  it  has  been  concluded,  that 
the  parallax  of  the  sun  is  about  ^6^54  at  its  mean 
distance  from  the  earth.  The  two  next  transits 
will  take  place  on  the  eighth  of  December,  1874, 
and  on  the  sixth  of  December,  1S8^. 
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The  great  yariatibns  of  the  apparent  diameter 
of  Venus,  prove  that  its  distance  from  the  earth  is 

very  variable.  This  distance'  is  least  when  it 
passes  over  the  disk  of  the  sun,  and  the  apparent 
diameter  is  then  about  iS9^ :  the  mean  magnitude 
of  this  diameter  is,  according  to  Arrago«  about 

From  tlie  motion  of  some  spots  observed  on  this 
planet,  Domiuique  Cassini  coiicluded  that  it  re- 
volves in  an  interval  somewhat  less  than  a  day, 
Schroeter,  by  a  continued  observation  of  the  va- 
riations of  its  boms,  and  by  that  of  some  luminous 
points  near  to  the  borders  of  those  parts  wiiich  are 
not  illuminated,  has  confirmed  tliis  result,  relative 
to  which  some  doubts  were  entertained.  He  has 
determined  the  duration  of  its  rotation  to  be 
0^,973  ;  and  he  has  found,  with  Dominique  Cas- 
siiii,  that  the  equator  of  Venus  makes  a  consider- 
able angle  with  the  ecliptic,  (r)  Finally,  he  has  in- 
fen*ed  from  his  observations  that  mountains  of  a 
considerable  height  exist  on  its  sur&ce ;  and  from 
the  law  of  the  degradation  of  light  in  the  passage 
from  the  obscure  to  the  enlightened  part,  he  in- 
ferred that  the  planet  is  surrounded  by  an  exten- 
sive atmosphere,  of  which  the  refracting  power 
does  not  differ  much  from  that  of  the  earth's  at- 
mosphere. The  great  difficulty  of  observing  these 
phenomena  even  in  the  most  powerful  telescopes, 
makes  it  a  matter  of  extreme  delicacy  to  observe  them 
in  our  climate :  they  demand  every  attention  from 
those  astronomers  wha,  from  their  southern  situa- 
tion,  enjoy  a  moreiavourable  climate.  But  it  is  very 
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iinpoitanty  when  the  i^iprenBions  are  to  feeble,  to 
guard  agafndt  the  effects  of  im agination,  irhich 

may  ronsiderably  influence  them;  for  then  the 
interior  images  whicli  it  suggest*,  frequently  mo- 
dify and  change  those  which  Uie  contemplation  of 
objects  prodace* 

Venus  BorpaMies  in  brightness  all  the  other  stars 
and  planets;  it  is  sometiiiK  s  so  luilliaiit  as  to  be 
seen  in  full  daylight,  and  with  llie  naked  eye.  This 
phenomenon,  which  depends  on  the  return  of  the 
planet  to  the  same  position  with  respect  to  the 
son,  recurs  in  the  interval  of  nineteen  months 
very  nearly,  and  its  greatest  brightness  returns 
after  an  interval  of  eight  yeai-s.  Although  it  is  of 
such  frequent  recurrence,  it  invariably  excites  sur- 
prise in  the  minds  of  the  vulgar,  who  in  their  cre- 
dulous Ignorance,  always  suppose  that  it  is  con- 
nected with  the  most  reoiarkable  cotempoiary 
events. 


« 
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Of  Mar 9. 

Thb  two  planets  which  we  have  juBt  considered, 
eeein  to  accompany  the  siui»  like  flatellites-;  and 
their  mean  motion  about  the  earth  is  the  same  as 
that  of  this  star.  The  other  planets  recede  frotn 
the  sua,  to  all  possible  angular  dii^tilncei^,  but 
(heir  motions  are  so  connected  with  that  of  the 
sun,  that  there  can  be  no  doubt  of  his  influence 
on  these  motions. 

Mars  appears  to  us  to  move  from  west  to  east 
about  the  earth ;  the  iiieau  duration  of  his  side- 
real reToltttion  is  6S7  days,  very  nearly  \  that  of 
hia' synodic  revolution,  or  of  bts  return  to  the 
same  position,  relatively  to  the  sun,  is  about  780 
days.  Its  motion  is  very  unequal ;  u^lien  it  begins 
to  be  visible  in  the  morning,  the  motion  is  direct 
and  most  rapid  \  it  becomes  gradually  U)  slower;^ 
and  vanisbes  when  the  angular  distance  of  the 
planet  from  the  sun  is  about  ;  afterwards  the 
motion  becomes  retrograde,  inoreasing  in  velocity 
tiU  the  moment  of  opposition  of  Mars  with  the 
attn.  Thfte  velocity  having  then  attained  its  mw. 
iHmmy  dimlnislies,  and  again  vanishes,  when 
Mai-5  in  approaching  to  the  sun,  is  distant  from  it 
by  14^*   The.  fuotioa  after  this  becomes  again 
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direct*  having  been  retrograde  for  the  space  of 
seyenty-three  days,  and  in  this  interval  the  arc  of 

rcfj oirriwlatioii  descrihed  by  the  planet  h  about 
eigiitecii  degrees ;  continuing  still  to  approach 
the  sun,  it  finally  is  immersed  in  the  evening  in 
its  rays.  These  remarkable  phenomena  are  re- 
newed at  every  opposition  of  Mars  with  ijie  sun, 
but  with  a  considerable  difference  as  to  the  ex- 
tent and  duration  of  the  retroi^radations. 

Mars  docs  not  movct  exactly  iu  the  plane  of  the 
ecliptic:  it  deviates  sometimes  several  d^;rees 
from  it.  The  variations  of  its  apparent  diameter 
arc  very  great  ;  it  is  about  l{)\iO  at  the  mean 
distance  of  the  pianet,  and  increajscs  with  the  ap- 
proach of  the  planet  to  opposition,  where  it 
amounts  to  56^,43.  At  this  time  the  parallax  of 
Mars  becomes  sensible,  and  is  nearly  double  of 
that  of  the  sun.  The  same  law  which  subsists  be- 
tween the  ]>aralhix('s  c»f  the  sun  and  ot  \  eiius, 
obtains  also  between  the  parallaxes  of  the  sun  and 
of  Mars,  and  the  observation  of  this  last  parallax 
had  furnished  a  very  near  approximation  of  the 
solar  parallax,  before  that  it  was  determined  with 
greater  precision  l)y  the  transits  of  Venus. 
'  The  disk  of  Mars  is  observed  to  change  its 
form,  and  to  become  sensibly  oval,  according  to 
its  position  relatively  to  the  (/)  sun.  These 
phases  shew  that  it  receives  its  light  from  the 
sun.  From  the  spots  which  are  observed  on  its 
surface,  it  has  been  inferred  that  it  revolves  in  a 
period  of  1*^,0^33,  on  an  axis  inclined  to  the 
ecliptic  in  an  angle  of  66',9S.  Its  diameter  in 
the  (ii)  direction  of  the  poles,  is  somewhat  less 
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than  the  equatorial  diameter.  According  to  the 
measures  of  Arrago,  tiiese  two  diameters  are  ia 
the  ratio  of  18U  to  1^,  the  preceding  diameter 
being  the  mean  between  these  two. 


CHAP,  m 

QfJtqriier,  and  ttf  hU  SaieffUu. 

JapiTBR  moves  from  west  to  east  m  a  period  of 

43.S^,6  very  nearly,  the  duration  of  his  synodic 
revolution  is  about  399**.  It  is  subject  to  inequa^ 
lities  similsir  to  those  of  Mars,  ir'revious  to  the 
opposition  of  this  planet  to  the  sun*  and  when  its 
elongation  from  this  star  is  almost  one  handred 
and  twenty-eight  degrees,  its  motion  becomes  re- 
trogrado,  its  velocity  increases  till  the  riioment  of 
oppositioDy  it  then  diminishes,  vanishes,  and  final- 
ly resumes  the  direct  state,  wlien  the  distance 
of  the  planet  as  it  approaches  the  san,  is  only 
one  hmidred  and  twenty-eight  degrees.  The  du- 
ration  of  this  retroerrade  motion  is  one  liniuhed 
and  twenty-one  days,  and  the  arc  of  retrogi*adation 
is  about  eleven  degrees ;  but  there  are  very  per* 
ceptible  differences  in  the  extent  and  in  the  durap 
tions  of  the  different  retrogradations  of  Jupiter.  • 
The  motion  of  this  planet  does  not  exactly  take 
place  in  the  plane  of  the  ecliptic;  it  sometimes 
deviates  from  it  three  or  four  degrees. 

Several  obscure  belts  have  been  observed  on  the 
surface  of  Jupiter ;  they  are  apparently  parallel  to 
.    each  other,  and  to  the  ecliptic  ;  other  spots  have 
also  been  observedt  the  motion  of  which  has  iadi- 
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cated  the  rotation  of  this  planet  from  west  to  east, 
on  an  axis  veiy  nearly  perpendicular,  to  the  plane 
of  the  ecHpliis^  and  in  a  period  («)  of  0^»4id77« 
Prom  the  variallofis  of  eome  of  tlieae  spots, , and 
from  the  marked  differences  in  the  durations  of 
the  rotation,  as  inferred  from  their  motions,  it  has 
been  siippoiiied  that  these  spots  do  not  adhere  to 
the  BaHkce  of  Jupiter;  they  appear  to  be  cloiide 
which  the  winds  transport  with  different  velocities 
in  a  very  as^itated  atmosphere. 

Jupiter  IS,  after  Venus,  the  most  hrilliant  of  the 
planets,  and  even  sometimes  surpasses  it  in  hright- 
ness.  Its  apparent  dianjeter  is  the  greatest  pos- 
sible in  the  oppositions,  when  it  aoiounts  to  14i  1^,6, 
its  mean  magnitude  is  1  Id !«,  in  the  direction  of 
the  equator;  but  it  is  not  the  same  in  eveiy  di- 
rection. The  planet  is  evidently  compressed  at 
the  poles  of  rotation,  and  Arrago  found,  by  very 
accurate  measurement,  that  the  polar  is  to  the 
equatorial  diameter,  in  the  ratio  of  I67  to  177 
very  nearly. 

Four  small  stars  are  observed  to  revolve  about 
Jupiter,  and  to  accompany  this  planet  constantly,. 
Their  relative  position  dianges  every  instant; 

they  oscillate  on  each  side  of  this  planet,  and  it  is 
by  the  extent  of  these  oscillations,  that  their  order 
is  determined  ;  we  term  the  first  satellite,  thai  of 
which  the  oscillation  is  the  least.  They  are  some- 
times  observed  to  pass  over  the  disk  of  Jupiter, 
and  to  project  on  it  their  shadovr,  which  then  de- 
scribes a  chord  of  the  disk.  It  follows  from  this, 
that  Jupitiu*  and  hisaatelliles  are  opaque^  bodiesi 
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illumiuated  by  the  sun  ;  and  vv  heu  they  interpoee 
betvFeen  the  sun  and  Jupiter,  they  produce  reel 
edipees  of  the  sun,  precisely  similar  .to  those 
which  the  moon  causes  on  the  earth. 

The  shadow  w  hit-h  Jupiter  projects  behind  him, 
with  respect  to  the  sun,  enables  us  to  explain 
another  phenomenon  which  the  satillites  present. 
They  are  observed  frequently  to  disappear,  al- 
though at  a  considerable  distance  from  the  disk 
of  the  planet :  the  third  and  fourth  satillites  re- 
appear soiuetinies  at  the  same  side  of  this  disk. 
These  disappearances  are  altogether  similar  to 
the  eclipses  of  the  moon,  and  indeed  all  doubt  on 
this  head  is  removed  by  the  concomitant  circum* 
stances.    The  satellites  uvo  always  observed  to 
disappear  on  the  side  of  the  disk  of  Jupiter  which 
is  opposite  to  the  sun,  and  consequently  on  the 
same  side  with  that  to  which  the  shadow  of  the 
cone  is  projected.     The  eclipse  takes  plaoe 
nearest  to  the  disk,  when  the  ]>laiiet  is  nearest  to 
its  opposition ;  and  finally,  the  duration  of  these 
edipses  corresponds  exactly  to  the  time  which 
they  should  employ  in  traversing  the  cone  of  the 
shadow  of  Jupiter.   Ck>nsequently  these  satellites 
move  from  west  to  east  about  this  planet. 

The  observatiou  of  their  eclipses  furnish  the 
most  exact  means  of  determining  their  motions. 
The  durations  of  their  periodical  and  synodical 
revolutions  (w)  about  this  planet  are  very  pre- 
cisely ol)taiTied,  by  conipaiiiig  together  eclipses 
which  are  separated  from  each  other  by  consi- 
derable intervals,  and  which  are  observed  near  to 
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the  opposition  of  this  planet.  By  this  means  it" 
has  been  ascertained  that  the  motion  nf  the  satel- 
lites of  Jupiter  is  ahnost  circular  and  uiiiforiDy 
because  ibis  hypothesis  satisfies  veiy  nearly  those 
edipses  in  which  the  planet  is  observed  in  the 
same  position,  with  respect  to  the  sun ;  therefore 
the  position  of  these  satellites,  as  seen  IVoin  the 
centre  of  Jupiter,  may  be  always  determined. 

Hence  results  a  simple  and  tolerably  exact  me- 
thod of  comparing  together  the  distances  of  Jupiter 
and  the  sun  from  the  earth,  a  method  which  the 
antient  astronomers  did  not  possess  ;  for  the  pa- 
rallax of  Jupiter^  when  nearest  to  us,  is  insensi- 
ble even  to  the  precision  of  modern  observations ; 
ihey  had  no  data  from  which  that  distance  could 
be  judged  of,  except  the  duration  of  their  revolu- 
tions, these  planets  being  siij)posed  to  be  most 
remote,  the  durations  of  whose  revolutions  were 
longest. 

liCt  us  suppose  that  the  entire  duration  of  an 
eclipse  of  the  thii*d  satellite  has  been  observed. 

At  the  mieUlle  of  the  eelip^^e,  the  satellite,  as  seen 
from  the  eentre  of  Jupiter,  is  very  nearly  in 
opposition  to  the  sun  $  therefore  its  sidereal  po- 
sition such  as  would  be  observed  from  this  centre, 
and  which  it  is  easy  to  infer  from  the  mean  mo- 
tion of  Jupiter  and  of  the  satelHte,  is  then  the 
same  as  that  of  tlie  centre  of  Jupiter  seen  from 
that  of  the  sun.  The  position  of  the  earth, 
as  seen  from  the  centre  of  the  sun,  may  be  had 
eitiier  from  direct  observation,  or  from  the  known 
motion  of  this  star^  therefore  supposing  a  tri- 
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angle  to  befonnedbf  lines  joigning  the  eontras 
of  the  earth»  of  Ihe  Min  and  of  Jupiter*  the  angle 

at  tlie  sun  will  be  obtained  by  what  precedes  ;  the 
angle  at  the  earth  will  l)e  given  by  direct  obser- 
vation ;  therefore  at  the  middle  of  the  eclipse  the 
rectilinear  difrtances  of  Jupiter  from  the  earth 
and  iroin  the  8Un  will  be  given  in  parts  of  the 
distance  of  the  sun  from  the  earth.  It  is  found 
by  this  means,  that  when  tlie  appiirrnl  tliameter 
of  Jupiter  is  about  llS^-h^  he  is  at  least  five  tioies 
more  remote  from  us  than  the  sun.  The  diame- 
ter of  the  earth  would  only  appear  under  an  angle 
of  10",4,  at  the  same  distance  ;  therefore  the  vo- 
lume of  Jupiter  is  at  loast  one  thousand  times 
greater  thau  that  of  the  earth. 

The  apparent  diameters  of  the  satellites  being 
insensible,  their  magnitudes  cannot  be  measured 
exactly.  An  attcnij)t  has  been  made  to  estimate 
them,  by  tlic  time  which  they  take  in  penetrating 
into  the  shadow  of  tlie  planet;  but  there  is  a 
great  discordance  in  the  observations  which  have 
been  maile  to  ascertain  this  circumstance,  which 
arise  from  the  different  powei*8  of  the  telescope, 
from  the  different  degrees  of  perfection  in  the 
sight  of  the  observers,  from  the  state  of  the  at- 
mosphere, the  heights  of  these  satellites  above  the 
horizon,  their  apparent  distance  from  Jupiter, 
and  the  change  of  the  hemispheres  which  they 
j)io>ent  to  us.  The  comparative  brightness  of 
the  suteilites  is  independent  of  the  four  iirst  causes, 
which  only  produces  a  proportional-  change  in 
their  light;  it  may  therefore  famish  some  infor* 
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mation  concerning  tiie  return  of  the  8fK)te»  which 
the  rotation  of  these  bodies  ought  to  present  suc- 
cessively to  the  earth,  and  consequently  on  the 
rotation  it^^ell*.  Hers^ciiell,  who  has  been  occupied 
with  this  delicate  investigation,  observed  that 
they  surpass  each  other  successively  in  splen- 
dor»  a  ciixnimstaoce  that  enables  us  to  judge  of 
the  waximwh  and  of  the  mininmm  of  their  light ; 
and  from  a  coiiipari.^tjii  of  these  maxima  uiid 
niiiiluia,  with  the  mutual  positions  of  these  .stai*$, 
he  has  ascertained  that  they  revolve  on  them- 
seJveSt  like  the  moon,  in  a  period  equal  to  the 
duration  of  their  revolutions  round  Jupiter, 
a  result  which  Maraldi  had  concluded  to  obtain 
in  the  case  of  the  fourth  satellite,  from  the  returns 
of  the  same  spot  observed  on  his  disk  in  its  pas- 
sages over  the  planet.  The  great  distance  of  the 
heavenly  bodies  renders  the  phenomena  wliich 
their  surfaces  present  so  extremely  feeble,  that 
they  are  reiluced  to  blight  variations  of  light, 
which  cannot  be  perceived  at  the  fii-st  view,  and 
it  is  only  after  frequent  experience  in  this  kind 
of  observation,  that  tliey  become  perceptible. 
But  this  means  of  sujipJying  the  imperfection  of 
our  organs,  over  which  imagination  has  such 
control)  ought  to  be  employed  with  the  greatest 
circumspection,  to  avoid  being  deceived  respect*  . 
"  ing  the  existence  of  those  varieties,  and  also  lest 
wc  should  be  bewildered  as  to  tlie  causes  ou 
which  they  depend. 
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Of  Saturn,  of  his  Satellitesy  and  of  his  ring, 

Saturn  revolves  from  west  to  cast,  in  a  pe- 
riod of  107^9  ciays  :  the  duration  of  his  syiiodical 
revolution  is  378  days.  Its  motion,  which  is  per- 
formed veiy  nearly  in  the  plane  of  the  ecliptic, 
is  subject  to  inequalities  similar  to  those  of  the 
motions  of  Mars  and  of  Jii}>itcr.  ll«  retrograde 
motiou  comnionces  and  tcriuinatcs  when  the  dis- 
tance of  tlie  planet  from  the  sun  before  and  after 
opposition  is  the  duration  of  this  retrogra- 
dation'is  about  one  hnndreil  and  thirty*nine  days, 
and  the  arc  of  its  retrogi  adcilion  is  about  seven 
degrees.  At  the  moment  of  opposition,  the  dia- 
meter of  Saturn  is  at  its  maximum :  its  mean 
magnitude  is  about  SO". 

Saturn  presents  a  phenomenon  which  is  unique 
in  the  system  of  the  world.  It  is  frequently  ob- 
served in  the  middle  of  two  small  bodies  which 
seem  to  adhere  to  it,  the  figure  and  magnitude  of 
which  .are  very  variable;  sometimes  they  are 
changed  into  a  ring,  which  seems  to  surround  the 
planet  ;  at  other  times  they  di>ii})pear  altogether, 
and  Saturn  tlien  appears  round  like  the  other 
planets.  By  carefully  following  these  remarkable 
appearances,  and  by  combining  them  with  the 
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positions  of  Saturn  relatively  to  the  sun  and  to  the 
earth,  Huygens  ascertained  that  they  are  produced 
by  a  large  and  slender  ring  which  surrounds  the 
globe  of  Saturn,  and  is  every  where  detached 
from  it.  This  ring  being  inclined  at  an  angle  of 
31 ',85  to  the  plane  ot  the  ecliptic,  always  presents 
itself  obliquely  to  the  earth,  in  the  form  of  an 
ellipse,  of  which  Uie  length  when  a  maximum,  is 
very  nearly  double  the  breadth.  The  ellipse  becomes 
narrowei  in  proj)()rtion  asthe  visual  rav  ilrnwn  from 
Saturn  to  the  earth,  becomes  lesa  iuciined  to  the 
plane  of  the  ring,  of  which  the  more  remote  arc 
is  at  length  concealed  behind  the  planet,  while 
the  anterior  arc  is  confounded  with  it ;  but  its 
shadow  ,  ujected  on  the  disk  of  Saturn,  forms  aii 
obscure  band,  which  being  perceived  in  poweiful 
telescopes,  proves  that  Saturn  and  his  ring  are 
opaque  bodies  illuminated  by  the  sun.  We 
then  only  distinguish  those  parts  of  the  rings 
which  are  extended  on  each  side  of  Saturn  ;  the 
breadth  of  these  parU^  diminishes  gradually,  and 
they  finally  disappear,  when  the  earth  is  in  the 
plane  of  the  ring,  the  thickness  of  which  is  im- 
perceptible. The  ring  is  likewise  invisible  when 
the  sun  being  in  its  plane,  only  illmninates  its 
thickness.  It  continues  to  be  invisible  long  as 
its  plane  is  between  the  sun  and  earth,  (z)  and  it 
reappears  when  the  sun  and  earth  are  on  the 
same  side  of  this  plane,  in  consequence  of  the. re- 
spective motions  of  the  sun  and  of  Saturn. 

As  the  plane  of  the  ring  meets  the  solar  orbit 
at  every  semirevolution  of  Saturn;  the  pbe-. 
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noiiieua  of  the  disappearance  and  l  eappearaoca 
^     ^    recur  very  nearly  atler  the  interval  fifteen  years,  but 
frequently  under  very  different  olrcumstanoes : 
V  disappearances  and  two  reappearances  may 

^  occur  in  the  same  year,  but  never  more. 

^  f  ^  **  Diirinor  the  disappt  arance  of  the  rine:,  its  thick- 
\  '.\  .jr*-  ness  reflects  to  us  the  light  of  tlie  sun,  but  iu  too 
^\  small  a  quantity  to  be  perceptible.  However  it 
may  be  conceived  that  increasing  the  power  of 
the  telescope,  it  might  be  seen ;  and  this  is  in 
fact  what  llerbcliell  experienced  tiurinir  the  last 
disappearance  of  the  ring — which  continued  visi- 
ble to  him,  when  it  had  disappeared  to  other  ob- 
servers. 

The  inclination  ot  tlu^  rini;  to  the  plane  of  the 
ecliptic  is  measured  by  tiie  greatest  opening  which 
the  ellipse  presents  to  us  :  the  position  of  its  nodes 
with  the  plane  of  the  ecliptict  is  easily  determin-' 
ed  from  the  position  of  Saturn,  when  the  appear- 
ance or  disappearance  of  the  ring,  depends  on  the 
meeting  of  its  plane  witli  the  earth.  Therefore 
all  the  phenomena  of  this  kind,  which  determine 
the  same  sidereal  position  of  the  nodes,  take  place 
when  this  plane  meets  the  earth.  When  this 
plane  passes  through  the  sun,  the  position  of  its 
nodes  determine  that  of  Saturn,  as  seen  from  the 
centre  of  the  sun,  and  then  the  rectilinear  dis- 
tance of  Saturn  from  the  earth,  may  be  determin- 
ed  in  the  same  manner  as  the  distance  of  Jupiter 
is  determined  tiom  the  eclipses  of  his  satellites. 
In  the  triangle  formed  by  the  three  lines  which 
jmn  the  centres  of  the  sun,  of  Saturn,  and  of  the 
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earth,  the  angles  at  the  earth  and  sun  are  given, 
henoe  it  is  easy  to  conclude  tiie  distance  of  the 
ran  from  Saturn,  in  parts  of  the  radius  <tf  the  90- 
lar  orbit.  It  is  thus  found  that  Satum  is  akeniL 
nine  times  and  a  half  farther  from  us  thw  tha 
sun,  when  his  apparent  diameter  is  5(y^, 

The  apparent  diameter  of  the  ring,  at  its  meau 
distance  from  the  planet  is,  according  to  the  ac- 
curate measures  of  Arrogo,  equal  to  118''»^8 ;  its 
apparent  breadth  is  17',85S.  Its  surface  is  nol 
continuous ;  a  hlack  band,  which  is  conceutrical 
with  it,  divides  it  into  two  parts,  which  appear 
to  form  two  distinct  ring8»  the  breadth  of  the  ex- 
terior being  less  than  that  of  tlie  interior.  From 
seTeral  black  bands  which  have  been  obsenred  by 
some  astronomers,  it  would  appear,  that  there  is  a 
greater  number  of  these  rings.  From  the  observation 
of  some  luminous  spots  of  the  ring,  Herschell  has 
ascertained  that  it  reyolves  fitMn  west  to  east  in 
a  period  of  0^,437,  about  an  axis  which  is  per- 
pendicular to  it^  plane^  and  passing  through  the 
centre  of  Saturn. 

Seven  satellites  have  been  observed  to  revolve  -jjJUA^f^ 
roond  this  planet  from  west  to  eaaik»  in  orbits  ^ 
nearly  ciroolar*   The  six  6rst  move  very  nearly  ^( 
in  the  plane  of  the  ring  :  the  orbit  of  the  seventh 
approaches  more  to  the  plane  of  the  ecliptic.  When      l  ^  b  - 
this  satellite  is  to  the  east  of  Saturn,  its  light  be-       {  l^t^ 
comes  so  feeble,  that  it  it  wiA  very  great  diffiksahy  j  ^ 

perceived;  lliis  can  only  arise  from  the  spots 
which  cover  the  hemisphere  which  is  presented 
to  us.    But  in  order  that  this  phenomenon  should 
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occur  always  in  the  same  position,  it  is  necessary 
that  this  satellite,  (in  this  respect  similar  to  the 
mooii)  and  to  the  satellites  of  Jupiter,)  should  re- 
volve on  its  own  axis,  in  a  period  equal  to  that 
-of  \tH  revolution  about  Saturn.  Thus  an  equality 
betueiii  the  periods  of  rotation  and  revolution 
Appears  to  be  a  general  law  of  the  motion  of  the 
satellites. 

The  diameters  of  Saturn  are  not  equal  to 
each  other.  The  diameter  which  is  perpen- 
dicular to  the  plane  of  the  ring,  appears  less 
by  the  eleventh  part  at  least,  than  that  wiiicii  is 
situated  in  this  plane.  From  a  comparison  of 
this  compression  with  that  of  Jupiter,  it  may  be 
iniferred  with  great  probability,  that  Saturn  re. 
volves  rapidly  about  the  least  of  his  diaiiK  tei^s,  and 
that  the  ring  revolves  in  the  plane  ot  his  equator ; 
this  result  has  been  confirmed  by  the  direct  ob- 
servations of  Herchell,  which  have  indicated  to 
him  that  the  motion  of  this  planet,  like  that  of  the 
other  celestial  bodies,  is  from  west  to  east,  and 
that  its  duration  is  0,4^8,  which  differs  very  lit- 
tle from  the  duration  of  Jupiter's  rotation.  It  is 
remarkable  that  this  duration  is  very  nearly  the 
same,  and  less  than  half  a  day,  for  the  two  largest 
planets,  while  the  planets  wliich  are  less  than 
them,  revolve  ou  their  axes  in  the  interval  of  a 
day  very  nearly. 

Herchell  has  also  observed  on  the  surface  of 
Saturn  five  belts,  which  are  nearly  parallel  to  his 
equator. 
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CHAP.  IX. 

Of  Uranus  arid  of  his  SatelliUs, 

The  planet  Uranas  escaped  the  observatioii  of 
the  ancient  Astronomers  on  account  oC  its  ininnte- 
ness.    Flainstead  at  the  end  of  the  last  century,- 

Mayer  ami  Le  Monnier  in  the  present,  had  already 
ohserved  it  as  a  small  star.  But  it  was  not  till 
178 1  that  Herchell  recognised  its  motion,  and 
shortly  after,  by  following  this  star  carefully,  he 
ascertained  that  it  is  an  actual  planet.  Like  to 
Mars,  Jiij)iter  and  Saturn,  Uranub  moves  from 
west  to  oast  about  the  earth.  The  duration  of 
its  sidereal  revolution  is  about  30687  days  ;  its 
motion,  which  takes  place  very  nearly  in  the 
plane  of  the  ecliptic,  commences  to  be  retrograde 
previous  to  its  oppubilion,  when  the  distance  of 
the  planet  from  the  sun  is  115°^  its  retrograde 
motion  terminates,  after  oppomtion,  when  the 
elongation  of  the  planet  from  the  sun,  as  it  ap- 
proaches to  this  star,  is  115*.  The  duration  of 
its  rt'trop^radatioii  is  about  151  days,  and  the  arc 
ot  retrogradatioD  is  four  degrees. 

If  the  distance  of  Uranus  was  to  be  estimated 
from  the  slowness  of  its  motion,  it  should  be  on 
the  confines  of  the  planetary  system.  Its  ap. 
pai'cnt  diameter  is  very  ^mall,  and  hardly  amounts 
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vO^^  \r  to  twelve  seconds.  Accordiiie:  to  Horchel  i^ix  8atel- 
j^tt     ,        lites  revolve  about  this  planet  in  orbits  almost  cir- 

cular,  and  veiy  nearly  perpendicular  to  the  plan 
*     Jiy      of  the  ecliptic.    Telescopes  of  a  Tery  high  mag- 
^^  nifying  power  are  required  to  enable  us  to  perceive 

them  ;  two  only,  the  second  and  fourth,  have 
been  recognized  by  other  observers.  The  obser- 
Tations  which  Herchell  has  published  relative  to 
the  four  others,  are  not  sufficiently  numerous  to 
enable  us  to  determine  the  elements  of  their  or- 
bits, or  even  to  be  assured  incontrovertably  ol' 
their  existence  (a). 
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CHAP.  X. 


Cf  the  Telescopic  planets,  Ceroi,  Faiicu,  Juno  and 

Vesta, 

Thkse  four  planets  are  so  uiiiiutc,  that  they 
can  be  only  perceived  by  means  of  very  powerful 
telescopes.  The  first  day  of  the  present  centcuy  is 
remarkable  for  the  discovery  which  Piazzi  made 
at  Palermo  of  the  planet  Ceres.    Pallas  was  re- 
cognized ill  1809,    by  Olbors ;  Juno  was  dis- 
covered in  18i).^  by  Harding ;  and  lastly,  Vesta       ,  -  ) 
was  perceived  in  1SU7  by  Olbers.   These  8tai9»      ^  ^ 
*  like  the  other  planets,  move  from  west  to  east ;  ^ 
and  like  to  them,  they  are  alternately  direct    JL  ^  *  ^ 
and  retrog^rade.    But  in  consequence  of  the  short 
time  which  has  elapsed  since  their  discovery, 
we  have  not  been  able  to  determine  with  pre- 
dsion,  the  durations  of  their  revolutions,  and 
the  laws  of  their  motions.    We  only  know  that 
the  durations  of  their  »ideieal  n^volalioub  diller 
little  from  each  other  ;  and  that  those  of  the 
three  first  are  about  four  years  and  two  thirds  ; 
the  duration  of  the  revolution  of  Vesta  appears 
to  be  shoiler  by  a  year.    Pallas  deviates  con- 
f^iih  ra^'y  more  from  the  plane  of  the  ecliptic 
than  the  other  planets,  so  that  in  order  to  com- 
prize its  deviations,  we  should  enlarge  eonsidera* 
hly  the  breath  of  the  zodiac  (b). 
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CHAP.  XL 

Of  the  motion  vfthe  Pianets  about  the  sun. 

Had  man  restricted  himself  to  a  mere  compi- 
lation of  fact.'?,  the  sciences  woulti  present  no- 
t  ill  1 hut  a  barren  nomenclature,  and  a  kiio\v- 
ledge  of  the  great  laws  of  nature  would  never 
have  been  attained.  It  is  from  a  oomparison  of 
foots  with  each  other,  by  attentiyely  considering 
their  relations,  and  by  this  means  reaRcondin^^  to 
phenomena,  which  are  rontinually  iin»rr  and 
more  extensive,  that  at  length  we  have  been 
enabled  to  discover  these  laws,  which  are  conti- 
nually jmpressed  on  the  various  effects  which  they 
produce.  Then  it  is,  tliat  nature  by  revealing  her- 
self, shews  how  the  infinite  variety  of  phenomena 
which  have  been  observed,  may  be  traced  up  to  a 
small  number  of  causes,  and  thus  enables  us 
to  determine  antecedently  those  effects,  which 
ought  to  be  prodiieed  ;  and  being  assured  that 
nothing  will  derange  the  connexion  J)et\veen 
causes  and  their  effects,  we  ean  extend  our  thoughts 
forwards  to  the  future,  and  the  series  of  events  which 
shall  be  developed  in  the  course  of  time,  will  be  pre- 
sented to  our  view.  It  is  solely  in  the  theoiy  of 
the  system  of  the  world,  that  the  human  mind 
has,  by  a  long  train  of  successful  eiforU,  attained 
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to  this  eminence*  The  first  hypothesis  which  was 
devised  to  explain  the  phenomena  of  the  planetaiy 
motions,  could  only  be  an  imperfect  sketch  of  this 

theui  V,  bul  by  representing  these  phenomena  in  a 
very  ingenious  manner,  it  furnished  the  means  of  i 
suhjecting  them  to  the  calculus  and  we  shall  now 
see,  that  by  making  this  hypothesis  to  undergo  the 
modifications  which  haye  been  successively  indicat- 
ed by  observation,  it  will  be  changed  into  the 
true  system  oi  the  world. 

The  most  remarkable  of  the  planetary  appear- 
ances is  their  change  from  a  direct  to  a  retrograde 
motion,  a  chane^e  which  can  only  arise  from  two 
motions  alto  mutely  conspirinf;  together,  and  oppos- 
ing their  ctfects.  The  most  natural  hypothesis  for 
explaining  them,  was  that  devised  by  the  an- 
cient philosophers,  and  which  consisted  in  mak- 
ing the  three  superior  planets  to  move  in  conse- 
quentia  on  epicycles,  of  which  tlic  centres  des- 
cribe circles  in  the  same  direction.  It  is  manifest 
that  if  the  planet  be  supposed  to  exist  in  the  lowest 
point  of  the  epicycle,  or  that  which  is  nearest  to  the 
earth,  it  has  in  this  position  a  motion  contrary  to 
that  of  the  epicycle,  which  is  always  moved  ])aiallel 
to  itself  ^  therefore  if  the  first  of  these  motions  be 
supposed  to  predominate  over  the  second,  the 
apparent  motion  of  the  planet  will  be  retrograde, 
and  at  its  maximum  ;  on  the  contrary,  if  the  pla. 
net  be  situated  at  I  he  most  elevated  point  of  its 
epicycle,  tlie  two  motions  conspire  togeilicr,  and 
the  apparent  motion  is  direct,  and  the  greatest 
possible*    In  proceeding  from  the  first  to  the  se« 
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C5ond  of  these  positions,  the  apparent  motion  of 
V*"  ^   X'^       planet  continues  to  be  retrograde  ;  however, 
^^'it  constantly  diminishes,  till  at  length  it  va. 
\  y^y^    nishes,  and  then  changes  into  a  direct  motion*  It 
\     s  ^   v^ppears  from  observation,  that  the  maximum  of 
^     y  ^  ^'  the  retrograde  inotion  obtains  always  at  the  mo- 
. "      merit  of  the  opposition  of  the  pJuiiet  with  the 
/' '         sun ;  it  therefore  follows  that  each  epicycle  is  de- 
smbed  in  the  time  of  a  revolution  of  this  star, 
and  that  the  planet  is  at  the  lowest  point,  when 
it  is  in  opposition  to  the  sun.    Hence  we  may 
see  the  reason  why  the  apparent  diameter  of  the 
planet  is  then  at  itsmo^'mum.  With  respect  to  the 
two  inferior  planets,  which  never  deviate  from 
the  sun  beyond  certain  limits,  their  alternate  re- 
trograde and  direct  uiotioiis  may  likewise  be  ox- 
plfiined,  on  the  hypothesis  that  they  move  in 
oonsequentia  on  epicyles,  of  which  the  centres  de- 
scribe, each  ye«r,  eirdes  about  the  earth  in  the 
same  direction ;  and  by  supposing  likewise  that 
when  the  planet  attains  the- lowest  point  of  its 
epicycle,  it  is  in  conjunction  with  the  sini.     1  he 
preceding  is  the  most  ancient  astronomical  hy- 
pothesis, which  being  adopted  and  brought  to 
perfection  by  Ptolemy,  has  been  denominated 
from  this  astronomer. 

The  absolute  niairuitudes  of  the  circles  aud  of 
the  epicycles  are  not  indicated  in  this  hypothesis : 
the  phenomena  only  assign  the  relative  magni- 
tudes of  the  radii.  In  like  manner  Ptolemy  did 
not  attempt  to  investigate  the  respective  distances 
of  the  planets  from  the  earth    he  only  supposed 
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those  superior  planets  to  be  farther  firom  the 
earth,  of  which  tho  times  of  revolution  were  the 
longest.  He  then  placed  the  epicycle  of  Venus  be- 
low the  suiiy  and  that  of  Mercury  the  lowest  of 
aU*   In  an  hypothesis  so  indeterminate^  it  does 
not  appear  why  the  arcs  of  retrogradation  of  the 
superior  planets  are  smaller,  for  those  which  are 
most  remote  ;  and  why  the  moveable  radii  of 
the  superior  epicycles  are  parallel,  to  the  radius 
yeetor  of  this  star,  and  to  the  moveable  radii 
of  the  inferior  cireles.   This  parallelism,  whidi 
Kepler  had  ah  eady  introduced  into  the  hypothesis 
of  Ptolemy,  ib  clearly  indicated  by  all  observa- 
tions of  tlie  uiotiou  of  the  planets,  parallel  and 
also  in  a  dhrection  perpendieular  to  the  ediptae. 
Bat  if  these  epicycles  and  circles  be  supposed 
equal  to  the  orbit  of  the  sun,  the  cause  of  these 
phenomena  l)eeome  immediately  apparent.    It  is 
easy  to  be  satislied  that  by  sucli  a  modification  o£ 
libe  preceduig  hypothesis^  all  the  planets  are  made 
to  revolye  about  the  sun,  which  in  his  real  or  ap- 
parent  motion  about  the  earth  carries  along  with 
it  the  centres  of  their  orbits.    A  disposition  of  the 
planetaiy  system  so  simple,  leaves  uotliing  un- 
determined, and  clearly  points  out,  the  relations 
of  the  direct  and  retrograde  motions  of  the  piUu 
nets,  with  the  motion  of  the  sun.    It  removes 
from    ihe   hypothesis  of   Ptolemy,  the  circles 
and    epicycles    which  are   described  annually 
by  these  planets,  and  likewise  those  which  he  in- 
troduced in  order  to  explain  their  motions  per- 
pendicular to  the  ecliptic.    The  relations  whidi 
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this  astronomer  had  determined  to  exist  between 
the  radii  of  the  two  interior  epicycles,  and 
the  radii  of  tlie  circles  described  by  their  cen- 
tres, express  then  the  mean  distances  of  the  pla- 
nets from  the  sun  in  parts  of  the  mean  distance  of 
the  sun  from  the  eartli ;  and  the  same  relatiorijs  be- 
ing reversed  for  the  superior  planets,  express  their 
mean  distances  from  the  sun  or  from  the  earth. 
The  simplicity  of  this  hypothesis  should  of  itself, 
induce  us  to  admit  it ;  but  the  observations  whicli 
have  been  made  by  means  of  the  telescope,  re- 
move all  doubts  on  this  subject. 

It  has  been  already  observed,  how  the  distance 
of  Jupiter  from  the  sun  may  be  determined  by 
the  eclipses  of  the  satellites  of  this  planet,  from 
which  it  ap])ears  lliat  it  describes  a])()ut  the  sun, 
an  orbit  almost  circular.  We  have  also  seen,  that 
the  appearances  and  disappearances  of  the  ring  of 
Saturn  determine  its  distance  from  the  earth  to 
be  about  nine  times  and  a  half  gi  eater  than  the 
distance  of  the  earth  from  tlie  sini  ;  a j id  accord- 
ing to  the  determination  of  Ptoleniy,  this  is  very 
nearly  the  relation  which  obtains  between  the 
radius  of  the  orbit  of  Saturn,  and  the  radius  of 
its  epicycle  ;  hence  it  foUows  that  this  epicycle  is 
equal  to  the  solar  orbit,  and  that  consequently 
Saturn  describes  veiy  nearly  a  circle  about  tlie 
sun.  From  the  phases  which  have  been  observed 
in  the  two  inferior  planets,  it  follows  that  they 
revolve  about  the  sun.  Let  us  for  example  fol- 
low the  motion  of  Venus,  and  the  variations  ol  its 
apparent  diameter  and  of  ii»  phases.     When  in 
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the  momiDg  it  oommences  to  extricate  itself  from 

the  rays  of  the  sun  ,  it  appears  betore  the  rising 
oi  this  btar,  under  the  form  of  a  crescent,  and  its 
apparent  diameter  is  a  maximum;  it  is  then 
nearer  to  us  than  to  the  sani  and  very  nearly  in 
oonjnnetlon  with  it.  Its  crescent  increases,  and 
its  appaifiit  (li;mieter  diininishes  according  as  the 
jdanet  elongates  itself  from  the  sun.  Wlien  its 
angular  distance  from  this  star  is  about  iiity  de^ 
grees,  it  approaches  towards  it  again,  exhibiting 
to  us  more  and  more  of  its  illuminated  hemis- 
phere: and  the  (iirninulioii  of  the  apparent  dia- 
meter coutiuues  to  tlie  moment,  that  in  the  morn- 
ing it  is  immersed  in  the  sun's  rays.  At  this  in- 
tant»  Venus  appears  to  us  full,  and  its  apparent  di- 
ameter is  a  minimum  ;  in  this  position  it  is  ihrther 
from  us  than  the  sun.  After  continnina:  invisible 
for  some  time,  this  planet  appears  again  in  the 
evening,  and  reproduces  in  an  inverted  order,  the 
phenomena  which  it  exhibited  previous  to  its  dis- 
appearance. More  and  more  of  its  illuminated 
hemisphere  is  averted  froni  the  earth  :  its  phases 
diminish,  and  at  tlie  same  time  its  apparent  diame- 
ter increases  with  its  increased  elongation  from  the 
sun.  When  its  angular  distance  from  this  star  is 
about  fifty  degrees,  it  returns  towards  him :  its 
phases  continue  to  di[ninish,  and  its  apparent  di- 
ameter to  increase,  till  it  is  again  immersed  in  the 
rays  of  the  sun.  Sometimes  in  the  interyal  be- 
tween its  disappearance  in  the  evening,  and  its 
appearance  in  the  morning,  it  is  observed  to  move 
on  the  disk  of  the  sun,  in  the  form  of  a  spot.  It 
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is  clear  from  these  phenomena,  that  the  sun  n 
▼ery  nearly  in  the  centre  of  the  orbit  of  Venus, 
which  it  carries  along  with  it,  while  it  revolves 
aboat  the  earllh.  As  Mercury  exhibits  phenomena 
which  are  similar  to  those  of  Venm,  it  foUowa 
that  the  sun  is  likewise  in  the  centre  of  its  orbit. 

We  are  theretore  conducted  by  the  phenomena 
of  the  motions  and  of  the  phases  of  the  planeta» 
to  this  general  result^  namely,  that  aU  iheMB  Har9 
reindve  ahmU  the  sun,  which  in  his  reai  or  apparent 
revolution  about  the  earthy  appmrs  to  earn/  with  it 
the  foci  of  their  orbits.  It  is  remarkable  ill  at  this 
result  is  derived  from  the  hypothesis  of  Ptolemy, 
by  supposing  the  solar  wbit  to  be  equal  to  the  dr- 
cles  and  epicycles  which  are  described  each  year, 
in  this  hypothesis,  which  tlien  ceases  to  be  i^nrely 
idealj  and  only  proper  to  represent  to  the  imagi- 
nation, thecelestial  motions*  Instead  of  making 
the  planets  to  revolve  about  imaginary  centres,  it 
places  in  the  foci  of  their  orbits,  those  great  bodies 
which  Hy  their  action  can  retain  tliein  in  these 
orbits,  and  by  this  means  it  enables  us  to  get  a 
glimpse  of  the  causes  of  the  heavenly  motions. 
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Of  tlie  Cornets, 

St  A  us  are  frequently  observed,  whicli  though  at 
first  scarcely  perceptible,  increase  in  magnitude 
and  velocity^  then  diminish,  and  finally  disappear* 
These  stars,  which  are  called  comeist  appear 
almost  alwa3m  accompanied  with  a  nebulosity, 
which  increasing,  terminates  sometimes  in  a  tail 
of  considerable  length,  and  which  must  be  ex- 
tremely rare,  as  the  stars  are  seen  through  its 
immense  depth.  The  appearance  of  the  comets 
followed  by  these  long  trains  of  light,  had  for  a 
long  time  terrified  nations,  who  are  always  af- 
fected with  extraordinary  events,  of  which  they 
know  not  the  causes.  The  light  of  science  has  dis- 
sipated these  Tain  terrors  which  oomets»  edipses^ 
and  many  other  phenomena  excited  in  the  ages 
of  icfnoianee. 

The  comets  participate,  like  the  other  stars, 
in  the  diurnal  motion  of  the  heavens ;  and  this, 
combined  with  the  smallness  of  their  parallax, 
proves  that  they  are  not  meteors  generated  in 
our  atmosphere.  Their  |>r()]>er  motions  are  ex- 
tremely complicated;  they  have  place  in  every  direc- 
tion, and  are  not  restricted,  like  the  planets,  to  a 
motion  fh>m  west  to  east,  and  in  planes  very  little 
melined  to  the  ecliptic 
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Cfthe  Stars^  and  qfiheirmoiions. 

The  parallax  of  the  stars  is  insensible  ;  (c)  their 

disks,  viewed  throiigli  the  most  powerful  teJos- 
copc^j,  are  reduced  to  luiniiious  points ;  in  this 
respect»  these  stars  differ  from  plauets,  of  which 
the  apparent  magnitude  (d)  is  increased  by  the 
magnifying  power  of  the  telescope.  The  smallness 
of  the  apparent  diauieter  of  tlie  ^^tars  is  particu- 
larly evinced  by  their  rapid  disappearance  in 
their  occultations  by  the  moon^  the  time  of  which, 
not  amounting  to  a  second,  indicates  that  this 
diameter  is  less  than  five  seconds  of  a  degree.  . 
The  vivacity  of  the  light  of  the  most  brilliant  stars 
compared  with  tlie  smallness  of  their  apparent 
disk,  induces  us  to  think  that  they  are  much 
farther  from  us  than  these  planets,  and  that  they 
do  not,  like  them,  borrow  their  light  from  the 
sun,  hut  are  tlieniselves  luminous ;  and  as  the 
smallest  stars  are  subject  to  the  aauie  uioLious 
as  the  most  brilliant,  and  preserve  the  same 
position  relatively  to  each  other ;  it  is  extremely 
probable  that  the  nature  of  all  these  stars  is  the 
same,  and  that  they  are  so  many  luminous  bodies 
of  different  magnitudes  ;  and  situated  at  gi^eater  or 
less  distances  fVom  the  limits  of  the  solar  system. 
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Periodical  variations  haye  been  observed  in 

tbe  intensity  of  the  liglit  of  soveral  stars,  which 
have  been  termed  on  that  account  changeable* 
Sometimes  stars  have  been  observed  to  appear 
suddenly,  and  then  to  vanish,  alter  having  shone 
with  the  most  brilliant  splendor.  Snch  was 
the  famous  star  observed  in  1572  in  the  constel- 
lation of  Cassiopeia.  In  a  short  time,  it  sur- 
passed the  most  beautiful  stars,  and  even  Jupiter 
himself  in  Innlliancy.  Its  light  afterwards  grew 
feeble,  and  in  sixteen  months  after  its  discovery 
it  disappeared,  without  having  changed  its  place 
in  the  heavens.  Its  colour  experienced  considera- 
ble variations  :  it  was  first  of  a  dazzling  white, 
afterwards  of  a  reddish  yellow,  and  lastly,  of  a  lead 
coloured  white.  What  is  the  cause  of  these  phe- 
nomena ?  The  extensive  spots  which  the  stars 
present  to  us  periodically,  in  their  revolution  on 
their  axes,  in  the  same  manner  very  nearly  as  the 
last  satellite  of  Saturn,  and  perhaps  the  interposi- 
tion of  great  opaque  bodies  which  revolve  about 
them,  are  sufficient  to  explain  tbe  periodical  varia- 
tions of  the  changeable  stars.  As  to  those  stars 
which  suddenly  shine  forth  with  a  very  vivid  light, 
and  then  immediately  disappear,  it  is  extremcily 
probable  that  great  conflagrations,  produced  by  ex- 
traordinary  causes,  take  place  on  their  surface  ; 
and  this  conjecture  is  confirmed  by  their  change 
of  colour,  which  is  analogous  to  that  which  is  pre- 
sented to  us  on  the  earth  by  those  bodies,  which 
are  set  on  fire,  and  then  gradually  extinguished. 
A  white  iiglit  of  an  irregular  figure,  ( d)  which 
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has  been  denomiQated  the  mUfy  way^  surroimds 
the  heavens  m  the  form  of  a  zone.   As  a  yetj 

great  number  of  Binall  stan^  has  been  discovered  in 
it  by  maaiis  at. the  telescope,  it  is  very  probable 
4hal  the  milky  way  is  nothing  ,  moie  than  .an  as- 
lemblnge  of  stati8»  whioh  appear  to  us  so  near 
m  to  'Constitute  an  utdnteinqi^d  band  of  light. 
Small  \\  liite  spotis,  whicb  are  termed  nebulce,  have 
aloo  been  observed  in  ditfereut  parts  of  the  hea- 
mens ;  several  of  whioh  appear  to  be  of  the 
same  nature  as  the  milky  way*  When  viewed 
through  a  telescope  they  likewise  exhibit  the  union 
of  a  gi'eat  muuiht  i  of  stars  ;  others  only  display 
a  white  and  continuous  lighty  perhaps  on  ac- 
count of  their  great  distance,  which  confounds 
the  light  of  the  stars  which  compose  them*  It  is  * 
very  probaUe  that  they  are  formed  <ff  a  very  rare 
nebulous  matter,  wliicli  is  difiu^ed  in  diflferent 
masses  in  the  heavenly  regions,  of  which  the  suc- 
cessive condensation  produces  the  nuclei,  and 
all  the  varieties  which  they  exhibit.  The  re- 
markable changes  which  have  been  observed  in 
some  of  them»  and  particulaily  iii  the  beaulilul 
nebula  of  Orion,  aduiil  ot  a  very  easy  explanation 
on  this  hypothesis^  and  render  it  extremely  pro^ 
bable. 

The  immobility  of  the  fixed  stars  with  respect 
to  each  other,  has  determined  astronomere  to  re- 
fer to  them  as  to  so  many  fixed  points,  the 
proper  motions  of  the  other  heavenly  bodies  ^  but 
iR>r  this  purpose  it  was  necessary  to  classify 
them^  hi  order  that  they  might  be  recognized  $ 
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and  H  is  with  thi6  view,  that  the  heavens  have 
been  dktribated  into  various  groups  of  stars  call- 
ed constellations.  It  was  likewise  necessary  to 
tletermine  exactly  the  positions  of  the  fixed  stars 
on  the  celestial  sphere,  which  has  been  accom- 
plished in  the  £»llowing  manner ; 

Let  a  great  oirde  be  conceived  to  pass  through 
the  two  poles  of  the  world,  and  through  the  cen- 
tre of  any  star  ;  this  circle,  which  is  termed  the 
chrde  of  declination,  is  perpendicular  to  the 
equator*  The  arc  of  this  circle,  comprised  be- 
tween the  equator  and  the^  centre  of  the  star, 
measures  its  declination,  which  is  nor^/i  or  south 
according  to  the  denomination  of  the  pole,  to 
which  it  is  nearest. 

As  all  the  stars  situated  in  the  same  parallel 
have  the  same  declination,  it  was  necessary  to 
introduce  a  new  element  in  order  to  determine 
their  position.  Tiie  arc  of  the  equator,  comprised 
between  the  circle  of  declination  and  the  vernal 
equinox,  has  been  selected  for  this  puipose.  This 
arc,  reckoned  from  tbe  equmox  In  the  direction  of 
the  proper  motion  of  the  sun,  u  e,  from  west  to 
east,  is  termed  the  rigiu  ascension^  consequently, 
the  position  of  the  stars  is  determined  by  their 
right  ascension  and  declination. 

The  distance  from  the  equator,  or  the  right  as- 
cension, is  determined  hy  the  meridian  altitude 
of  the  star  compared  with  the  height  of  the  pole. 
The  determinations  of  its  right  ascenstion  pre- 
sented greater  difficulties  to  the  aatient  astrono- 
men,  -on  account  of  the  impossibility  of  compar- 
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ing  directly  the  fixed  stars  with  the  sun.  As  the  . 
moon  may  be  compared  dining  the  day  with  the 

sun,  'dud  during  tlie  night,  with  tlie  fixed  stars, 
they  made  use  of  it  as  an  intermediate  term,  in 
order  to  measure  the  differenee  hetween  the  right 
ascension  of  the  sun  and  of  the  fixed  stars,  having 
regard  to  the  proper  motions  of  the  san  and  moon, 
in  the  interval  between  the  observations.  The 
theory  of  the  sun  afterwards  giving  its  rigiit  ascens- 
tion,  they  inferred  iVom  it  that  of  some  of  the  prin- 
dpal  stars,  to  which  they  compared  the  rest  It 
was  hy  this  means,  thai  Hipparchns  formed  the  first 
catalogue  of  fixed  $tai*8  of  which  we  have  any  know- 
ledge. A  cousiderable  time  after,  this  method  w  ai> 
rendered  much  more  precise,  by  empioyiog,  instead 
of  the  moon,  the  planet  Venus,  which  is  sometimes 
visible  daring  the  day,  and  of  which  during  a  short 
interval  the  motion  is  slower  and  less  untHjual  than 
the  lunar  motion.  Now,  that  the  important  appli- 
cation of  the  pendulum  to  clocks,  furnishes  a  very 
exact  measure  of  time,  we  can  determine  directly, 
and  with  much  greater  precision  than  the  ancient 
astronomers,  the  difference  between  the  right  ascen- 
scion  of  the  star  and  of  the  sun,  by  the  interval 
of  time  which  elapses  between  their  transits  over 
the  meridian. 

The  position  of  the  stars  may  be  referred  to  the 
ecliptic  in  a  similar  manner,  which  is  particularly 
useful  in  the  theory  of  tlie  moon  and  of  tlie 
planets.  A  great  circle  is  supposed  to  pass 
through  the  centre  of  the  star,  perpendicular  to 
the  plane  of  the  ediptie,  which  is  (Med  a  curcle 
of  latitude.    The  arc  of  thio  circle  comprised 
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between  the  ecliptic  and  the  8tar»  measares  its  lati* 
tude»  whichisnorth  or  south,  aooordingto  the  deno- 
mination of  the  pole  situated  at  the  Stinie  side  of  the 
ecliptic.  The  arc  of  the  ecliptic  comprised  between 
the  circle  of  latitude  and  tiie  vernal  equinox*  reck- 
oned from  this  equinox,  in  the  direction  of  thesun's 
pn^r  motion  t,  e,  from  west  to  ea8t»  is  called  the 
longitude  of  tlie  star,  the  position  of  which  is  thus 
deteni lined  by  its  longitude  and  latitude.  It 
may  be  easily  conceived  that  the  inclination  of 
the  ecliptic  to  the  equator  being  known,  the 
longitude  and  latitude  of  a  star  may  be  deduc- 
ed from  its  observed  right  ascension  and  declina- 
tion. 

An  interval  of  only  a  few  years,  was  necessary  to 
observe  the  variation  of  the  fixed  stars  in  right 
ascension  and  declination.  It  was  very  soon  re- 
marked that  while  they  changed  their  position 
with  respect  to  the  equator,  they  preserved  the 
same  latitude,  from  which  it  may  be  inferred  that 
the  variations  in  right  ascension  and  declination, 
arise  solely 'from  a  motion  common  to  these  stars 
about  the  poles  of  the  ecliptic.  Tliese  variations 
might  also  be  represented  by  supposing  the  stais 
immoveable,  and  by  making  the  poles  of  the  equa- 
tor to  move  about  those  of  the  ecliptic.  In  this 
motion  the  inclination  of  the  equator  to*  the  eclip- 
tic remains  constant,  and  its  nodes  or  equinoxes 
regrade  uniformly,  at  the  rate  of  1j4  ,63  for 
each  year.  It  has  been  already  remarked  that 
this  retrogradaUon  of  the  equinoxes,  renders  the 
tropical  somewhat  shorter  than  the  sidereal 
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year.  Thus  the  diiTcrencc  between  the  tropical  ami 
sidereal  years,  and  the  varialtons  of  the  fixed  sUum 
in  right  asoension  and  dedination,  depend  on  thia 
motion,  by  which  the  pole  of  the  equator  describes 
annually  an  arc  of  154>'\G3  of  a  small  circle  of  the 
celestial  sphere  parallel  to  the  ecUptic.  it  m  (e) 
in  this,  that  the  phenomenon  known  by  the  name 
of  the  precession  of  the  equinoxes,  consists. 

The  precision  of  modern  astronomy,  for  which 
it  is  iailebted  to  the  application  of  telescopes,  to 
astronomical  instruments,  and  to  tliat  of  the  pen^ 
dulum  to  clocks,  has  rendered  perceptible,  minute 
periodical  Tariations  in  the  inclination  of  the 
equator  to  the  ecliptic,  and  in  the  precession  of  the 
equinoxes,  Bradley,  who  discovered,  and  at- 
tentively followed  them  lor  several  years,  has  ob- 
served their  law,  which  may  be  geometrically 
represented  in  the  following  manner.  Let  the 
pole  of  the  equator  be  supposed  to  move  on  the 
circumference  of  a  small  ellipse,  a  tanureiit  to  the 
celestial  sphere,  and  of  which  the  centre,  which 
may  be  regarded  as  the  mean  pole  of  the  equator^ 
describes  every  year  15^\6S  of  the  parallel  to  the 
ecliptic,  on  which  it  is  situated.  The  greater  axis 
of  this  ellipse,  always  in  the  plane  of  the  circle  of 
latitude,  is  equivalent  to  an  arc  of  this  great  circle^ 
equal  to  5^,d6 ;  and  the  lesser  axis  is  equivalent 
to  an  arc  of  ibis  parallel,  which  is  equal  to  1 1 1^80.  * 
The  situation  of  the  real  pole  of  the  equator  on 
this  ellipse  is  determined  in  the  following  mamier  : 
.Suppose  a  small  circle  to  be  described  in  the  plane 
4>f  this  ellipse,  concentrioal  with  it,  and  having- its 
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diameter  equal  to  tlie  greater  ajcis ;  oonceive  aiso 
a  radius  of  this  cirale  moved  uaifiuriidj  widi  a.ra* 
trograde  motloii,  so  that  this  radhw  mm^  (Milnddo 

with  that  halt'  of  the  greater  axis  which  is  nearest 
to  tlie  ecliptic,  every  time  that  the  ascending  node 
of  the  moon's  orbit,  coincides  with  the  vernal 
equinox ;  and  lastly,  from  the  ^atremilDr.  of  ^a 
moveable  radius  let  fiill  a  perpendioular  on>tbe 
greater  axis  ol'  the  ellipse,  the  point  wliere  this 
perpendicular  intersects  the  circumference  ot  the 
ellipse  is  the  place  of  the  true  pole  of  the  equa- 
tor. This  moUon  of  the  pole  is  termed  nuitx^ 
Han. 

The  fixed  stai^s,  in  consequence  of  the  motions 
which  we  have  described,  preserve  an  invariable 
position  relatively  to  each  other ;  but  the  illustri- 
ous observer  to  whom  we  are  indebted  for  the  dis- 
covery of  the  nutation,  has  discovered  in  all  the 
stars  a  general  periodii-al  motion,  which  produces 
a  slight  change  in  their  respective  positions.  In 
order  to  represent  this  motion,  each  star  is  sup- 
posed to  describe  annually  a-  small-  circumference 
parallel  to  the  ecliptic,  of  which  the  centre  is  the 
mean  position  cf  the  star,  and  of  which  the  dia- 
meter, as  seen  from  the  cai  tli,  subtends  an  angle  of 
and  that  it  moves  on  this  circumference  like 
the  sun  in  his  orbit,  in  such  a  manner  however, 
that  the  sun  is  always  more  advanced  than  the  star, 
by  one  hundred  degrees  ;  this  circumference,  ))ro- 
jected  on  the  surface  oi  the  heavens,  appears  under 
the  form  of  an  ellipse  more  or  less  flattened  accord- 
ing to  the  height  of  the  star  above  the  ecliptic ;  the 
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lesser  axis  of  the  ellipse  being  to  the  greater  axis, 
as  the  sine  of  this  heiglit  is  to  the  radius.  Hence 
arise  all  the  varieties  of  that  periodical  motion  of 
the  stars,  which  is  called  MentUkm. 

Independently  of  those  general  motions,  seve- 
ral stars  liave  proper  motions  peculiar  to  them- 
selves, very  slow,  hut  which  the  lapse  of  time  has 
rendered  sensible.  They  have  been  hitherto 
principally  remarkable  in  Syrius  and  Arctarus, 
two  of  the  most  hrilliant  stars,  hut  every  thing  in- 
duces us  to  think  that  in  succeeding  agea  similar 
motions  will  be  developed  in  the  other  stars. 
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Cftke  figure  rf  the  earih,  cfthe  wmaihn  of  gra" 

vity  at  its  surface^  and  qf  thfi  decimal  system  of 
tueiyhU  and  measures. 

Let  us  now  descend  finom  tbe  heavens  to  the 
earUi,  and  see  what  can  be  deriyed  finom  observa- 
tions reUtive  to  its  dimendons  and  figure.  It 

has  been  already  observed  that  the  earth  is  very 
nearly  spherical :  gravity  being  every  where  direct- 
ed to  the  oentre»  retains  bodies  on  its  sur&ce, 
although  in  phices  diametrically  oppoate»  which 
are  antipodes  one  to  the  other,  they  have  directly 
contrary  positions.  The  sky  and  the  stars  appear 
always  above  the  earth  ;  for  elevation  and  depres- 
sion are  only  relative  terms  with  respect  to  the 
direction  of  gravity. 

From  the  moment  that  man  recognized  the 
spherical  form  of  the  globe  which  he  inhabits,  he 
most  have  been  anxious  to  meai^iure  its  dimen- 
sions ;  it  is  therefore  extremely  probable  that  the 
first  attempts  to  attain  this  object  were  made  at 
a  period  long  anterior  to  those  of  which  history 
has  preserved  the  record,  and  that  tliey  have  been 
lost  in  the  moral  and  physical  changes  which  the 
earth  has  undergone.  The  relation  which  several 
measures  of  the  most  remote  antiquity  have  to 
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each  other,  and  to  the  terrestrial  Gircamference, 

g\ye9  countenance  to  this  conjecture,  and  seems 
to  indicate  not  only  that  tliis  lengtii  was  very  ex- 
actly known  at  a  very  ancient  period,  but  that 
it  has  also  served  aa  the  base  of  a  complete  system 
of  measures,  the  veBtiges  of  which  have  been 
found  in  Asia  and  in  I  .iry|)t.  Be  this  as  it  may, 
the  first  precise  measure  of  the  eartll,  of  which 
we  have  any  ceitain  knowledge,  is  that  which 
Picard  executed  in  France  towards  the  end  of 
the  seventeendi  century,  and  which  has  been  re- 
peatedly verified.  It  is  easy  to  conceive  this  ope- 
ration. As  we  advance  towards  the  north,  the 
pole  seems  to  be  elevated  more  and'  more  ;  the 
meridian  heights  of  the  stars  situated  towards 
the  north  inomses,  and  Hiat  of  the-southem  stars 
diminishes  ;  some  of  them  even  hecome  invisible. 
The  notion  of  the  curvature  of  the  earth  was  no 
doubt  suggested  by  observing  these  phenomeni^ 
which  could  not  fliil  to  attract'  the  attention  of 
men  in  llie  first  age  of  society,  when  the  return  of 
the  seasons  was  only  distinguislied  hy  the  rising 
and  setting  of  tlie  principal  stai-s,  compared  with 
that  of  ^e  sun*  The  elevation'  or  the  d^ressiion  of 
the  stars  makes  known  the  angles,  which  verticals 
raised  at  the  extremities  of  the  arc  ofthe  earth, 
which  hn»  been  pa^ed  over,  make  at  the  point 
where  they  meet  ;  for  this  angle  is  evidently  equal 
tothe  difference  of  the  meridian  heights  of  the  same 
star,  mimts  the  angle  whiich  the  arc  described 
would  subtend  at  the  centre  of  tlie  star  ;  and  we 
are  certain  that  this  last  angle  is  insensible.  It 
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is  then  oaly  neeaonRiy  to  measure  tins  space.  It 
would  be  a  tedious  and  trouUesoma  operation  to 
apply  our  measaree  to  so  gveat  an  eitent ;  it  is 

niuch  simpler  to  connect  its  extremities,  by  means 
of  a  series  of  triangles,  with  those  of  a  base  of 
twelve  or  fifteen  thousand  metres  ^  and  consider- 
ing the  precision  with  which  the  angler  of  these 
triangles  may  be  detennined,  its  loigfih  can  be 
obtained  very  accurately.  It  is  tlius,  that  the  arc 
of  the  terrestrial  meridian  which  traverses  France 
has  been  measured.  The  part  of  th»  arc  of  whidi 
the  amplitude  is  the  hnndreth  part  of  a  right 
angle,  and  whose  middle  point  corresponds  to  50^, 
of  altitude  of  the  pole,  is  very  nearly  one  hundred 
thousand  meti'es. 

Of  all  the  iie^eqM^iiig  figures,  the  spheiioal  is 
the  simplest,  because  it  depends  only  on  one  ele- 
ment, namely,  the  magnitude  of  its  radius.  The 
natural  inclination  of  the  human  mind  to  attribute 
that  figui'o  to  objects,  whicli  it  conceives  wiUi  the 
greatest  fiMiility*  disposed  it  to  assign  a  sj^erical 
form  tO'tlie  earth.  But  the  simplicity  of  nature 
should  not  be  always  regulated  by  that  of  our  con- 
ceptions. Infinitely  varied  in  her  effects,  nature 
is  only  simple  in  her  causes,  and  her  economy 
consists  in  producing  a  great  number  of  pheno- 
-  menu,  which  are-  frequency  very  oomplicated^  by 
means  of  a  small  number  of  general  laws.  The 
figure  of  the  earth  is  the  result  of  those  laws,  which 
modified  by  a  tliousand  circumstances,  might 
cause  it  to  deviate  sensibly  from  that  of  a 
sphere.   Small  variations,  observed  in  the  length 
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of  the  degrees  in  France,  indicate  these  deviations ; 
but  the  inevitable  errors  of  observation  left  doubts 

on  this  interesting  phenomenon  ;  and  the  Academy 
of  Sciences,  in  whieli  this  interesting  question  was 
anxiously  discussed,  judged  with  reason,  that  the 
differenoe  of  d^;rees,  if  it  really  existed,  would 
be  principally  evinced  in  a  comparison  of  the 
degrees  at  the  equator  and  towards  the  poles. 
And  academic  iaiis  wore  sent  even  to  the  equator 
itiself,  where  they  ibund  the  degree  of  the  meri- 
dian less  than  the  degree  of  France.  Other  aca^ 
demicians  travelled  towards  the  north,  where  the 
degree  was  observed  to  be  greater  than  the  de- 
gree in  France.  Thus  the  iin  rease  of  the  degrees 
of  tlie  meridian,  from  tlie  equator  to  the  poles, 
was  proved  incontrovertably  by  these  measures, 
from  which  it  was  concluded  that  the  earth  was 
not  exactly  spherical. 

These  ceU»l)i  atcd  voyages  of  the  French  Aca- 
demecians  having  directed  the  attention  of  astro- 
nomers towards  this  object,  new  degrees  of  the 
meridian  were  measured  in  Italy,  Germany,  Afii. 
ca,  India  and  Pennsylvania.  All  these  measures 
eoiirar  in  indicating  an  increase  in  the  degrees, 
iroin  tiie  equator  to  the  poles. 

The  following  table  exhibits  the  values  of  the 
ex&eme  degrees  which  have  been  measured,  and 
also  of  the  mean  degree  between  the  equator  and 
the  pole.  The  first  was  measured  in  Pern,  by 
Bouguer  and  La  Condamine.  The  length  of  the 
second  has  been  inferred  from  the  great  operation 
which  was  recently  executed,  in  order  to  deter- 
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mine  the  amplitude  of  the  arc*  which  trayerses 
France  from  Dunkirk  to  Perpignan,  and  which 
has  been  extended  to  the  Bouth,  as  far  as  Formen- 
tera.  It  was  joined  towaids  the  north  with 
the  meridian  of  Greenwich,  by  connecting  the 
sides  of  France  with  those  of  England,  by  means 
of  a  series  of  triangles.  This  immense  arc,  which 
comprises  the  seyenth  part  of  the  distance  of  the 
pole  from  the  equator,  has  been  detenu inod  with 
the  greatest  precision.  The  astronomical  and 
geodesical  observations  have  been  made  with  re- 
peating circles.  Two  bases,  each  of  which  is 
more  than  twelve  thousand  metres,  haye  been 
measured,  the  one  near  Melun,  the  other  BVdi  to 
Perpigaan,  by  a  new  process,  which  is  free  from 
all  uncertainty ;  and  what  confirms  the  accuracy 
of  these  observations  is,  that  the  base  of  Pepignan 
concluded  from  that  of  Melun,  by  the  chain  of  tri- 
angles which  unites  them,  does  not  ditler  by  a 
third  of  a  metre  from  its  actual  measure,  al* 
though  the  distance  between  those  two  places  is 
upwards  of  nine  hundred  thousand  metres. 

In  order  to  render  this  important  observation 
as  perfect  as  possible,  the  height  of  the  pole, 
and  tlie  number  of  ocillations  performed  in  a  day 
by  the  same  pendulum,  have  been  observed  on 
different  points  of  this  arc ;  from  which  the  va- 
riations of  the  degrees  and  of  gravity  have  been 
inlVi  red.  Thus  this  operation,  the  most  accurate 
and  extensive  of  the  kind,  wiiich  has  been  under- 
taken,  will  remain  a  monument  of  the  state  of 
arts  and  sciences  in  this  enlightened  age.  Lastly, 
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4ilie  third  degree  was  meaflored  by  M.  Swanbei^ 
in  Lapland. 

Height  of  the  pole.  Length  tjf  the  degree. 

(f,00    995eS",9. 

5(y,08   1(X)004?,3. 

73%71    100323,6. 

The  inoreaae  of  the  degrees  of  the  meridian,. 

according  as  tlie  height  of  the  pole  increases,  is 
even  seiis»iblo  in  tliilereiit  parts  of  the  great  arc 
already  meutioaed.  In  fact  let  us  compare  its 
extreme  points,  and  the  Pantheon  at  Paris,  which 
is  one  of  the  intmnediate  positions.  It  isfomid 
by  means  of  observation, 

DiMunccit from  Greenwich  m 
Height  of  the  pole.  tkedhtetian  of  the  nwrtftKatt. 

Greenwich  57,°19753    0^>0 

Pantheon  ^,''$7491    ^^19»a 

Formentera  42,"9C178   14«8636,1 

The  distance  from  Greenwich  to  the  Pantheon, 
l^ves  100195",^  for  the  length  of  the  degree,  of 
which  the  middle  point  corresponds  to  65°7359^ 
of  elevation  of  the  pole  ;  and  from  the  distance  of 
the  Pantheon  from  l*'ormeutera,  it  is  found  that 
the  length  of  a  degree,  the  middle  point  of  which 
eorreqM>nds  to  a  latitude  of  48,61804,  is  equal  to 
99970",3,  firom  which  it  follows  that  in  the  in- 
terval between  these  two  points,  the  increment 
of  a  degree  is  23",  167. 

The  ellipse  being  after  the  circle,  the  most 
simple  of  all  the  re-entring  curves,  the  earth  was 
considered  as  a  solid  of  revolution  fonned  by  the 
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revolutian'of  an  ellipse  aboat  its  lesser  axis.  Its 

compression  in  the  direction  of  the  poles,  is  a  ne- 
cessary (!onset}U('ni  e  of  the  obsrrved  inorease  of 
the  meridiouai  degrees,  from  the  equator  to  the 
poles.   Tiie  radii  of  these  degrees  being  in  the 
direction  of  .gravity,  they  are  by  the  laws  of  the 
equilibrium  of  fluids,  perpendicular  to  the  surfaceof 
the  seas  with  which  the  earth,  is  in  a  great  mea- 
sure covered.    They  do  not  terminate,  as  in  a 
fiphere»  in  the  centre  of  the  ellipsoid ;  they  have 
neither  the  same  direction,  nor  the  same  magni- 
tude, as  radii  drawn  from  the  centre  to  the  sm*- 
face,  and  which  cut  it  ohliquely  every  where  except 
at  the  equator  and  at  the  poles.    The  point  where 
two  adjoining  verticals  situated  in  the  same  me- 
ridian meet,  is  the  centre  of  a  small  terestrial 
arc  comprized  between  them  ;  if  this  arc  was  a 
right  line,  these  veilicals  would  be  parallel,  i.  e* 
they  would  meet  at  an  infinite  distance  \  but  in 
proportion  as  they  are  curved,  they  meet  at  a  dis- 
tance which  is  proportionally  less  as  the  curva- 
ture is  greater  ;  thus  the  extremity  of  the  lesser 
axis  being  the  point  where  the  ellipse  approaches 
most  to  a  right  line,  the  radius  of  a  degree  of  the 
pole,  and  consequently  the  degree  itself  is  of  its 
greatest  length.   It  is  the  contrary  at  the  extre- 
mity of  the  greater  axis  of  the  ellipse,  i.  e.  at  the 
equator,  where  the  curvature  being  the  greatest, 
the  degree  in  the  direction  of  the  meridian  is  least 
of  all.   In  proceeding  from  the  second  to  the  first 
of  these  extremes,  the  degrees  oontinually  in- 
crease i  and  if  the  compression  of  the  ellipse  is 
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mconsiderable,  their  increment  is  very  nearly 

proportional  to  the  square  of  the  sine  of  the  height 
of  the  pole  above  the  horizon. 

The  excess  of  the  equatorial  axis,  above  that  of 
the  pole»  assumed  equal  to  unity,  is  termed  the 
comprestion  or  MpticUy  of  the  spheroid.  The 
measure  of  two  degrees  in  the  direction  of  the 
meridian,  is  sufficient  to  determine  it.  A  com- 
parison of  the  arcs  measured  in  France  and  Peru, 
which  from  their  extent,  their  distance  from 
each  other,  and  from  the  accuracy  and  reputation 
of  the  observers,  deserve  the  preference,  makes 
the  eilipticity  of  the  terrestrial  spheriod  equal  to 
>  the  semiaxis  major  equal  to  GdyGdOG"",  and 
the  semiaxis  minor  is  equal  to  Q35Qi^^. 

If  the  earth  was  elliptical,  the  same  compres- 
sion should  be  nearly  obtained,  iVom  a  conipari- 
son,  two  by  two,  of  different  measures  of  the  ter» 
restrial  degrees ;  but  their  comparison  gives,  on 
fhis  point,  differences  which  it  is  difficult  to  as- 
cribe solely  to  the  errors  of  observations.  It 
therefore  appears  that  the  earth  differs  sensibly 
from  the  ellipsoid.  This  dittereuce  is  even  in- 
dicated by  the  measures  of  different  parts  of  the 
great  arc  of  the  meridian  which  traverses  France; 
for  it  has  been  observed  already,  that  the  incre- 
ment of  its  depxees  is '23  ,107,  which  answers  to 
an  eilipticity  of  y^y,  which  more  inconsider- 
able than  the  preceding  eilipticity  7tV»7  f 
even  reason  to  suppose  that  the  two  terrestrial 
hemispheres  are  not  similar  on  each  side  of  the 
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equator.  The  d^ree  measured  by  La  Caille  at 
the  Cape  of  Grood  Hope»  where  the  height  of  the 
south  pole  is  dT»01,  is  (/)  found  to  be  equal  to 
1000^(r,5  ;  which  is  greater  than  that  which  was 
measured  in  Pennsylvania,  where  the  heip^ht  of  the 
north  pole  is  equal  to  4<d°,56»  the  length  of  which 
was-equal  to  99789^f  1 ;  it  even  exceeds  the  degree 
which  was  measured  in  France  at  an  elevation  of 
the  pole  equal  to  50°,  yet  the  degree  at  the  Cape 
ought  to  be  less  than  these  degrees,  if  the  earth 
was  a  regular  solid  of  revolution  formed  of  two 
similar  hemispheres  ;  everj  thing  therefore  leads 
us  to  think  that  this  is  not  the  case.  But  the  con- 
siderable  errors  which  new  measures  have  fie- 
quently  indicated  in  this  kind  of  observatiooi 
ought  to  make  us  very  cautious  in  the  conclusions 
which  we  deduce  from  it,  and  to  resolve  to  take 
all  possible  precautions  to  avoid  for  the  future 
similar  errors.  Let  us  see  then  what  is  the  na- 
ture of  the  terrestrial  meridians,  the  earth  being 
supposed  to  be  any  figure  whatever. 

The  plane  of  the  celestial  meridian  determined 
by  astronomical  obser^'ations,  passes  through  the 
axis  of  the  world  and  through  the  zenith  of  the 
observer ;  because  this  plane  bisects  the  arcs  of 
all  lesser  circles  parallel  to  the  equator,  which 
are  described  by  the  stars  above  the  horizon.  All 
places  oi  the  earth,  which  have  their  zeniths  in 
the  circumference  of  this  meridian,  form  the  cor- 
responding terrestrial  meridian.  Considering  the 
immense  distance  of  the  stars,  verticals  elevated 
from  each  of  thcbo  places  may  be  supposed  pa- 
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rallel  to  the  plane  of  the  celestial  meridian  ;  the 
larreilriiil  mcnidlan  may  ttierefore  (g)  be  defined  to 
be  fbttt  corre  wbich  is  formed  by  the  janqtioH  of 
the  bases  of  all  the  verticals  parallel  to  the  plane 
of  the  celestial  meridian.  This  curve  lies  alto- 
gether in  this  plane»  when  the  earth  is  a  solid 
of  revolntion;  in  every  other  case  it  donates  from 
ft,  and  generally  it  is  one  of  those  lines  which 

geometricians  term  curves  of  double  curvature. 

The  terrestrial  meridian  is  not  exactly  the  line 
which  determines  trigonometrical  measurements 
in  the  direction  of  the  celestial  meridian.  The 
first  side  of  the  line  which  is  measnred*  is  a  tan* 
gent  to  the  sm  fucc  of  the  earth,  and  parallel  to 
the  plane  ot  the  celestial  meridian  ;  if  this  side 
be  extended  till  it  meets  a  vertical  indefinitely 
neat  to  it,  and  if  then  this  prolongation  be  bent 
to  the  base  of  vertical,  the  second  side  of  the 
curve  will  be  formed,  and  tlius  with  all  the  others* 
The  line  thus  traced  is  the  shortest  which  can  be 
drawn  on  the  surface  of  the  earth  (h)  between  any 
two  points  assumed  on  this  line ;  it  does  not  lie  in 
the  plane  of  the  celestial,  and  is  not  confounded 
with  the  terrestrial  meridian,  except  in  the  case 
fn  which  the  earth  is  a  solid  of  revolution  \  but  the 
diflerenoe  between  the  length  of  this  line  and 
that  of  the  corresponding  arc  of  the  terrestrial 
meridian  i<%  so  small  tliat  it  may  be  neglected 
without  any  sensible  error. 

Tiie  figure  of  the  earth  being  extrandy  com* 
pliasled.  If  is  important  to  mnltiidy  its  measovsa 
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in  eT6iy  direction,  and  in  as  many  plaoea  as  posi* 

nble.  We  may  always  at  every  point  of  iu  9ur» 
face  suppose  an  oscillatory  ellipse,  which  sensibly 
coincides  with  it  for  a  small  extenti  about  ihe 
point  of  osculation*  Terrealriai  arcs  measured  . in 
the  direction  of  the  meridians,  and  of  perpendi« 
culars  to  the  ineridians,  will  make  known  the  na- 
ture and  position  of  this. ellipsoid,  which  may  not 
be  a  solid  of  revolution,  and  which  varies  sensibly 
at  great  distances. 

Whatever  be  the  nature  of  the  terrestrial  me- 
ridians, it  is  evident  that  as  the  degrees  dimi- 
nish from  the  poles  to  the  equator,  the  earth  is 
flattened  in  the  direction  (c)  of  the  poles,  t,  e*  that 
the  axis  of  the  earth  is  less  than  the  diame- 
ter of  the  equator.  In  order  to  explain  this,  let 
us  suppose  that  the  earth  is  a  solid  of  revolution ; 
and  let  the  radius  of  a  degree  at  the  north  pole,  and 
the  series  of  those  radii  from  the  pole  to  thceqoa^ 
tor,  which  radii  by  hypothesis  coutfnually  dtmi* 
nish,  be  supposed  to  be  (ir^nvn,  it  is  evident  that 
these  radii  form  by  their  consecutive  intersections 
a  curve,  which  at  first  touches  the  polar  axis  on 
the  other  side  of  the  equator  relativeljr  to  the 
north  pole  ;  it  afterwards  detaches  itself  from  this 
axis,  turning  its  convexity  towards  this  axis,  and 
continoally  raises  itself  towards  the  surface  of  the 
earth,  until  the  radius  of  the  meridimial  degree 
assumes  a  direction  perpendicolar  to  the  pnmmy 
direction  ;  it  is  then  in  the  plane  of  the  equator, 
if  the  radius  of  the  polar  degree  be  supposed  flex- 
iUci  andlJiatUinwlmsuocessivdy  tho.4sros  or 
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the  curve  which  have  been  just  described,  its  ex- 
tremUy  will  describe  the  terrestrial  meridiaiif  and 
the  part  of  it  which  is  iotercepted  between  the 
meridian  and  the  carve  will  be  the  correspond- 
ing radius  of  the  meridional  degree.  This  curve 
is  what  Geometricians  term  the  euolute  of  the  me- 
ridian. Let  the  intersection  of  the  diameter  of 
the  equator  and  of  the  polar  asis  be  assumed  for 
the  present  to  be  at  the  centre  of  the  earth ;  the 
sum  of  tlie  two  tangents  to  the  evolute  of  the  me- 
ridian drawn  from  this  centre,  the  first  in  the 
direction  of  the  polar  axis,  and  the  second  in  the  di* 
rectionofthediameterof  the  equator,  will  be  greater 
than  the  arc  of  the  evolute  comprised  between 
them but  the  radius  drawn  from  the  centre  of 
the  earth  to  the  north  pole  is  equal  to  the  radius 
of  the  polar  degree  nUmu  the  first  tangent ;  the 
semidiameter  of  the  equator  is  equal  to  the  radius 
of  the  meridional  degree  at  the  equator  plus  the 
second  tangent ;  therefore  the  excess  of  the  se- 
midiameter of  the  equator  above  the  terrestrial 
radius  of  the  pole,  is  equal  to  the  sum  of  those 
tangents,  minus  the  excess  of  the  radius  of  the 
polar  degree  above  the  radius  of  the  meridional 
degree  at  the  equator :  this  last  excess  is  the  arc 
itself  of  the  evolute,  which  arc  is  less  tlian  the 
sum  of  the  extreme  tangents ;  consequently  the 
excess  of  the  semidiameter  of  the  equator  above 
the  radius  drawn  from  the  centre  of  the  earth  to 
the  north  pole  is  positive.  It  can  be  proved 
in  the  same  manner,  Uiat  the  excess  of  this  same 
semidiameter  of  the  equator  above  the  radius 
drawn  to  the  south  pole  is  positive,  therefore  the 


Digitized  by 


▼ARIATION  OF  GRAVITY  AT  ITS  SURFACS,  &CC.  101 

entire  axis  of  the  poles  is  less  than  the  diameter 
of  the  equator,  or  what  comes  to  the  same  things 
the  earth  is  flattened  in  the  direction  of  the 
poloi. 

Each  part  of  the  meridian  being  reg^arded  as  a 
very  small  arc  of  its  osculatory  circumference,  it 
is  easy  to  see  that  the  radius  draw  n  from  the  cen^ 
tre  of  the  earth  to  the  extremity  of  the  arc,  whidi 
is  nearest  to  the  pole»  is  less  than  tlie  radius  drawn 
firom  tlie  same  centre  to  the  other  extremity ; 
hence  it  follovFS  that  the  terrestrial  radii  conti- 
nually increase  from  the  poles  to  the  equator,  it 
as  all  observations  seem  to  indicatey  the  degrees 
of  the  meridian  increase  from  the  equator  to  the 
poles. 

The  difference  of  the  radii  of  the  meridional 
degrees  at  the  poles  and  at  the  equator,  is  equal 
to  the  difference  of  the  corresponding  terrestrial 
radii  plus  the  excess  of  (k)  twice  the  eyolute  above 
the  sum  of  the  extreme  tangents,  which  excess  is 
evidently  positive  ;  thus,  the  degrees  of  the  me- 
ridiaa  increase  from  the  equator  to  the  poles  in  a 
greater  ratio  than  that  of  the  diminution  of  the 
terrestrial  radii.  It  is  evident  that  these  demons 
strations  are  equally  applicable  in  the  case  iu 
which  the  nortliern  and  southern  hemispheres  are 
not  similar  and  equal,  and  it  is  easy  to  extend 
them  to  the  case  of  the  earth's  not  being  a  solid 
of  revolntion. 

Curves  have  been  constructed  at  the  principal 
{daces  in  France,  which  lie  on  the  oieridian  of  the 

observatoiyy  traced  in  the  same  manner  as  tUs 
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lhi6»  wfA  this  difiiereiidet  that  the  first  side,  which 
Ib  always  a  tangent  to  the  smikoe  of  the  earth, 

stead  of  hem^  parallel  to  the  plane  of  the  celestial 
meridian  of  the  ohservatory  of  Paris  is  pei  pendicu- 
lar  to  it.  It  is  by  the  length  of  these  curves^  and 
hy  the  distances  of  the  observatory  from  the 
points  where  they  meet  the  meridian,  that  the 
positions  of  these  places  have  hccn  detennined. 
This  operation,  the  most  useful  which  has  been 
andertaken  in  geography,  is*  a  model  which  every 
enlightened  nation  should  hasten  to  imitate,  and 
which  will  very  soon  be  extended  to  all  Europe. 

As  the  respective  positions  of  places  separated 
by  vast  seas  cannot  be  fixed  by  geodesieal  obser- 
Tations,  we  mast  have  recourse  to  celestial  obser* 
vations.  In  order  to  determine  them.  The  know- 
ledge of  these  positions  is  one  of  the  greatest  ad- 
vantages which  astronomy  has  procured.  In  or- 
der to  arrive  at  it,  the  method  which  was  made  use 
of  to  form  a  catalogue  of  the  fixed  stars,  was  Mlow* 
ed,  by  conceiving  circles  to  be  drawn  on  the  surftuse 
of  the  earth  corresponding  to  those  which  have 
been  imagined  on  the  celestial  surface.  Thus  the 
axis  of  the  celestial  equator  intersects  the  snrfiice  of 
the  earth  in  two  points  diametrically  opposite,  which 
have  respectively  one  of  the  poles  of  the  world  in 
their  zenith,  and  wliich  may  he  considered  as  the 
poles  of  the  earth.  The  intersection  of  the  plane 
of  the  celestial  equator  with  this  surface,  is  a  eir- 
eunf^enca  whieh  may 'be'  regarded  as  the  terres* 
trial  equator ;  the  intersections  of  all  the  phmes 
of  the  celestial  meridians  with  the  same  euriace 
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are  so  many  curved  lines,  which  are  reunited  at 
Ihepoles^  and  which  are  the  correq[>ohding  ter- 
ratrial  meridiaos^  if  the  eMth  be  a  sfriid  of  revo* 
Intion,  whieh  may  be  supposed  in  geography, 
without  any  sensible  error.  Finally,  small  circles 
traced  on  the  earth  parallel  to  the  equator  are 
terrestrial  parallels  ^  lutd  that  of  any  place  what- 
«ter,  corf^ponds  Ui  the  eelestial  parallel  which 
passes  through  its  zenith. 

The  position  of  a  place  on  the  earth  is  deter- 
mined by  its  distance  from  the  equator,  or  by  the 
arc  of  the  terrestrial  meridian  comprised  between 
its  pandlel  and  th6*  eqaatdr»  and  by  the  angle 
which  its  meri^an  makes  With  the  first  meridian^ 
of  which  the  position  is  arbitrary,  and  to  which 
all  others  are  referred*  Its  distance  from  the 
e^ni&tor  depends  on  the  anjg^  oomprized  between 
its  senlth  and  the  celestial  equator,  and  this  an- 
gle is  evidently  equal  to  the  height  ("/j  of  the  pole 
above  the  horizon ;  this  height  is  what  in  geogra-  ' 
phy  is  termed  latitude.  The  UmgUude  is  the  an- 
gle which  the  meridian  of  «  place  makes  with  the* 
first  meridian ;  it  Is  th^  arc  of  the  equator  coll- 
taincd  i  etween  these  two  meridians.  It  is  east- 
em  or  western,  according  as  the  place  is  to  the 
east  or  west  of  the  first  meridian. 

An  obsemtion  of  Ae  height  of  the  pote  deter, 
mines  the  latitudcf*,  the  Idngitode  m  determinM' 
by  means  of  a  celestial  phenomenon,  which  is^l»«'  . 
served  simultaneously  on  the  meridians  of  ^hich' 
the  rdatit^  position  is  veq^«d.  If  the  meridian 
ofVhidi  Ite  l<HitiUid0  il  r^yilred  is  td  th«  Wesl^ 
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of  that  from  which  the  longitude  is  reckoned,  the 
.sun  will  arrive  sooner  at  the  celeiftial  meridian  ; 

for  example,  the  angle  formed  by  the  terrestrial 
meridian  be  a  fourth  part  of  the  clrcamference» 

the  difference  between  the  instants  of  noon,  at 
those  meridians,  will  be  the  fourth  part  of  the 
day«  Suppose,  therefcnre,  that  a  phenomenon  is 
ohserved  oh  each  of  them  which  occurs  at  the 
same  physical  instant  for  all  places  on  the  earth, 
sucli  as  the  commencement  or  termination  of  an 
eclipse  of  the  moon  or  of  the  satellites  ot  Jupiter, 
the  difference  of  the  hours  which  the  observers  will 
reckon  at  the  moment  of  the  occurrence  of  the 
phenomenon,  will  be  to  an  entire  day  as  the  angle 
formed  by  the  inclination  of  the  two  uitritlians  is 
to  the  circunjference.  Eclipses  of  the  sun,  and 
thjB  occultations  of  the  fixed  stars  by  the  moonf 
furnish  the  most  exact  means  of  obtaining  the 
longitude,  by  the  precision  with  which  the  com- 
mencement and  termination  of  these  phenomena 
may  be  observed  ^  they  do  not  iu  fact  occur  at  the 
siame  physical  instant  at  every  place  on  the  earth, 
but  the  elements  of  the  lunar  motions  are  suffi* 
ciently  well  known  to  enable  us  to  make  an  exact  • 
allowance  of  this  difference. 

ft 

To  determine  the  longitude  of  a  place,  it  is  not 
oeeessaiy  that  the  celestial  phenomenon  should 
be  observed  at  the  same  time  on  the  first  meri- 
dian. It  is  sufficient  if  it  be  observed  under  a  me- 
ridian of  which  the  position  with  respect  to  the 
Jrst  meridian  is  kiiown.  It  is  thus  that  by  con* 
iii8Gtin|f  tjoeridians  with  each  other,  the  respeetiYe 
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positions  of  the  most  distant  points  on  the  Blir^ace 
of  the  earth  have  been  ascertained. 

The  longitadea  and  latitudes  of  a  great  nmnber 
of  plaoee  have  been  already  determined  hy  astro- 
nomical observations ;  considerable  errors  in  the 
position  and  extent  of  countries  a  long  time  known, 
have  been  corrected :  the  position  of  those  coun* 
tries,  which  the  interests  of  commerce,  or  the  love 
of  science  have  caused  to  be  discovered,  has  been 
fixed  ;  but  though  the  voyages  lately  undertaken 
have  added  considerably  to  our  geographical 
knowledge,  much  yet  remains  to  be  discovered. 
The  interior  of  Alrica,  and  that  of  New  HoI« 
land,  includes  immense  countries  totally  un. 
known:  we  have  only  uncei'taiii,  and  frccjueiitly 
contradictory  accounts  concerning  several  others^ 
of  which  geography  hitherto  abandoned  to  the 
hazard  of  conjecture,  only  waits  for  more  accu- 
rate information  from  astronomy  to  fix  and  settle 
their  position  unalterably. 
.  The  longitude  and  latitude  are  not  sufficient  to 
determine  the  position  of  a  place  on  the  earth ; 
besides  these  two  horizontal  coordinates,  a  ver- 
tical coordiiiato  must  be  introduced,  which  ex. 
presses  the  elevation  of  the  place  above  the  level 
of  the  sea :  this  is  the  most  useful  application  of 
the  barometer;  numerous  and  accurate  observe* 
tioDs  with  this  instrument  would  throw  the  same 
light  on  the  figure  of  the  earth,  (m)  with  respect  to 
the  comparative  elevation  of  places,  that  has  been 
alfe.ady  furnished  by  astronomy,  on  the  other  two 
•  dilPfBisinnSi  ..:  .>   
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It  is  principally  to  the  navigator,  when  in 
the  midst  of  4he  fleas  he  has  no  other  guide 
bill  the  sttitrs  and  his  compass,  that- it  Is  of  em- 

sequence  to  know  his  position,  that  of  the  plaes 
for  which  he  is  bound,  and  of  the  shoals  which 
h^  tttay  meet  in  his  passage.  He  may  easily  know 
hls'latitiide  by  ate  observation  of  (n)  the  height  of 
the  stars :  the  fortnnate  inventions  of  the  octant  and 
of  the  repeating  circle  have  rendered  obseihrations 
<^  this  kind  extremely  accurate.  But  the  celes- 
tial spherOi  in  consequence  of  its  diurnal  motiont 
presenting  itself  daily  in  very  nearly  the  same 
manner  to  all  the  points  of  his  parallel.  It  is  dif- 
ficult for  the  navigator  to  fix  the  point  to  which 
he  corresponds.  To  supply  the  deficiency  of  ce- 
lestial observations,  he  measures  his  velocity  and 
the  direction  of  his  niotion»  theooe  he  infers  his 
progress  in  the  direction  of  the  parallels,  and  hy 
a  comparison  of  it  with  liis  observed  latitude,  he 
determines  his  longitude  relatively  to  the  place  of 
his  departure*  The  inaccuracy  of  this  method 
snhjeets  him  to  errors,  which  might  become  fhtsl 
when  he  abandons  himself  daring  the  night  to  the 
winds  near  the  shores  and  banks  which,  in  his  es- 
timation, he  believed  himself  at  a  considerable  dis- 
tance from.  It  is  to  secure  him  fi^om  these  dan- 
gers that,  as  soon  as  the  progress  of  arts  and  of 
astronomy  led  to  the  hope  that  methods  might  be 
devised  to  obtain  the  longitude  at  sea,  commer- 
cial nations  hastened  to  direct  the  views  of  scien- 
tific men  and  of  artists  to  this  imptfrtantrobieot^  hf 
powerful  eneonnigements.    Their  eat^eeUftiotiS' 
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kave  beeo  realiaed  by  Uie  inreiitioii  jof  dimmM 
meters,  and  by  tbe  greal.aoeiinusy  with  whidi  thm 
tables  of  thelmiaf  motions havebeen  constucted  ^ 
two  methods,  good  in  tlieniselves,  and  which  aref 
further  improved  by  the  mutual  support  which 
they  oonfer  on  each  other. 

A  ofarononieter,  well  regulated  iti  a  port,'  the 
situation  of  w  hich  is  known,  and  which  preserves 
tbe  same  rate  wtien  carried  on  board  a  vessel, 
would  indicate,  at  every  instant,  the  time  which 
was  reckoned  In  this  port. 

This  hour  being  compared  with  that  obsen^ed 
at  Rea,  the  relation  of  the  difference  of  these 
hours  to  the  entire  day  would  be,  bb(o)  has  been  al« 
ready  ohservedt  that  of  the  corresponding  differ- 
ence of  k>ngiUide  to  the  chreumfbrence.   Bat'  it' 
was  difficult  to  obtain  such  watches;  the  imgu- 
lar  motion  of  the  ship,  the  variations  of  tempera- 
torSy  and  the  inevitable  friction  which  is  ex« 
tremely  sensible  in  such  delicate  machinef^  were' 
so  many  obstades>  all  opposed  to  their  accuracy. 
Thef<e  have  been  fortunately  sui  inoonted  j  chrono- 
meters are  now  made  which  ("/^^  for  several  months 
preserve  a  rate  nearly  uniform,  and  which  thus 
flimish  the  simplest  means  of  obtaining  the  lon- 
gitude at  sea  ;  and  as  this  method  is  always  more 
exact  as  the  time  is  shorter,  during  which  these 
chronometers  are  employed,  without  verifying 
their  rate,  they  are  particularly  useful  in  deter-' 
nllningthe  position  of  places  very  near  to  each- 
other.    They  have  even,  in  this  respect,  some  ad-- 
vantages  over  astronomical  observations,  the  ao^ 
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ouraoy  of  which  is  not  inereMed  by  the  proximi^ 
of  the  ohaeiren  to  eadi  other* 

The  frequent  recurrence  of  the  eclipses  of  Ju- 
piter's satellites  would  furnish  an  observer  with  an 
easy  method  of  obtaining  his  longitude,  if  he  could 
observe  them  at  sea ;  bat  the  endeayoun  which 
have  been  made  to  sarmoont  the  difficulties  which 
the  motion  of  the  ship  oppose  to  this  kind  of  ob- 
servations, have  been  hitherto  fruitless  ;  notwith- 
standing this,  navigation  and  geography  have  de* 
rived  considerable  advantages  from  these  edipses, 
particularly  from  those  of  the  first  satellite,  of 
which  the  commencement  and  termination  can 
be  accurately  observed.  The  navigator  employs 
fhem  with  success  when  he  can  land  ;  indeed,  it 
is  necessary  to  know  the  hour  at  which  the  same 
eclipse  which  he  observes  would  be  seen  upon  a 
known  meridian,  since  the  difference  of  time, 
which  is  reckoned  on  these  two  meridians,  gives 
the  difference  of  longitudes ;  but  from  the  great 
improvement  which  has  been  made  in  the  tables 
of  the  first  satellite  in  our  time,  the  moment  of 
the  occurrence  of  these  eclipses  is  given  with  a 
precision  equal  to  that  of  observation  itself. 

The  extreme  difficulty  of  observing  these  eclipses 
at  sea,  has  obliged  us  to  have  recourse  to  other 
celestial  phenomena,  among  which  the  Itmar  mo- 
tions are  the  only  ones  which  can  be  made  sub« 
servient  to  the  determination  of  terrestrial  Ion. 
gitudes.  The  position  of  the  moon,  such  a^ 
it  would  be  olwerved  from  the  centre  of  the 
earth,  may  be  easily  inferred  from  the  measure 
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of  iU  angular  distance  from  the  aim  and  fixed 
Bteis  :  the  tables  of  its  motion  then  give  the  hour 
at  the  principal  meridian  when  the  same  pheno* 

meiion  is  observed,  and  the  navigator  eomparing 
the  time  which  he  reckons  on  board  his  ship  at 
the  moment  of  observation,  determines  his  longi- 
tude by  the  difference  of  time. 

To  appreciate  the  accuracy  of  this  methods  it 
should  be  considered  that  from  the  errors  of  ob- 
servation, the  place,  of  the  moon  as  determined 
by  the  observer,  does  not  exactly  correspond  to 
the  hour  indicated  by  his  chronometer ;  and  thai 
hi  consequence  of  the  errors  of  the  tables  this 
same  place  does  not  refer  exactly  to  the  corres- 
ponding hour  which  the  sun  indicates  on  the  first 
meridian  ;  the  difference  of  these  hours  would 
not  therefore  be  such  as  would  be  furnished  by 
an  observation  and    tables  rigorously  correct. 
Suppose  that  the  error  produced  by  this  difference 
is  a  minute.    In  this  interval,  forty  minutes  of 
the  equator  is  passed  over  the  meridian  ;  this 
Is  the  corresponding  error  in  the  longitude  of 
the  vessel,  and  which  is  at  the  equator  aliout  forty 
thousand  metres  ;  but  it  is  less  on  the  parallelst 
besides  it  may  be  diminished  by  multiplying  oh** 
servations  of  the  lunar  distances  from  the  sun 
and  stars,  and  repeating  them  during  several  days, 
in  order  that  the  errors  of  ol)servritioa  and  of  the 
tables  may  be  mutually  compensated  and  des- 
troyed.  It  is  obvious  that  the  error  in  longitude* 
corresponding  to  those  of  observation  and  of  the 
tables  are  so  much  the  less  considerable,  as  the 
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motion  of  the  celestial  body  ifi  more  rapid ;  thus 
^bMrvatioQB  made  on  the  moon  wheD  in  perigee^ 
Kte  in  this  respeet,  preferable  to  those  made  when 

the  mooa  is  in  apogee.  If  the  motion  of  the  sun 
be  employed,  w]ii(  h  is  thirteen  times  slower  than 
that  of  the  sopout  the  errors  in  longitude  will  he 
aiiout  thirteen  times  as  great  i  from  henoe  it  fbl* 
lows,  that  of  all  the  celestial  bodies  the  moon  is 
the  only  one  of  whicli  the  motion  is  Rufficiently 
IXipid  to  he  employed  for  the  determination  of  the 
longitude  at  sea ;  we  may  consequently  perceive 
of  what  great  importaikice  it  is  to  render  the  tables 
as  perfect  a»  possible. 

It  is  much  to  be  desired  that  all  the  nations 
of  Europe,  instead  of  reckoning  geogi*aphical  lon- 
gitudes from  the  meridian  of  their  principal  oIk 
servatory,  would  concur  in  comiting  them  from 
the  same  meridian,  which  being  furnished  by 
nature  itself,  might  i>e  easily  found  at  all  times. 
This  agreement  would  introduce  into  their  geo- 
graphy the  same  uniformity  which  their  calendar 
Und  arithmetic  present,  a  conformity  which  being 
extended  to  the  various  ol>jects  of  their  mutual 
relations,  would  constitute  of  these  several  nations 
but  one  immense  family*  Ptolemy  caused  his  first 
meridian  to  pass  through  the  Canaries,  which 
were  then  the  western  limit  of  the  known  world. 
The  reason  of  this  selection  no  longer  obtains,  in 
consequence  of  the  discovery  of  America.  But 
one  of  these  islands,  presents  one  of  the  most  re» 
markable  points  on  the  surface  of  tfie  earth,  in 
Qp^equence  of  its  great  elevation  and  of  its  in- 
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fiulation,  namely,  the  summit  of  the  peak  of 
Teneriffe.  We  might  with  the  Hollauders  assume 
Its  meridiaiit  from  which  to  reckon  termiriri 
kMigitodes,  by  determining  its  position  rdatively 
to  the  principal  oheervatories,  by  means  of  a  great 
numbet  of  astronomical  observations.  But  whe- 
ther we  agree  or  not  to  a  common  meridian^ 
it  will  be  extremely  . useful  for  future.egee  to  Icnow 
accurately  their  position,  with  respect  to  some 
mountains  which  may  be  always  recognized  by 
their  solidity  and  great  eleyation,  such  as  Mount 
Blanc,  which  towers  over  the  immense  and  im* 
perishable  woods  of  the  Alpine  regions. 

A  remarkable  phenomenon,  the  knowledge  of 
whicli  we  owe  to  astronomical  voyages,  is  the 
variation  of  gravity  at  the  suriace  of  the  earth* 
This  singular  power  acts  in  the  same  place,  on 
all  bodies  proportionally  to  their  masses,  and 
tends  to  impress  on  them  equal  velocities  in  equal 
times.  It  is  impossible  by  means  of  a  balance  to 
ascertain  these  variations,  because  they  equally 
eftct  tbe  body  weighed,  and  the  weight  to  which 
it  is  compared  ;  but  they  can  be  determined  by  a 
comparison  of  their  weight  with  a  eoiistant  force, 
such  as  the  elasticity  of  the  air  at  the  same  tem« 
perature.  Thu%  by  transportmg  to  difierent 
places,  a  manometer  filled  with  a  column  of  air, 
which  elevates  by  its  tension  a  column  of  mercury 
in  an  interior  tube,  it  is  evident  that  an  equili. 
farom  must  always  subsist  between  the  weight  of 
Urn  column  and  the  elasticity  of  the  aur ;  its  ele* 
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vatioii,  wheu  the  temperature  is  given,  will  he  re- 
ciprocally proportional  to  the  force  of  graFity,  the 
Taiialioiia  of  which  it  conBcquently  indicates.  A 
▼ery  precise  way  of  determining  them  is  also  fur* 
nished  by  observations  of  the  pendulum  ;  for  it  is 
obvious  that  it^  oscillatioDS  must  be  slower  ia 
those  places  where  the  gravity  is  less. 

This  instrumenty  the  application  of  which  to 
docks  is  one  of  the  principal  caiises  of  the  pro- 
gress of  mode!  u  astronomy  and  geography,  con- 
sists of  a  body  suspended  at  the  end  of  a  thread  or 
rodf  moveable  aboat  a  fixed  point  placed  at  the 
other  extremity.  The  instrument  is  drawn  a'  little 
from  its  vertical  position,  and  being  then  remit* 
ted  to  tlie  actioii  of  gravity,  it  makes  small  oscil- 
latioas»  which  are  very  nearly  of  the  same  dura^ 
tlout  notwithstanding  the  difference  of  the  arcs  . 
described.  This  duration  depends  on  the  magni- 
tude and  figure  of  the  suspended  body,  on  the 
mass  and  length  of  the  rod ;  but  geometricians 
have  found  general  rules  to  determine  by  obser- 
vations of  the  compound  pendulum,  of  any  figure 
whatever,  the  length  of  a  pendnlum,  the  oscilla- 
tions  of  which  will  be  of  a  given  duration,  and  in 
which  the  mass  of  the  rod  may  be  supposed  no- 
thing with  respect  to  that  of  (r)  the  body*  const* 
dered  as  an  infinitely  dense  point.  It  is  to  this 
imaginary  pendulum,  termed  the  simple  pendulum y 
that  all  the  experiments  of  the  pendulum  made  in 
different  parts  of  the  earth  are  referred. 

Richer,  sent  .in  167^  to  Cayenne,  by  the  Aca 
demy  of  Sciences,  to  make  astronomical  observa* 
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tiom  there^  found  that  his  dock  regulated  to  mean 
time,  at  Paris,  lust  each  day  at  Cayeime  a  per- 
ceptible quantity. 

This  interesting  observatiou  furnished  the  first 
durect  proof  of  the  diminatioik- of  gravilgp  at  the 
eqxiaton.  It  has  been  carefoSy  repeated  in  a  great 
number  of  places^  taking  into  account  the  re- 
sistance of  the  air  and  tlie  temperature.  It  fol- 
lows from  all  the  obsemd  measures  of  a  pendu-^ 
lam  vibrating  seeonds,  that  it  increases  from  the 
equator  to  the  poles. 

Tlie  length  of  the  pendulum,  which  at  the  ob- 
servatory of  Paris  makes  one  hundred  thousand 
vibrations  in  a  day,  being  assumed  equal  to  unity* 
its  length  at  the  equator  and  at  the  level  ofthe  sea 
is  equal  to  0,99669,  and  in  Lapland  at  an  eleva- 
tion of  the  pole  equal  to  74'»2^»  it  is  observed  to 
be  1,00137.  Borda  found  by  very  exact  and  nu- 
merous experiments,  that  the  length  at  the  ob- 
8«rvatoi7  at  Paris  which  represented  unity,  was 
when  redueed  to  a  vacuum  equal  to  0,741887. 
From  a  repetition  of  these  experiments  by  Biot 
and  Mathieu,  tliis  length  came  out  equal  to 
0,7419076,  which-  differs  veiy  little  from  the  pre- 
ceding result.  (*y 

The  increase  in  the  length  of  the  pendulum  as  we 
proceed  from  the  equator  to  the  poles,  is  even  sen- 
sible on  different  points  of  the  great  arc  of  the  meri- 
dian wliich  traverses  France,  as  will  appear  from 
an  inspection  of  the  following  table,  which  gives 
the  result  of  nummnu  accurate  experiments 
made  by  Blot,  Arrago  and  Mathieu. 
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Obi€rv€d  Ungth  tf 

the  pendulum 

Height  0/  the 

Elevation  above 

which  vibrates 

riacci. 

Pole. 

the  ua. 

seeonde. 

Fronientera 

42°,  96 

196" 

0",741'2UGl 

Bourdeaux 

49,  82 

0 

0",  741^615 

Paris 

54,  26 

65 

0,  74*19076 

Dunkirk 

56,  67 

0 

0^  7490665 

llie  obsenred  lengths  al  Dunkirk  and  Boor- 
deaox  give  by  the  method  of  interpolations, 

0,7416274  for  the  length  of  the  pendulum  which 
vibrates  second  6  on  the  coast  of  France,  Qt  the  level 
of  the  sea,  and  at  an  elevation  of  the  pole  equal  to 
^^ydegfecB.  Tliis  lenglh,}Bnd  that  of  the  meridional 
degree,  the  middle  point  of  which  corresponds  to 
the  same  latitude,  will  enable  us  to  recover  our 
measures,  if  in  the  course  of  time  they  should  be 
changed. 

Hiereismore  regolaritj  obsenred  in  the  in- 
crease of  the  length  of  the  pendnlom,  than  In 
that  of  the  meridional  degrees :  it  deviates  less 
from  the  ratio  of  the  square  of  the  sine  of  the  pole's 
elevation ;  whether  that  its  measurement  being  ea- 
sier than  that  of  degrees,  it  is  less  liable  to  error,  or 
that  the  causes  which  disturb  (0  the  irregularity  of 
the  earth's  form  jjroduce  less  effect  on  gravity. 
From  comparison  of  all  the  observations  which 
have  been  made  on  this  subject,  in  different  parts 
of  the  earth,  it  is  found  that  if  we  assume 
for  unity  the  length  of  the  pendulum^  at  the  equa- 
tor, its  increase,  as  we  proceed  from  the  equator 
to  the  poles,  is  equal  to  tlic  product  of  0,005515 
.  by  the  square  of  the  sine  of  the  latitude. 
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There  lies  Wen  likewise  remerlced  by  means  of 
tile  pendulum,  a  bmall  (liminution  of  gravity  on 
the  summit  of  high  mountains.  Bouguer  insti- 
tuted a  great  number  of  experiments  cn  this  sub- 
ject At  Peru  he  Ibuiid  thsit  tiie  force  of  gravity 
at  tiie  equator  and  at  the  level  of  the  sea  being 
expressed  by  unity,  it  is  0,999249  at  Quito,  which 
is  elevated  ^57"^  aboye  this  level  j  and  it  is 
at  Pinchincha,  the  devation  of  which  is 
4^44\  This  diminution  <^  gravity  (n)  being  sen- 
sible at  elevations  which  are  comparatively  small 
with  respect  to  the  earth's  radius,  is  a  ground 
for  supposing  that  it  is  considerable  at  great  dis« 
tances  firom  the  centre  of  the  earth. 

Hie  obeervalaoos  <tf  the  pendidum  fbmishing  a 
length  which  is  invariable,  and  easy  to  be  re- 
covered at  all  times,  has  suggested  the  idea  of 
employing  it  as  an  universal  measure.  The  pro- 
digious number  of  measures  in  use»  not  only 
among  different  people,  but  in  the  same  nation ; 
their  whimsical  divisions,  inconvenient  for  calcu- 
lation, and  the  difficulty  of  knowing  and  com- 
paring them  ;  finally,  the  embarrassments  and 
frauds  which  they  produce  in  commerce^  cannot 
be  observed  without  acknowledging  that  the  adof^ 
tion  of  a  system  of  measures,  of  which  the  imi- 
form  divisions  are  easily  sul)jeeted  to  calculation, 
and  which  are  derived  in  a  manner  the  least  ar>^ 
Utrsryt  from  a  fundamental  measure,  indicated 
by  nature  itself,  would  be  one  of  the  most  impor- 
tant  services  which  any  government  could  confer- 
on  society.  A  nation  whieli  would  originate  such 
a  system  of  measures,  would  combine  the  advan- 

1  ^ 
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tage  of  gathering  the  first  fruits  of  it  with  that 
of  seeing  iU  example  followed  by  other  uationB, 
of  which  U  would  thuB  beobm«  the  beBe&ctor$ 
for  the  dow  but  irreaistible  empire  of  reason  pre- 
domuiates  at  length  over  all  national  jealoodeB, 
and  surmounts  all  the  obstacles  which  oppose 
themselves  to  an  advantage,  which  would  be  um« 
▼anally  felt.  Such  were  the  reasons  that  deter* 
mined  the  Constltiient  Assembly,  to  chaige  the 
Academy  of  Sdenoes  with  this  important  ol^eot 
The  new  system  of  w^eights  and  measures  is  the 
result  of  the  labours  of  a  committee  appointed  by 
them,  seconded  by  the  xeal  and  abilities  of  several 
members  of  the  national  representatioii. 

The  identity  of  the  decimal  calculus  with  that 
of  integral  numbers,  leaves  no  doubt  as  to  the  ad- 
vantages of  dividing  every  kind  of  measure  into 
decimal  parts.  To  be  convinced  of  this,  itis  only 
necessary  to  compare  the  difficolties  of  complicat- 
ed divisions  and  multiplications,  with  the  facility 
by  which  the  same  operations  are  performed  on 
integral  numbers,  which  iacility  may  be  increased 
by  logarithms,  the  use  of  which  might  be  rendered 
very  popular  by  mmpleand  cheap  instruments. 
Indeed  our  Arithmetical  scale  is  not  divisible  by 
three  and  four,  two  divisors  which,  from  their  great 
simplicity,  are  (v)  of  very  frequent  occurrence.  This 
advantage  would  be  secured  by  the  addition  of  two 
new  characters.  Bat  sudi  a  marked  alteration 
would  be  inevitably  rejected,  together  with  the 
system  of  measures  which  would  have  been  con- 
formed to  it   The  duodecunal  scale  would  be 
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•Ito  satgecl  to  the  additional  ineonTenienoe  of  re^ 
ifiiiring  us  to  remember  the  binary  produeli  of 

the  eleven  first  numbers,  which  surpaases  the  or- 
dinary compass  of  the  memory,  to  which  the  deci« 
mal  acale  i«  well  adapted ;  lastly  we  could  not  re* 
tain  the  advantage  which  probably  gave  rise  to  our 
arithmetic,  namely,  that  of  making  use  of  our  fin- 
gers in  reckoning.  The  academy  therefore,  did 
not  hesitate  in  adopting  the  decimal  division  ;  and 
to  render  Uie  entire  system  of  measures  uniform^ 
it  was  resolved  that  they  should  all  be  derived 
from  the  same  lineal  measure,  and  from  its  deci- 
mal divisions.  The  question  was  time  reduced  to 
the  choice  of  this  universal  measure,  which  was 
denominated  the  melrv. 

The  length  of  the  pendulum,  and  that  of  tfie 
meridian,  are  the  two  principal  means  fiimished 
by  nature  itself  to  fix  the  unity  of  linear  measures. 
Both  being  independent  of  moral  revolutions,  they 
eannot  eiperienoe  a  amisible  ahmtion  except  by 
very  great  changes  in  the  physical  constitution  of 
the  eartli.  The  fu^t  means,  though  easily  applied, 
is  notwithstanding  subject  to  the  inconvenience 
of  making  the  measure  of  distance  to  depend  on 
two  ebments  which  are  heterogeneous  to  it, 
namely,  gravity  and  lame,  the  measure  of  which 
last  is  arbitrary  j  and  as  it  is  divided  sexagesimally, 
it  cannot  be  admitted  as  the  foundation  of  a  sys- 
tem of  decimal  measures.  The  second  means  was 
tfaerefiwe  selected,  whioh  appears  to  have  been 
employed  in  the  remotest  antiquity  ;  so  natural  is 
it  for  man  to  compare  itinerary  measures  with  the 
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dimenfilong  of  the  globe  itself  which  he  inhahite  i 
80  that  in  travelluig  he  My  kpow  •  by  lih^  mere 
denomination  of  the  space  be  haa  paaeed.  orar» 

the  relation  of  that  space  to  the  entire  circuit  of 
the  earth.  There  is  also  the  additional  advantage 
of  making  nautioal  and  oelestiai  meaaom  to  cor* 
respond.  .  The  navigator  has  frequent  ooeaaion  to 
determine  the  one  by  the  oth^»  the  dletance  he  haa 
traversed,  and  the  celes^tial  arc  included  between 
thezenithsof  theplaces  oi  his  departure  and  arriYal; 
it  Ifl  therefore  of  conseqnenoe  that  one  of  theee 
meaaures  should  be  the  ezpresaiou  of  the  other> 
by  nearly  the  difference  of  their  unities.  Bat 
for  this  purpose,  the  fundamental  unity  of  linear 
measures  should  be  an  aliquot  part  of  the  terrestrial 
meridian,  which  corresponds  to  o<ie  of  the  di- 
visions of  the  circnmfer^oe*  Thus  Uie  ohoioe 
of  the  metre  was  reduoed  to  that  of  the  unity  of 
augleB. 

The  right  angle  is  the  limit  of  the  inclination 
of  a  line  to  a  plane,  and  of  the  eleyation  of  ol^eels 
above  the  horizon ;  besides  it  is  im  the  0ist  qna^ 
drant  of  the  chrcnmference  that  the  sines  are  form- 
ed,  and  generally  all  the  lines  which  are  employed 
in  trigonometry,  of  which  the  proportions  to  the  rar 
diiis  have  been  reduced  into  tables  i  it  was  theiie^' 
fim  natural  to  assume  the  riglit  angle  as  the  unity 
of  angles,  and  the  quarter  of  the  circumference  for 
the  unity  of  their  measures.  It  is  divided  into  de- 
cimal parts,  and  in  order  to  obtain  .corresponding 
measures  on  the  ^urth*  the.qiiavterof  Ite  tei^ 
triiid  meridian  has  been  diridod  into  die  -sme 
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parts,  which  had  been  done  at  a  very  ancient 
period  $  for  the  measore  of  the  earth  mentioned 
by  Aristotle,  the  origin  of  which  is  unknown,  as- 

sigiiR  a  hundred  thousand  stadia  to  the  quarter  of 
the  meridian.  It  was  then  only  necessary  to  ob- 
tain its  exact  length.  Here  two  questions  pre- 
sent thmoselves  to  be  resolved.  What  ia  the  jhpo- 
portion  of  an  arc  of  the  ineridian  measured  at  a 
given  latitude,  to  the  entire  circumference  ?  Are 
ail  the  meridians  ^similar  ?  In  tiie  most  natural 
hypotheses  on  the  constitution  of  the  terrestrial 
spheroid*  the  difference  of  the  meridians  is  in- 
sensible, and  the  decimal  degree  of  the  middle 
point  ;n  lowering  to  the  fiftieth  degree  of  latitude,  is 
the  hundreth  part  of  the  quarter  of  the  meridian. 
The  error  of  these  hypotheses  can  only  infloence 
geographical  distanoes»  where  it  is  of  no  conse- 
quence. The  length  of  the  quarter  of  the  meri- 
dian may  therefore  be  conclnded  from  that  of  the 
arc  which  traverses  France  from  Dunkirk  to  the 
Pyrenees,  and  which  was  measmnedin  1740»  by  the 
French  Acadmicians.  Bot  as  a  (sb)  new  measoi^ 

of  a  greater  arc,  in  wliich  more  accurate  methods 
were  employed,  would  excite  an  interest  in  favour 
of  the  new  system  of  measures  calculated  to  ex- 
tttkd  its  utilily»  it  was  resoWed  to  measure  the 
an  of  the  terrestrial  meridian  contained  betwasn 
Dunkirk  and  Barcelona.  This  great  arc  extend- 
ed as  far  south  as  Formentera,  and  to  the  north 
as  far  as  the  parallel  of  Greenwioh»  and  of  which  its 
point  of  bisectionf  Comsponds'fery  nearly  to  the 
mean  parallel  between  the  PMe  and  the  Equator^ 
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:  has  giTeafiir  the  length  of  the  quarter  of  the  wo- 
fidisa  5130740  toiaes. 

The  ten  millioneth  part  of  this  length  wa» 

taken  for  the  metre  or  the  unity  of  linear  mea- 
tures.  The  decimal  above  this  was  too  gre%t» 
and  the-dedaial  helow  it  was  too  smaU,  aad  the 
metre,  the  length  of  whieh  Is  0^19074  toisei^ 
supplies  advantageously  the  place  of  the  toise 
and  el],  which  were  two  of  our  measures  in  most 
common  use. 

AU  the  measurefrare  deriYod  from  the  metre,  in 
the  simplest  posslhle  manner ;  the  linear  mea- 
Bures  ai  e  decimal  multiplies  and  sub-multiplies  of 
it. 

The  unity  of  the  measure  of  capacity  is  the  cube 
of  the  tentii  of  a  metre ;  it  is  oaMed  Hire*  The 
unity  of  the  superficial  measm^of  land  w  a  squarob 

the  Bide  of  which  is  ten  metres  ;  it  is  called  are, 

A  siere  is  a  volume  of  fire- wood,  equal  to  a  cobio 
metre. 

Theunily  of  weight,  whieh  is  termed 
is  the  absolute  weight  of  the  cube  of  a  millioneth 
part  of  a  metre  of  distilled  water,  when  at  its 
maximum  of  density.  By  a  remarkable  pecu- 
liarity, this  mai^nmm  does  not  oorrsqKmd  to  tiie 
freezing  point,  but  is  above  it  by  ahout  four  de> 
grees  of  the  thermometer.  Water,  as  it  falls  below 
this  temperature,  again  dilates,  and  thus  prepares 
itself  for  that  increase  of  volume,-  which  it  under- 
goes in  its  passage  from  the  fluid  to  the  solid  state. 
Water  has  been  sdected  as  being  one  <^  the  most 
homogeneous  substances,  and  which  may  be  easily 
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vedooedtoaitateof  purity.  Le  Fern  Gi&eau  has 
determined  the  b)r  a  long  series  ei  delicBie 

experiments  on  a  hollow  cylinder  of  hrass,  theiro* 

lame  of  wlach  he  measured  with  extreme  care ; 
the  result  of  these  expmments  is,  that  the  livre 
iMung  sapposed  equal  to  the  twenty-fifth  part  of. 
the  pile  of  fifty  mares*  which  is  preserved  at  the 
mint  of  Paiis,  is  to  the  gramme  in  the  ratio  of 
489,5058  to  unity.  The  weight  of  a  thousand 
grammes,  which  is  denominated  the  kilogramme 
er  decknai  Uvrgf  is  oonseqaently  equal  to  the  liTre» 
the  weight  of  the  maro  multiplied  by  2,0M88. 

In  order  to  preserve  the  measures  of  length,  and 
the  unity  of  weights,  standards  of  the  metre 
and  of  the  kilogramme*  executed  under  the  im- 
mediate snperintendence  of  the  committee  to 
whom  the  determinalion  of  Hiese  measures  was 
intrusted,  and  verified  by  them,  were  deposited 
in  ihe  national  archives,  and  at  the  obser?a» 
tofy  of  Paris*  The  standards  of  the  metre  da 
not  represent  it»  except  at  a  definite  temperature. 
The  temperature  of  melting  ice  was  selected  as  be- 
ing  the  most  invariable,  and  independent  of  the 
modihcatious  of  the  atmoiqphere.  The  standards 
of  the  IdlogRanme  do  npt  represent  its  weighty 
except  in  a  Tacttum,  in  which  case  the  pressure  of 

the  atmosphere  is  insensible.    In  order  to  be  able 
to  recover  the  metre  at  all  times,  without  having, 
recourse  to  the  measure  of  the  great  arc  which 
fimidied  i%  it  was  neoessaiy  to  determine  its 
relation  to  the  length  of  ttie  p^dulum  which 
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vibrates secondB  ^  thia  hail^eeii  ^ectedbyBorda 
intbe  mMabcaiwte  mum«r. 
Ab  Ohm  'Wm  nefioetsarily  a)  dkifltant  comparison 

of  all  the«e  measures  witli  the  livre  in  niouey, 
it  was^  particularly  important  to  divide  it  into  de- 
insDBl  parts,  its  unity  has  been  denominated 
the  sUver  franc»  its  tenth  part»  dedmet  its  biinp 
dreth  cmHeme.  The  values  of  golden  pieces  of 
money,  of  gold  and  brass,  Lave  been  referred 'to 
the  firanc 

In  order  to  facilitate  the  calcnlation  of  the  fine 
gold  and  silver  contained  in  pieces  of  mo^ey,  the 

alloy  was  fixed  at  the  tenth  part  ol  their  weight, 
and  that  oi  tlie  franc  has  been  niade  equal  to  five 
grammes.  Thus  the  franc  being  an  exact  multi- 
ple of  the  unity  of  weights^  it  can  be  made  use  of  in 
weighing  bodies*  which  is  extremely  usefiil  in  com- 
merce. 

Finally,*  the  uniformity  of  the  whole  system  of 
wei^its  and  measures  required  that  the  day 
ihould  be  divided  into  ten  hourSy  the  hour  into 
one  hundred  minutes,  and  the  minute  Into  oiie 
hundred  seconds.  Tliis  division  of  the  day,  which 
wiU  be  .  indispensable  to  astronomers,  is  of  less 
ooQSequen^se  in  dvil  life,  where  there  is  little  oo^ 
casioD  to  impldy  time  as  a  multiplier'  and  divisor. 
The  difficulty  of  adapting  it  to  watches  and  docks, 
and  our  commercial  relations  with  foreigners  In 
the  sale  of  watches,  will  suspend  its  application 
Indefinitdy.  We  niay  however  be  ^sasared,  that  at 
length  the  deefanal  division  efHie  day  iHU  supers 
bedc  its  present  division,  which  differs  too  much 
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from  the  diviw^ii  of  .tiieotibierjneasiiroajoot  to  be 
abandoned. 

Sudi  M  the  new  systeni  of  weifj^ts  and  mes- 
mures,  presented  by  tlie  Aeademy  to  tihe  National 

Convention,  which  immediately  adopted  it.  Tliis 
Bystem,  founded  on  the  measure  of  the  terres* 
trial  meridians,  corresponds  equally  to  all  na» 
Uona.  It  has  no  other  relation  with  France 
than  what  is  famished  by  the  arc  of  the  meridian 
which  traverses  it.  But  the  position  of  this  arc  is  so 
advantageous,  that  if  the  learned  of  ail  nations  had 
combined  to  fix  an  universal  measure^  they  would 
haye  selected  it.  To  multiply  the  advantages  of 
this  system,  and  to  render  it  useful  to  the  entire 
world,  the  French  government  invited  foreign 
powers  to  participate  in  an  object  of  such  gene- 
ral interest :  many  have  sent  eminent  men  of 
science  to  Paris,  who,  in  conj  unction  with  the  com* 
mittee  of  the  National  Institute,  have  determined 
by  a  discussion  of  observations  and  experiments, 
the  fundamental  unitea  of  weights  and  lengths  ^ 
80  that  the  delennination  of  these  unites  may  be 
-  considered  as  a  woric  common  to  the  learned 
who  have  aissembled  there,  and  to  the  people  of 
whom  they  are  the  representatives.  It  is  there- 
fore permitted  to  hope,  that  one  day  this  system, 
which  reduces  all  measures  and  their  computa- 
tions to  the  scale,  and  to  the  mmplest  operations 
of  the  decimal  aritlunetic,  ^vill  be  as  universally 
adopted  .as  the  system  of  numeration  of  which  it 
is  the  completion,  and  which,  without  doubt,  had 
to  surmount  the  same  obstacles  which  prejudices 
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•nd  long  estaUkhed  haUl  oppose  to  the  intiodao* 
turn  of  the  new  meoaiirei ;  but  whea  onee  inlro* 

doced,  these  measures  will  be  maintained  by 
this  same  power  which,  combined  with  that  of 
reason,  secures  to  buinaii  institutions  an  eternal 
dtUTRtioii* 
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Of  the  flux  and  rtfliLx  of  the  sea,  and  of  the  daify 
variaHonqf  tiM  JIffure* 

Althouor  the  eartih,  and  the  fluids  which  m 
diffoied  oyer  it,  nrast  loi^^  sinoe  hsve  aMmmed  Ae 

state  which  corresponds  to  the  equilibrium  of  the 
forces  which  actuate  them,  nevertheless,  the  figure 
of  the  aea  changes  every  instant  of  the  day»  hf 
regular  and  periodtoal  osoiUations^  which  aie  do* 
nominated,  ihe  Mnng  and  Jhmng  qf  the  tea*  It 
is  a  circumstance  truly  astonishing  to  behold,  in 
calm  serene  weather,  the  intense  agitation  of  this 
gineat  fluid  maas^  of  which  the  wsyes  Inreak  with 
vidence  against  the  shores.  This  phenomenon 
gives  rise  to  reflexions,  and  excites  a  strong  desire 
to  penetrate  the  cause.  But  in  order  that  we  may 
not  be  mislead  by  vague  hypotheses,  it  is  neceasaiy 
previously  to  know  the  laws  of  this  phenomenon, 
and  to  follow  it  in  all  its  details.  As  a  thonsand 
accidental  causes  may  alter  the  regularity  of  these 
phenomena,  it  is  necessary  to  consider  at  once  a 
great  number  of  observations,  in  order  that  the 
efltets  of  transient  canses»  mntnally  compensating 
each  other,  the  mean  results  may  only  indicate  the 
regular  and  constant  effects.  It  is  likewise  ne- 
cessarji  by  a  judicious  combination  of  observations. 
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to  make  eadi  of  these  effects  whidi  we  wish  tode-^ 
termiiiey  as  oonspiciioiis  as  posnble.  But  tUs  ]» 

not  sufficient.  The  results  of  observations  being 
always  liable  to  error,  it  is  necessary  to  know 
the  probability  that  these  errors  are  coutined  with- 
in given  limits*  Indeed  it  is  evident^  that  for 
the  «ame  probability,  these  limits  are  mote  rea» 
tricted,  as  the  observations  are  more  numerous  ; 
and  this  is  the  cause  wliy  observers  have  been 
at  all  times  anxious  to  multiply  the  number  of  ez« 
pwrimenti  and  ohservatioDS.  Bat  the  degree  of 
aoooraoy  of  the  results  is  not  indioated  by  thit 
general  impression  j  it  does  not  make  kno>VTi  the 
number  of  observations  necessary  to  obtain  a 
determinate  probability.  Sometimes  evcn^  it  has 
induced  ua  to  investigate  llie .  cause  of  phenomena 
which  arose  from  mere  chance.  It  is  by  means 
of  the  calculus  of  probabilities  alone  that  we  are 
enabled  to  appreciate  these  objects,  which  ren- 
ders its  appliotttion  in  physical  and  moral  sdenoea 
of  the  greatest  hnportance. 

At  the  request  of  the  Academy  of  Science,  a 
great  number  of  observations  were  made  in  the  be- 
ginning  of  the  last  century,  in  our  harbours  :  they 
were  continued  every  day  at  Brest  during  six 
successive  years.  -  The  situation  of  this  port  is 
peculiarly  favourable  to  this  kind  of  observa- 
tions. It  communicates  with  the  sea  by  a  vast  and 
long  canal,  at  the  extremity  of  which  this  port  has 
been  constructed.  The  irregularities  in  the  motion 
of  the  sea,  are  consequently  much  diminished  when 
they  (UTive  at  thib  port  ^  just  as  the  oscillations^ 
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wliicli  the  motion  of  a  vessel  iinpreBses  on  a  colamn 
of  mercury  in  the  barometer,  are  considerably 
leMened  by  the  oontraetioii  of  tbe  tube  of  this  ift* 
lAniiAent.  Moreover,  the  tides  being  my  sensi. 
ble  at  Brest,  the  accidental  variations  oonstitate 
but  a  very  inconsiderable  part  of  them  ;  and  if 
we  particulaiiy  consider*  as  I  have  done,  the  ex- 
eesB  of  the  high  water  over  the  preceding  and  sob* 
sequent  low  water,  it  will  appear  that  the  whids, 
which  are  the  principal  cause  of  the  irregularities 
in  the  motion  of  the  sea,  liave  very  little  influence 
on  the  results ;  because  if  Ihey  raise  the  high 
water*  they  deyate  veiy  nearly  as  muoh  the  pre* 
oeding  and  subsequent  low  water  ;  so  tiiat  a  very 
gi'cat  regularity  has  been  observed  in  these  re- 
sults, considering  the  fewness  of  the  obsei^ations 
which  have  been  made.  Struck  this  regularity* 
I  requested  the  government  to  order  a  new  series 
of  observations  to  be  made  in  the  harbour  of 
Brest,  during  the  entire  period  of  the  motion  of 
the  nodes  of  tlie  lunar  orbit.  This  has  been  ac- 
cordingly done  i  they  commenced  ui  the  year  1806» 
and  have  been  uninterruptedly  continued  each 
successive  day.  All  these  observations  being  dis* 
cussed,  in  the  manner  I  previously  made  mention 
of, .  the  following  results  have  been  obtained  re- 
specting which  there  cannot  remain  any  doubt. 

The  sea  rises  and  fidk  twice  in  the  interval  of 
time  comprehended  between  two  consecutive  re- 
turns of  the  moon  to  the  meiidian,  above  the 
horizon.  The  mean  interval  of  these  returns  is 
l'»09^0* thus,  the  mterval  between  two  coo* 
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saoutiTe  high  tides  is  Ol7^S5»  so  that  thm 
we  some  solar  days  in  which  only  one  Mgh  tide 

can  be  observed.  The  moment  of  low  water 
very  nearly  divides  the  extremities  of  this  interval 
equally  at  Brest,  the  sea  is  longer  rising  than 
filing  hy  ahove  nine  orten  minutes*  Similar  to  (a) 
all  magnitudes^  which  are  sosceptible  of  a  maehmtm 
or  a  minimum,  the  increase  or  diminution  of  the 
tide  near  to  these  limits  is  proportional  to  the 
square  of  the  time  elapsed,  since  the  moments  of 
high  or  low  water. 

The  eleyadon  of  the  sea  at  high  tide  is  not  al- 
ways the  same  j  it  varies  eveiy  day,  and  its  varia- 
tions are  evidently  connected  with  tlie  phases  of 
the  moon*  It  is  greatest  about  the  time  of  full 
or  of  new  moon;  it  then  diminishes  and  be- 
comes  least  near  to  the  time  of  qnadratare.  The 
fiighest  tide  at  Brest  does  not  take  place  exactly 
the  day  of  the  syzygy,  but  a  day  and  a  half  later* 
so  that  if  the  syzygy  happens  at  the  moment  of 
high  tide»  the  gr^ttest  tide  is  the  thurd  that  fol- 
lows.  In  like  manner,  if  the  quadrature  happens 
at  the  moment  of  Jiigh  water,  the  third  tide  which 
follows  will  be  the  least.  This  phenomenon  is  ob- 
served to  be  very  nearly  the  same  in  aU  the  ports 
of  France*  although  tiie  hours  of  high  and  low 
water  are  very  different. 

The  greater  the  elevation  of  the  sea  at  high 
water,  the  more  will  it  fall  at  the  low  water 
whidi  succeeds  it  A  toUd  tide  is  termed  half 
the  sum  of  the  heights  of  two  consecutive  high 
waters,  above  the  level  of  the  intermediate  low 
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water.  The  mean  value  of  this  total  high  water 
at  Brest,  at  it9  maximum  near  to  the  syzygies*  aad 
whea  the  sun  and  moon  are  in  the  equator,  and 
at  their  mean  diatanceB  from  the  earth,  is  about 
fire  metres  and  a  half.  In  the  same  circumstancea 
it  is  less  by  one  lialf  iji  tlie  quadratures. 

from  aa  attentive  consideration  of  these  re- 
salts,  it  appears  that  the  number  of  high  waters 
being  equal  to  the  number  of  passages  of  the 
moon  over  tlic  upper  or  inferior  meridian,  this 
star  has  the  principal  influence  on  the  tides; 
but  from  the  circumstance  of  the  tides  in  the 
quadratures,  being  filler  than  those  in  sysygies, 
it  follows  that*  the  sun  also  influenees  this  phe- 
nomenon, and  in  some  measures  modifies  the 
effect  of  the  moon's  influence.    It  is  natural  to 
think  that  each  of  these  influences,  if  they  ex- 
isted separately,  would  produce  a  system  of  tides» 
of  whidi  the  period  would  be  the  same  as  that 
the  respective  stars  over  the  meridian,  and  that 
from  the  combination  of  the  two  systems,  there 
should  arise  a  compound  tide,  in  which  the  lunar 
high  water  would  ccmspond  to  the  selar  high 
water  near  to  the  syzygies,  and  to  the  solar  low 
water  near  to  the  quadratui-es.    The  declinations 
of  the  sun  and  of  the  moon  have  a  remarkahle  in- 
fluence on  the  tides }  they  diminish  the  total  high 
watecs  of  the  syzygies  and  of  the  quadratures  i 
they  increase  by  the  same  quantity  the  total  high 
waters  of  the  solstices.  Thus  tlie  received  o])iuion 
that  the  tides  are  greatest  in  the  equinoctial  sy- 
sfgtdB,  is  conifarmed  by  an  eiaet  discussion  of  a 
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great  number  of  observations.  However,  several 
philosophen»  aad  especially  Liaiaade».  have  questit 
oned  the  tnith  of  .this  obflervalkni,  becsiiae  ti»al 
near  to  come  flobtioes  tliesearaestoa  coiiBiderablft 
height.  It  is  here  tbat  the  calciihis  of  probabilities 
18  of  such  importance  in  enabling  us  to  decide  this 
important  qaeition:  in  the  theory  of  the  tides.  It 
hftft  l>een  found  by  applying  thii  calcoios  to  tlie  ob- 
servations, that  the  snperiority  of  the  syzygial 
equinoctial  tides  and  of  the  solstitial  sides  in  qua- 
dratures is  indicated,  with  a  probability  mooh 
greater  tlian  that  on  which  moet  of  the  £M3t8  re» 
^ectiBg  idiioh  there  exists  no  doubt,  rest. 

Tlie  distance  of  tlie  moou  Irom  the  earth  ia- 
fluences,  in  a  very  perceptible  manner,  the  mag- 
nitude  of  the  high  water.  All  other  circum- 
stanoes  beii^^  the  same,  they  increase  anddimi* 
nish  Willi  the  diameter  and  lunar  parallto,  but 
ill  a  greater  ratio.  The  variations  ol  the  distance 
of  the  sun  from  the  earthy  influences  the  tides  in 
a  similar  manner,  but  in  a  much  less  degree. 

It  is  principally  near  the  maxima  and  mmima 
of  the  total  tides,  that  it  is  interesting  to  know 
the  law  of  their  variation.  We  have  seen  that 
Uie  moment  of  their  maximum  at  Brest  follows  the 
time  of  the  ooeurrence  of  the  syzygy  by  a  day  and 
a  hal£  The  diminution  of  the  total  tides  which 
are  near  to  it,  is  proportional  to  the  square  of  the 
time  which  has  elapsed  from  that  instant,  to  that 
of  the  intermediate  low  water»  to  which  the  total 
tide  is  refored.  Neaf  the  instant  of  the  m^MnuiVH 
lAiA  follows  the  quadrature  by  a  day  and  aJialfi 
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the  increment  of  the  total  tide  is  proportional  to 
the  square  of  the  time  which  has  elapsed  since 
this  inatuit ;  it  is  very  ziCMurly  doable  of  the  dt- 
minution  of  the  totid  tides  near  to  tiieur  mavimiinK 

The  dedlnations  of  the  sun  and  of  the  moon 
sensibly  influence  these  variations ;  the  diminu- 
tion of  the  tides  near  tlie  syzygies  of  the  solstioes 
is  only  about  three  fifths  of  the  corresponding  iU 
mhnition  near  tiie  syzygies  of  the  equinoxes ;  the 
increment  of  the  tides  near  to  the  quadratures  is 
twice  greater  in  the  equinoxes  than  in  the  solstices. 
But  the  effect  of  the  different  distances  of  the 
mopn  frogs  the  earth  is  still  more  oonsideraUe» 
than  that  of  the  declinations.  The  diminntion  of 
the  syzygial  high  waters  is  nearly  three  times 
greater  near  to  the  lunar  perigee,  than  it  is  near 
to  its  apogee. 

A  small  difference  has  been  obeerred  between 
the  morning  and  OTening  tides,  wbiob  mnst  depend 
on  the  declinations  of  the  sun  and  of  the  moon, 
as  the  differences  disappear  when  these  stars  are 
in  the  equator.  In  order  to  recognise  them,  wa 
diould  compare  the  tides  g£  the  first  and  of  the 
second  day  after  the  syzygy  or  the  quadrature  j 
the  tides  being  then  very  near  to  the  maximum 
or  the  minimum,  vary  very  little  from  one  day  to 
another,  whioh  enables  us  easily  to  observe  the 
difference  between  two  tides  of  the  same  day.  It 
is  thus  found  at  Brest,  that  in  the  syzygies  of  the 
summer  solstice,  the  tides  of  the  morning  of  the 
first  and  second  day  after  the  syzygy  are  smaller 
than  thoso  of  the  OTeniiig  by  abpot  a  lizth  of  a: 
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metre  very  nearly ;  they  are  greater  by  the  tamo 
quanti^  in  the  syzygies  of  the  winter  floktioe.  In 
like  manner,  In  the  qnadratnre  of  the  autumnal 

equinox,  tlie  morning  tides  of  the  first  and  socind 
day  afler  the  quadrature,  surpass  those  of  the 
evening  by  about  the  eighth  part  of  a  metre :  tiiey 
are  smaller  by  the  same  qnajntity,  in  the  quadra- 
tares  of  the  yemal  equinox. 

Such  are,  in  genera],  the  phenomena  which  the 
heights  of  the  tides  present  in  our  ports ;  their  in- 
tervals furnish  other  phenomena,  whidi  we  now 
proceed  to  develope. 

When  the  h^  tide  happens  at  Brest  at  the  mo- 
ment of  the  syzyjns  it  follows  the  instant  of  mid- 
night, or  that  of  the  true  mid  day  by  0^,1780»  ac« 
cording  as  it  happens  in  the  morning  or  in  the 
evening :  Mb  interval,  which  is  very  different  in 
harbours  extremely  near  to  each  other,  is  termed 
the  liuui  of  port,  because  it  determines  the  hours 
of  the  tides  relative  to  the  phases  of  the  moon. 
The  high  Ude  which  takes  place  at  Brest  at  the 
moment  of  the  quadrature*  follows  the  instant  of 
midnight,  or  of  mid  day,  by  0,S59. 

The  tide  which  is  near  to  the  syzygy,  advances 
or  retards  27(/  for  each  hour  by  which  it  pre- 
oedes  or  IUIowb  the  syxygy  i  the  tide  which  is 
near  to  the  qoadratore,  advances  or  retards  509^. 
for  each  hour  it  precedes  or  f<^W8  the  quadra- 
ture. 

The  hours  of  the  high  water  in  the  syzygies 
and  in  the  qiiadratare»  vary  with  the  distanoes  of 
flie  sun  and  of  the  moon  finom  the  earth,  and 
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principally  with  the  distance  of  the  moon.  Iii 
the  sysygies  each  miaute  of  increase  or  diminiL- 
Uoa  in  the  ft^pareot  semidiameter  of  the  moon, 
advances  or  retards  the  hoar  of  hig:h  water  hy 
354".  This  phenomenon  obtains  equally  in  the 
quadratures^  but  it  is  there  three  times  less. 

In  like  manner  the  declinations  of  the  sun 
and  of  the  moon  influence  the  hoars  of  high 
water  in  the  syzygies  and  in  the  quadratures.  In 
the  solstitial  syzy^^ies,  the  hour  of  high  water  ad- 
vances by  about  two  minutes^  and  it  is  retarded 
1^  the  same  qaantitjr  in  the  eqainoctical  syzygies ; 
on  the  contrary,  in  the  equinoctial  qaadratares» 
the  hour  of  high  water  advances  by  about  eight 
minutes,  and  it  is  retarded  hy  the  same  quantity 
in  the  solstitial  quadratures. 

We  have  seen  that  the  retardation  of  the  tides 
from  one  day  to  another  is  about  0»03505,  in  its 
mean  state ;  so  that  if  the  tide  happens  Lit  0,1 
after  the  true  uiiduigiit,  it  will  arrive  on  the 
mormng  after  but  one  at  u%  13505.  But  this  re* 
tardation  varies  with  the  phases  of  the  moon.  It 
is  the  least  possible  near  the  syzygies,  when  the 
total  tides  are  at  their  maximum,  and  then  it  is 
only  (f,0^23.  When  the  tides  are  at  their  mu 
nhnum  or  near  to  the  qaadratures»  it  is  the  greatest 
possiUe»  and  amounts  to  0^»05d07*  Thus,  Ihe 
difference  of  the  hours  of  the  corresponding  liigh 
water,  at  the  moments  of  the  syzygy  and  of  the 
quadrature,  and  wliich  by  what  precedes  is. 
a*«90642,  increase^  for  the  tides  which  follow  hi 
Ihe  same  manner  these  two  phases,  and  becomes 
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very  nearly  equal  to  a  quarter  of  a  day,  relatively 
to  the  maa»1fmcm  or  llie  mmiM^ 
.  The  yariatioiis  of  the  diBtanoes  of  the  eon  and 

of  the  moon  from  the  earth,  and  principally  those 
of  the  moou,  ini&ueace  the  retardation  of  the 
tides  from  one  day  to  another.  Each  minute  of 
increase  or  of  dbnlnutioii  of  the  apparent  aemi- 
diameter  of  the  moon,  increases  or  diminishes 
this  retardation  by  ^2,58"  towards  the  syzygies. 
This  phenomeDon  obtains  equally  in  the  quadra* 
tores^  hut  it  is  then  three  thnes  less. 
^  The  daily  retardation  of  the  tides  yaries  also 
with  the  declination  of  the  two  8tai*s.  In  the  sol- 
stitial syzygies  it  is  about  one  minute  greater  than 
in  its  mean  state  ^  it  is  smaller  hy  the  same  quan* 
tity  in  the.  equinoxes*  On  the  contrary,  in  the 
equinoctial  qnadratures  it  smpassesits  mean  mag- 
nitude by  about  four  minutes ;  it  is  less  by  the 
same  quantity  in  the  solstitial  quadratures. 

The  results  which  have  been  just  detaOed> 
were  deduced  from  a  series  of  observations  made 
at  Brest  since  the  year  18(j7,  up  to  the  present  day. 
It  was  interesting  to  compare  them  with  si- 
milar results  which  have  been  deduced  from  ob- 
servations made  at  the  commencement  of  the  last 
century.  I  have  found  that  all  Hie  results  accord 
with  each  other  very  nearly,  their  small  differ- 
ences  being  comprized  within  the  limits  to  which 
the  errors  of  observations  are  liable.  Thus,  after 
the  interval  of  a  century,  Nature  has  been  found 
agreeing  with  herself. 

Hence  it  appears  that  the  inequalities  of  the 
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heights  and  of  the  iutervab  of  the  tides  have  very 
different  periods,  the  one  are  equal  to  half  a  day 
and  to  an  entire  day*  others  to  half  a  month,  to  a 
month*  to  half  a  year,  and  #  a  year;  and  finally 
others  are  the  same  as  those  of  the  revolutions  of 
the  nodes  and  of  tlie  perigee  of  the  lunar  orbit,  the 
position  of  which  influences  the  height  of  the  tides 
hy  the  effect  of  the  declinations  of  the  moon,  and 


obtain  iadiiierently  in  all  harbours  and  on  the 
shores  of  the  sea,  but  local  circumstances,  without 
making  any  change  in  the  laws  of  the  tides,  have 
a  considerahle  influence  on  their  height  and  the 
hour  of  high  water  for  a  given  port. 


CHAP,  XVI. 


Qf  M«  temsiriai  aimoiphere^  and  of  atibrimmmcal 

refractions, 

A  RARE  elastic  andtranBparent  fluid  envelopes  the 
earthy  and  extends  to  a  oensiderable  height.  It 
gravitates  (a)  like  all  other  bodies,  and  its  weight 
balances  that  of  the  mercury  in  the  barometer.  At 
the  parallel  oftifty  degrees,  the  temperature  being 
supposed  to  be  that  of  melting  ice»  and  at  the  mean 
height  of  the  barometel:  at  the  level  of  the  sea, 
which  height  may  be  supposed  to  be  0^,76,  the 
weight  oi*  the  air  is  to  that  of  an  equal  volume  of 
mercury,  in  the  ratio  of  unity  to  104'77>9;  (p) 
hence  it  follows  that  if  it  be  then  elevatedt  by 
10^47799  the  height  of  the  barometer  will  be  de- 
pressed very  nearly  one  millimetre,  and  that  if 
the  density  of  the  atiuobphere  was  uniform 
throughout  its  entire  extent,  its  height  would  be 
7963  metres.  But  the  air  is  compressibley  and 
if  its  temperature  be  supposed  constant,  its  den- 
sity, according  to  a  general  law  for  gases  and 
fluids  reduced  to  vapours,  is  proportional  to  the 
weight  which  compresses  it»  and  consequently  to 
the  height  of  the  barometer.  Its  inferior  strata 
being  compressed  by  the  superior  ones,  are  conse- 
quently more  dense  than  the  latter,  which  become 
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rarer  according  as  we  ascend  above  the  earth's 
•orftoe.  The  height  of  these  strata  being  sap- 
posed  to  inorease  in  aiithmetio  progression,  ikeir 
density  would  diminish  in  geometric  progression^ 
provided  that  the  temperature  of  these  strata  was 
the  same.  In  order  to  understand  this,  suppose 
a  vertioal  canal  to  traverse  two  atmospherical  stnu 
ta  indefinitely  near  to  each.  The  part  of  tiie 
more  elevated  stratum  through  which  the  canal 
passes,  will  be  less  compressed  than  the  coitcs- 
ponding  part  of  the  lower  stratum,  by  a  quantity 
eqoal  to  the  weight  of  a  small  column  of  air  in> 
teroepted  between  these  two  parts.  The  tempo* 
rature  being  supposed  to  be  the  same,  the  differ- 
ence of  compression  of  these  two  strata,  is  proper* 
tional  to  the  difference  of  their  densities ;  theie-. 
fore  this  last  difference  is  proportional  to  the 
weight  of  the  small  column,  and  consequently  to 
the  procUit  t  of  its  density  by  its  length,  at  least  if 
we  abstract  irom  the  vai  iation  of  gravity  accord- 
ing as  we  ascend*  The  two  strata  being,  sup* 
posed  indefinitely  near  to  each  other,  the  den*, 
sity  of  the  cohnnn  may  be  supposed  the  same  as 
that  of  the  inferior  stratum ;  lience  the  dilferen- 

* 

tial  variation  of  this  last  density  is  .proportional  to 
the  product  of  this  density  by  the  variation  of  the 
vertical  height;  consequently  if  this  height  varies 
by  equal  quantities,  the  ratio  of  tlie  differential 
(c)  of  the  density  to' the  density  itself  will  be  con- 
stant;  which  is  the  characteristic  property  of  a 
decsroaswg  geometric  progression,  all  the  temii 
of  which  are  indefinitely  near  to  each  other. 
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Henoe  it  foUowa  tbat  the  heights  of  the  sti-ata 
incBeMsng  m  «gitfamrtioal  ftrogreadioD,  their  den* 
ntlfls  jifnSnMh  in  geometric  prograwlon»  and.tlwir 
logarithms,  whether  hyperbi^cal  or  naperian,  will 
decrease  in  arithmetic  progression. 
'  Theie  (data  have  been  advantageously  applied 
lo  tibe  mieMiirement  of  iMighto  by  means  of  the 
bttEometer.  The  temperature  of  the  atmosphere 
being  supposed  to  be  constant  throughout  its  en- 
tire extent,  the  dLBference  of  the  heights  oi  the 
two  stations  will  be  obtained  by  maltipl}4ng,  by  a 
constant  coefficient,  the  difference  of  the  logar« 
ithms  of  ^e  observed  heights  of  the  baraneter  at 
each  station.  One  sole  observation  is  sufficient 
to  determiae  this  coefficient.  Thus  we  have  seen 
that  at  aero  ci  temperatiire>  the  hei^t  of  the 
barometer  being  (r,76000  at  the  inferior  station^ 
and  0™,75999  at  the  superior  station,  this  last  sta- 
tion was  elevated  0^,104779  above  the  first ;  con- 
sequently the  constant  coefficient  was  equal  to  this 
quantify  divided  by  the  difference  of  Uie  tabular 
Ic^arthuns  of  Hie  numbem  0^,76000,  (r,75999» 
which  renders  this  coefficient  equal  to  18336". 
But  this  rule  for  measuring  heights  by  means  of 
the  baraneten  reqoues  seyeral  modifications^ 
winch  we  proceed  to  deveiope. 
•  The  temperature  (cT)  of  the  atmosphere  is  not 
uniform  ;  it  diminishes  according  as  we  ascend. 
The  law  of  tlus  diminution  changes  every  iiu 
slant ;  but  a  mean  result  between  several  diiser- 
vatioos  gives  sixteen  or  seventeen  degrees  for  the 
dimiuution  of  the  temperature  relative  to  an 
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height  of  tliree  thousand  metres.  Now  the  air, 
like  all  other  bodies,  expands  by  heat,  and  oon- 
tracCs  by  cold ;  and  it  has  been  fioimd  by  racy  ao* 
curate  experiments,  that  its  Tolmne  being  repre- 
sentetl  by  unity,  at  the  temperature  of  zero,  it 
varies  iii^e  that  of  all  gazes  and  vapours  by 
0,00375  for  (/)  eaoh  d^ree  of  the  thermcmieter; 
it  ]« therefim  neoessaiy  to  take  these  yariationa 
into  account  in  the  computation  of  heights,  for  U 
is  evident  that  in  order  to  produce  the  same  de- 
pression in  the  barometer,  it  is  necessary  to 
aacend  so  mueh  the  higher,  aa  the  stratum  of  air 
through  whioli  we  must  pass  is  rarer.  But  aa  it  ^ 
is  impossible  to  know  accurately  the  variation  of 
the  temperature,  the  simplest  method  of  proceed- 
ing is  to  suppose  this  temperature  uniform,  and  a 
mean  l>etween  the  temperatures  of  the  tiro  ata* 
tlons  which  are  oonsidered.  The  T<dume  of  tiie 
column  of  air  comprised  between  them  being 
increased  in  the  ratio  of  this  mean  temperature, 
the  height  due  to  the  obsenred  depresslmi  of  th^ 
barometer  must  he  increased  hi  tiie  same  ration 
whioh  comes  to  multiplying  the  osofficient  lSSS6^t 
by  unity  plus  the  fraction  0,0037^,  taken  as  often 
as  there  are  degrees  in  the  mean  (ff)  temperature^ 
Aa  the  aqueoos  vapouiss  which  are  diffused  throned 
the  aitinosphere  are  less  dense  than  the  air  at  Ihe 
same  pressure  and  temperature,  they  diminish  the 
density  of  the  atmosphere,  and  every  tiling  else 
being  the  same,  they  are  more  abundant  when  the 
heat  ia  greater;  tiiiaelfeot  will  tie  partly  taken  into 
aooount)  by  increasmg  a  little  the  number p,00S7^f 
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which  expresses  the  dilation  of  the  air  for  each 
degree  of  the  thermometer.  It  has  been  aaoer- 
tained  that  the  observations  are  safficiently  well 

satisfied  by  maldng  this  iraction  equal  to 
0»C)04 ;  we  may  thei  ofore  make  use  of  this  last 
nnmber,  at  least  until  by  a  long  series  ofobeerva- 
tions  on  the  hygrometer*  we  are  enabled  to  Intro* 
duce  this  instrument  in  the  measurement  of 
heights  hy  the  means  of  the  barometer. 

Hitherto  the  force  of  gravity  has  been  supposed 
to  be  constant,  but  it  has  been  already  observed 
that  it  is  less  according  as  we  ascend  in  the  at- 
mosphere ;  this  circumstance  also  contributes  to 
increase  the  heiglit  due  to  tiie  depression  ol  the 
barometer,  consequenUy  this  diminution  of  gra- 
'ntf  will  be  taken  into  account,  if  the  constant 
factor  be  increased  by  a  small  quantity.  From  a 
comparison  of  a  c^reat  number  of  observations  of 
the  barometer,  made  at  the  base  and  at  the  sum- 
Hiit  of  several  mountains,  the  heights  of  which 
were  previously  ascertained  by  trigonometrical 
means,  Raymond  has  determined  this  factor  to 
be  equal  to  18393°.  But  if  the  (h)  diniinution  of 
gravity  be  taken  into  account,  a  comparison  of 
the  same  data  would  only  give  this  fiustor  equal  to- 
18SS6*.  This  last  factor  gives  lO^??,^  for  the 
ratio  of  the  weight  of  mercury  to  that  of  an  equal 
volume  of  air  at  the  parallel  of  iifly  degrees  ^ .  the 
temperature  as  indicated  by  the  barometer  being 
2ero»  and  the  height  of  the  mercury  in  the  baro- 
meter being  (r,76.  Biot  and  Airego  harag  care^ 
fully  weighed  known  measures  of  mercury  and  of 
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air,  found  this  ratio  to  be  1046G,6  reduced  to  the 
same  parallel.  But  they  made  use  of  very  dry 
air,  while  that  of  the  atmosphere  is  always  niixed 
with  a  greater  or  less  quantity  of  aqaeons  vapour* 
the  actual  quantity  of  whidi  is  determined  by 
means  of  the  hygrometer :  this  vapour  is  lighter 
than  the  air  in  the  ratio  of  leu  to  seventeen  very 
neariy;  consequently  direct  experiment  ought  to 
ftssign  a  less  specific  gravity  to  mercury  Uian  that 
determined  by  barometricsJ  observations.  These 
experiments  reduce  the  factor  18336"  to  18316". 
In  order  that  it  should  be  supposed  equal  to  the 
number  18d9d"»  which  is  given  by  observations  of 
the  barometer^  when  the  variation  of  grarify  is 
not  taken  into  account,  we  should  assign  to  the 
mean  humidity  of  the  atmosphere  a  value  mucli 
too  great ;  thus  the  diminution  of  gravity  is  even 
sensible  in  barometrical  otwervations*  The  iivstor 
1SS9S  corrects  very  nearly  the  effect  of  tiits  di* 
minution,  but  another  variation  of  gravity,  name- 
ly, that  which  depends  on  the  latitude,  ouglit  also 
to  iniiuence  this  factor.  We  have  determined  it  for 
a  parallel  of  which  the  latitude  may  without  sensi- 
ble error  be  supposed  equal  to5(f :  it  should  there- 
fore be  increased  at  the  equator  where  the  gravity 
is  less  ( i)  than  at  this  latitude.  In  fact,  it  is  evi- 
dent that  it  should  be  elevated  more,  in  order  to 
pass  from  a  ipven  presnire  of  the  atmoephere  to 
a  pressure  which  is  smaller  by  adetennined  quan- 
tity ;  because  in  this  interval  the  weight  of  the  air 
is  less,  the  ccefficient  18393"  must  therefore  vary 
as  the  length  of  the  pendulum  which  vibrates  se* 
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conds,  which  is  greater  or  less  accord iiig  as  the 
grayity  diminishes  or  iDcreases.  It  is  easy  to  in* 
fer  fifom  wbat  has  been  previooaly  stated  relatiye 
to  Hie  TariatiolM  of  this  length,  that  the  product 
of  2&^,l64t  by  the  cosine  of  twice  the  latitiide» 
must  be  added  to  this  coefficient. 

Finally,  a  slight  correction  should  be  applied  to 
the  hei^ta  of  the  barometer,  depending  <m  the 
difference  of  temperature  of  the  mereory  of  the 
barometer  at  the  two  stations.  In  order  to  deter, 
mine  this  difference  accurately,  a  small  mercurial 
thermometer  is  inchased  in  the  frame  of  the  ba- 
rometer, so  that  the  temperature  of  the  merouiy 
of  these  two  instruments  may  be  very  nearly  the 
same.  In  the  colder  station  the  mercury  is  den« 
ser,  and  consequently  the  column  of  mer< my  of 
the  barometer  is  diminished.  In  onier  to  reduce 
it  to  the  length  which  it  would  have,  if  the 
temperature  was  the  same  as  at  the  wanner  sta* 
tion,  it  should  be  increased  by  its  511'2'°"'  part* 
as  often  as  there  are  degrees  of  difference  be- 
tween the  temperatures  of  the  mercury  at  the 
two  stations. 

Hence  the  following  appears  to  be  the  amplest 
aiid  most  exact  rule  for  measuring  heights  by 
means  of  the  barometer.  First,  the  height  of  the 
barometer  in  the  colder  station  must  be  corrected 
in  the  manner  just  specified.  Then  to  the  &otor 
ISSQS"",  should  be  added  the  product  of  26,164, 
by  the  cosine  of  twice  the  latitude.  This  fac- 
tor, thus  corrected,  should  he  multiplied  by  the 
tabular,  logarithm  of  the  ratio  of  the  greatest  to 
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the  least  corrected  height  of  the  harometer.  Fi* 
nally,  this  product  must  be  multiplied  by  twice 
the  sum  of  the  degrees  of  the  thermometer  whicJi 
indicates  the  temperature  of  the  air  al  each  tto* 
tioiiy  and  this  produotp  divided  hy  one  thovuandi 
should  be  added  to  the  preceding ;  the  sum  will 
give  very  nearly  the  elevation  of  the  superior  sta- 
tion above  the  inferior*  especially  if  the  observa- 
tions  of  the  barometer  are  made  at  the  most  fa- 
vourable time  of  the  day,  which  appears  to  be  at 
noon. 

The  air  is  invisible  in  small  masses,  but  the 
rays  of  light  reflected  by  all  the  strata  of  the  ter* 
restrial  atmosphere,  prodnce  a  sensible  impression; 
They  (/)  give  it  a  blue  shade  which  diffuses  a  tint 
of  the  same  colour  over  all  objects  perceived  at  a 
distance,  and  which  forms  the  celestial  azu^e. 
This  blue  vault,  to  which  the  stars  appear  to  be 
attached,  is  therefore  very  near  to  ns:  it  is  only 
the  terrestrial  atmosphere,  beyond  which  these 
bodies  are  placed  at  (m )  immense  distances.  The 
solar  rays,  which  its  particles  reflect  to  us  in 
abundance  before  the  rismg  and  after  the  setting 
of  the  sun,  produce  the  dawn  and  twilight,  which, 
extendine:  to  more  thuii  twenty  degi'ces  of  distance 
from  this  star,  proves  tbat  tiie  extreme  particles 
of  the  atmosphere  are  elevated  at  least  sixty  thou* 
sand  metres.  If  the  eye  could  distinguish  and  re- 
fer to  their  true  place,  the  points  of  the  exterior 
surface  of  tlie  atmosphere,  we  should  see  the 
heavens  like  the  segment  of  a  sphere  formed  by 
the  portion  of  the  surfoce  which  would  be  cut  off 
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hy  a  plane  tangent  to  the  earthy  and  as  the 

height  of  the  atmoephere  is  very  small  relatively 
to  tlie  rLuliiis  of  the  earth,  the  nky  would  appear 
to  us  under  the  form  of  a  flattened  vault.  But 
although  the  limits  of  the  atmosphere  cannot 
be  diatingaishedy  yet  as  the  rays  which  it  trans- 
mits come  from  a  greater  depth  at  the  horizon 
than  at  the  zenith,  we  ought  to  consider  it  as 
more  extended  in  the  first  direction.    To  this 
cause  must  be  also  combined  the  interposition  of 
objects  at  the  horizon,  which  contributes  to  in* 
crease  the  apparent  distance  of  that  part  of  the 
sky  we  refer  to  it ;  the  sky  therefore  should  ap- 
pear to  us  very  much  flattened,  like  a  small  portion 
of  a  sphere.   A  star,  elevated  twenty-six  degrees 
above  the  horizon,  appears  to  divide  into  two 
equal  parts  the  length  of  the  curve  which  the 
section  of  the  surface  of  the  sky  hy  a  vertical  plane 
forms  from  the  horizon  to  the  zenith ;  hence  it 
follows  that  if  this  curve  be  an  arc  of  a  cirde,  the 
horizontal  radios  of  the  apparent  celestial  vault 
(fij  is  to  its  vertical  radius  very  nearly  as  three 
fourths  is  to  unity ;  but  this  ratio  varies  with  the 
causes  of  the  illusion.  As  the  apparent  magnitudes 
of  the  sun  and  of  the  moon  are  proportional  to 
the  angles  under  which  they  are  seen,  and  to  the 
apparent  distance  of  the  point  of  the  sky  to  which 
they  are  referred,  they  appear  greater  at  the  ho- 
rizon than  at  the  zenith,  although  they  subtend  a 
smaller  angle. 

The  rays  of  light  do  not  move  in  a  right  line 
through  the  atmosphere,  they  are  continually 
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inflected  towards  the  earth.  As  an  observer  be- 
holds objects  in  the  direction  of  the  taDgent  to 
the  curve  vhidi  they  describe,  he  sees  them  more 
elevated  than  they  really  are,  so  that  the  stats 
appear  above  the  liorizoii  \\  hen  they  aie  depressed 
below  it.  By  this  means  the  atmosphere,  by  in. 
ilecting  the  rays  of  the  sun,  lengthens  the  time 
during  which  he  ap])ears  to  us,  and  thus  prolongs 
the  duration  of  the  day,  which  is  further  increased 
by  the  morning  dawn  and  twilight.  It  is  extreme* 
ly  important  to  astronomers,  to  know  the  laws 
and  quantity  of  the  refraction  of  light  in  pur  at- 
mosphere, in  order  to  be  able  to  determine  the 
position  of  the  stars.  But  before  we  present 
the  result  of  their  researches  on  this  subject,  we 
shall  briefly  explain  the  principal  properties  of 
fight. 

A  ray  of  light,  in  passing  from  one  transparent 
medimn  into  another,  approaches  to,  or  recedes 
£rom  the  perpendicular  to  the  surface  which  se- 
parates them,  in  such  a  manner,  that  the  sines  of 
the  two  angles  which  its  directions  make  with  this 
perpendicular,  the  one  before  and  the  other  after 
its  entrance  into  the  new  nietiiuni,  are  in  a  con- 
stant (o)  ratio,  whatever  be  the  magnitude  of 
t]iese  angles*  But  light,  when  refracted,  presents 
a  remarkable  phenomenon,  which  has  led  to  the 
discovery  of  its  nature.  A  lay  of  solar  light  re- 
ceived into  a  dark  chamber  forms,  after  its  pas- 
sage through  a  prism,  an  oblon{[  image  variously 
coloured ;  this  ray  is  a  pencil  of  aninfinite  number 
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of  rays  of  different  colours,  which  are  separated  bjr 
the  prism  in  consequence  of  their  different  refran- 
gibility.  Tlie  most  refrangible  ray  is  the  violet* 
then  the  indigo,  the  blue,  the  green,  the  yellow, 
the  orange  and  the  red.  But  though  we  only 
distinguish  seven  species  of  rays,  the  continuity 
of  the  image  proves  that  there  exists  an  infinite 
variety  of  shades,  nvhich  approach  each  other 
by  insensible  gradations  of  eohiurs  and  refrangi- 
bility.  All  these  rays  being  collected  by  means 
of  a  lens>  reproduce  the  white  light  of  the  sun* 
which  IS  therefore  only  a  mfacture  of  all  the  ho-, 
mogeneous  or  simple  colours  in  determined  pro- 
portions. 

When  a  ray  of  an  homogeneous  colour  is  per- 
fectly separated  from  the  others,  it  does  not 
change  either  its  refrangibility  or  colour,  what- 
ever reflexions  or  refractions  it  may  undergo ; 
therefore  its  colour  is  inherent  in  its  nature,  and 
not  a  modification  which  light  receives  in  the  me- 
dia which  it  traverses.  However,  a  similitude  of 
colour  does  not  prove  a  similitude  of  light.  If 
several  of  the  differently  coloured  rays  of  the  so- 
lar image,  decomposed  by  the  prism,  be  mixed  to- 
gether,  a  colour  perfectly  similar  to  one  of  the 
simple  colours  of  this  image  will  he  formed ;  thus 
the  mixture  of  the  homogeneous  red  and  yellow 
produces  an  orange  similar  in  appearance  to  the 
homogeneous  orange.  But  by  refracting  the  rays 
of  this  mixture  by  a  second  prism,  the  compo- 
nent colours  can  be  separated  and  made  to  re- 
appear, while  the  rays  of  the  homogeneous  orange 
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remain  unaltered.  The  rays  of  light  are  reflected 
when  they  fall  on  a  mirror,  making,  with  the  per- 
pendicular to  its  surface,  the  angles  of  reflexion 
equal  to  the  angles  of  incidence.  The  refractions 
add  reflections  Which  rays  of  light  undergo  in  drops 
of  rain,  produce  the  rainbow,  the  explanation  of 
which,  founded  on  a  rigorous  computation  which 
satisfies  all  the  phenomena,  is  one  of  the  most 
beantilul  results  of  natural  philosobhy* 

Most  bodies  decompose  the  light  which  they 
receive  ;  they  ahsorb  one  part  and  reflect  the 
other  in  every  direction  y  they  appear  blue,  red» 
green^  &c.  according  to  the  colour  of  the  rays 
which  they  reflect.  Thus  the  white  light  of  the 
8UI1  difTusing  itself  over  all  (p)  natural  objects, 
decomposes  and  reflects  to  our  eyes  an  ioiinite 
variety  of  colours. 

After  this  short  digression,  we  return  to  astro- 
nomical refiractions.  From  very  accurate  experi- 
ments it  has  been  ascertained  that  the  refraction 
of  the  air  is  almost  independent  of  its  temperature, 
and  proportional  to  its  density.  In  passing  from  a 
vacuo  into  air,  of  which  the  temperature  is  equal 
to  til  at  of  melting  ice,  and  under  a  pressure  measur- 
ed by  a  height  of  the  barometer  equal  to  76  centi- 
metres, a  ray  of  light  is  so  refracted  that  the  sine  of 
hiddenceis  to  thesineof  refraction  as  l,OOO^ddSl 
to  1.  Therefore  in  order  to  determine  the  rout  of 
arayoflii^ht  through  the  atmosphere, it  is  tmiiicicit 
toknow  the  law  of  the  density  of  its  strata ,  but  this 
law,  which  depends  on  their  temperature,  is  very 
complicated,  and  varies  for  every  instant  of  the 

Lie 
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day.  We  have  aeen  already,  that  when  the  at- 
mosphere is  throughout  at  the  temperatcure  ^ 
zero,  the  density  of  the  strata  (q)  dianinith  ia 
geometric  progression  ;  and  it  has  heoii  found  by 
analysis,  that  the  height  of  tlie  Imrometer  being 
(r,76,  the  refraction  is  then  7391"  at  the  horiML 
It  would  be  but  569(f  if  the  density  of  the  strata 
dirainbhed  in  arithmetic  progre8sion»  and 
nished  at  the  surface.  The  horizontal  refraclion 
which  is  observed  is  about  ^SiXf^  a  mean  between 
these  iimits.  Consequently  the  law  of  the  ^km- 
nution  of  the  density  of  the  atmoephorical  strata 
is  very  nearly  a  mean  between  these  two  pro- 
gressions. By  adopting  an  hypothesis  which 
parttoipates  of  the  two*  we  are  enabled  to  repre- 
lient  at  once  all  the  observations  of  the  ban>» 
meter  and  thermometer,  according  as  we  ascend 
in  the  atmosphere,  and  also  the  astronomical 
itiractions,  without  having  recoui-se,  as  some 
natural  philosophers  have  done,  to  a  partic^^hir 
fluid,  which»  being  combined  with  the  atmosphe- 
ric  air,  refracts  the  light. 

When  the  apparent  altitude  of  the  stars  above 
the  horizon  exceeds  eleven  degreesi  their  refrae* 
tion  depends  only  sensibly  on  the  state  of  the  b^ 
Tometer  and  thennometer  at  the  [dace  of  the  ob» 
server,  and  it  is  very  nearly  proportional  to  the 
tangent  of  the  apparent  zenith  distance  ol  the  stai*, 
diminished  by  three  times  and  one  fourth  of  the 
retraction  corre^nding  to  (r)  this  distance  at  the 
temperature  of  melting  ice,  the  height  of  the  ba- 
rometer being  0^»76.    It  follows  from  the  pre- 
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ceding  data  that  at  this  temperature,  and  when 

the  height  of  the  barometer  is  seventy-six  centi- 
metres, the  coetUcieiit,  which  multiplied  by  this, 
tangent  gives  the  astronomical  refraction^  is 
197" ;  and  what  is  very  remarl(ab]e»  a  compa- 
rison of  a  great  number  of  astronomical  observa- 
tions gives  the  same  result,  which  must  there- 
fore he  supposed  extremely  accurate ;  but  it 
varies  with  the  density  of  the  air.  Each  degree 
of  the  thermometer  increases  by  0,00375  the  vo- 
lume of  this  fluid,  its  unity  being  assumed  at 
tero  of  the  temperature,  it  is  therefore  necessary 
to  divide  the  coefficient  I87%S4  by  unity,  plus  th^ 
product  of  0*00975  into  the  number  of  degrees 
indieated  by  the  thermometer;  moreover,  the 
density  of  the  air  is,  eveiy  tiling  else  beingthe  same, 
proportional  to  the  height  of  the  barometer  *,  it  i^ 
therefore  necessary  to  nmltiply  the  preceding 
coefficient  by  the  ratio  of  this  height  to  Cr/J6t  the 
colamn  of  mercuiy  being  reduced  to  the  zero  of 
teiiiperatme.  By  means  of  these  data  a  veiy 
exact  table  of  refractions  may  be  constructed^  from 
deven  degrees  of  apparent  altitude  to  the  zenith^ 
in  which  interval  almost  all  astronomical  observa- 
tions are  made. 

This  table  will  be  independent  of  all  hypo- 
theses relative  to  the  diminution  of  Uie  density  of 
the  atmospherical  strata*  and  might  as  well  be 
applied  at  the  summit  of  the  highest  monntaina 
as  at  the  level  of  the  sea.  But  as  the  gravity  va- 
ries with  the  elevation  and  latitude,  it  is  evident, 
that  aa  at  the  sametemperature*  equal  heightsof  the 
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barometer  do  not  indicate  an  equal  density  in  the 
air,  this  density  must  be  less  in  those  places  where 
the  gravity  is  less.  Thus  the  coefficient  IS?''*^, 
determined  for  the  parallel  of  50^  rami  cu  the  sur. 
face  of  the  earth  (,v)  vary  as  the  weight,  it  is 
therefore  necessary  to  subtract  from  it  the  pro- 
duct of  0",53  by  the  cosine  of  twice  the  latitude. 

The  table  of  which  we  have  been  speaking,  sup> 
poses  that  the  constitution  of  the  atmosphere  is 
every  where  and  always  the  same,  which  has 
been  proved  by  direct  experiment.  It  is  qow  as- 
certained that  our  atmosphere  is  not  an  homo- 
geneous  substance,  and  that  in  everyhundredpartSi 
it  contains  79  parts  of  azotic  gas,  and  parts  of 
oxygen  gas>  a  gas  remarkably  respirable,  which 
is  indispensably  necessaiy  for  the  combustion  of 
bodies  (t)  and  the  respiration  of  animals,  which 
is  in  fact  but  a  slow  combustion,  the  principle 
source  of  animal  heat;  three  or  four  parts  of  car- 
ionic  acid  air  are  diffused  in  a  thousand  parts  of  at- 
moapheric  air.  This  air,  taken  at  all  seasons,  in 
I  the  most  remote  climates,  on  the  summits  of  the 
highest  niGuutains,  and  even  at  greater  heights, 
has  been  most  caiefuiiy  analyzed,  and  it  has  al- 
ways been  found  to  contain  the  same  proportions 
of  azotic  and  oxygen  gas.  A  slight  envelope  filled 
witli  hydrogen  gas,  the  rarest  of  all  elastic  fluids, 
ascends  with  the  bodies  which  are  attached  to  it, 
untill  it  meets  witli  a  stratum  of  the  atmosphere 
sufficiently  rare  for  it  to  remain  (u)  in  equilibrium. 
By  this  means,  for  the  fortunate  discovery  of 
yf\&A  we  are  indebted  to  the  French  pbilosophens 
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man  has  extended  his  power  and  sphere  of  ac- 
tion; he  may  launch  into  the  air,  traverse  the 
clouds,  and  interrogate  nature  in  the  elevated  re- 
gions of  the  atmosphere  formerly  inaccessible. 
The  ascent  from  which  the  greatest  advantages 
have  been  derived  to  the  sciences,  was  that  of 
Gay-Liissac,  who  ascended  to  a  height  of  seven 
thousand  and  sixteen  metres  above  the  level  of  the 
sea,  the  greatest  height  to  which  an  aeronaut  has 
hitherto  attained,  and  which  is  higher  than  tlie  top 
of  Chimboraco,  oneof  thehighestknou  n  mountains, 
by  about  five  hundred  metres.    At  this  elevation, 
he  measured  the  intensity  of  the  magnetic  force,' 
^e  inclination  of  the  magnetized  needle,  which 
he  ibond  to  be  the  same  as  at  the  surface  of  the 
earth.    At  the  instant  of  hi^  departure  from  Pa- 
ris, near  to  ten  o'clock  A.  M.  the  height  of  the 
barometer  was  (r,7<^%  the  thermometer  indi- 
cated 8(f  ,7>  and  a  hygrometer  made  of  hair,  6(f , 
Five  houi*9  after,  at  the  gieatest  height  to  which 
he  ascended,  the  same  instruments  indicated  re-  * 
spectively  (r,3288 ;— and  33^.  A  balloon  hav- 
ing been  filled  with  the  air  of  these  elevated  strata, 
and  its  contents  being  then  carelnlly  analyzed, 
the  contents  were  Ibund  to  be  precisely  the  same 
as  those  of  tlie  lowest  strata  of  the  atmosphere. 

It  is  not  more  than  hslf  a  century  since  astro- 
nomers introdttced  the  consideration  of  the  heights 
of  the  barometer  and  thermometer,  into  the  tables  - 
of  refractions.  The  great  precision  which  is  now 
required  in  instruments  and  astronomical  obser- 
vations, makes  it  a  matter  of  importance  to  as» 
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certain  whether  the  humidity  of  the  atmosphere 
,    lias  any  influence  on  the  retracting  force,  and  con- 
sequently to  know  whether  it  h  necessary  to  tato 
into  acooont  the  indiostioiifl  of  the  hygrometer* 

In  order  to  supply  the  defect  of  direct  experi* 
ment  on  this  subject,  let  us  suppose  (r)  that  the 
action  of  water  and  vapour  on  light  are  projpor- 
tional  to  their  densities,  which  hypothesis  is  ex- 
tremely probahle  from  the  circumstance^  that 
changes  in  the  constitution  of  bodies  mudi  more 
essential,  than  the  reduction  of  liquids  into  va- 
pours do  not  alter  in  a  sensible  degree  the  relation 
of  their  action  on  light,  to  their  density.  In  this  hy« 
pothesis,  the  refracting  power  of  the  a^fueous  va^ 
pour  may  be  inferred  from  the  refraction  wliicli  a 
ray  of  light  experiences  in  passing  iioni  air  into 
water,  which  refraction  has  been  exactly  mea- 
sured. It  has  been  thus  ascertained  that  this  re« 
ftacting  power  surpasses  that  of  air  reduced  to  the 
same  density  as  tbe  vapour  ;  but  at  equal  pres- 
suresy  the  density  of  the  air  surpasses  that  of  va- , 
pour  in  very  nearly  the  same  ratio ;  hence  it  fol* 
lows  that  the  refraction  due  to  the  aqueous 
pour  diffused  through  the  atmosphere,  is  very 
nearly  the  same  as  that  of  tbe  air  of  which  it  oc- 
eu])ie8  the  plaoe,  and  that  consequently  the  dETect 
of  the  humidity  of  the  air  on  the  reftactioo  is 
insensible.  Biot  has  confirmed  this  result  by 
direct  experiment's,  which  shew  moreover  that  the 
temperature  does  nut  influence  the  refraction,  . 
exoept  so  finr  as  it  produces  a  change  in  the  deis> 
sity  of  the  aii^   Finidly»  Airogo  ascwtaiued,  by 
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fiii  iu^iious  and  accurate  method,  that  the  Wh 

fluenoe  <tf  the  humidity  of  the  air  ooits  refnoAm 

is  ^tpgiether  iii8ei»i]ile. 

It  hi  supposed  in  the  preceding  theory  Uiat 

atmosphere  is  perfectly  calm,  so  that  the  density 

is  every  where  the  same  at  equal  heights  aboTO 

the  level  of  the  sea.   But  this  hypothesis  IB  al^ 

fected  by  winds  and  inequalities  of  temperaluFS^ 

which  must  influence  in  a  very  s^ible  manner 

the  astronomical  refractions.    However  perfect 

astronomical  instruments  may  be  rendered,  thf 

effect  of  these  perturbating  cauBoo»  if  it  is  oonsidaiw 

able^  wiU  be  idways  an  obstacle  to  the  extreme 

accuracy  ol  observatioiiis,  which  should  be  nuilti- 

plied  considerably  in  order  to  annihilate  them* 

Fortunately  we  are  assured  that  this  effect  can 

Meyer  exceed  a  small  number  of  seconds. 

The  atmosphere  weriiens  the  light  of  the  stars, 

especially  iiciu-  the  horizon,  where  their  rays 

traaaverse  through  a  greater  extent  of  it.    It  fol- 

Iow8»  from  the  experim^ts  of  Boogoer,  that  when 

the  height  of  the  barometer  is  seTenty<six  centi-r 

metres,  if  the  intensity  of  the  liglit  of  a  s>tar  at  its 

entrance  into  the  atmosphere  be  represented  by 

unity,  its  intensity  when  it  arrives  at  the  observer, 

the  star  being  supposed  to  be  in  tiie  zenith^  will 

be  reduced  0,812iJ.    The  height  of  the  homoge» 

neous  atmosphere,  of  w  hich  the  temperature  was 

zens  would  in  this  case  be  794^'°*  ( ^)  Now  it 

Is  natural  to  suppose  that  the  extinctioi&  of  a  my 

of  light  which  tnurerses  the  atmosphere.  Is  the 

same  as  iu  this  hypothesis,  since  it  meets  witl^ 
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Hie  flame  number  of  aerial  partides^  oonsequeiitly  a 
stratum  of  air  of  the  preceding  density^  and  of  which 

the  thickness  was  794^5",  would  reduce  the  force 
of  light  to  0™,8123.  It  is  easy  to  tletenniue  from 
hence  the  diminution  of  light  in  a  stratum  of  air 
of  the  same  density,  and  of  any  given  thickness ; 
Ibr  it  is  evident  that  if  the  density  of  liglit  is  re- 
ducod  to  ;i  tbijirth  in  ti  avcrsiiig  a  given  tlnckiicss, 
an  equal  tliickness  will  reduce  this  fourtli  to  a 
sixteenth  of  its  primitive  value  ^  hence  it  appears 
that  while  the  thickness  increases  in  arithmetical 
progression,  the  intensity  of  light  decreases  in 
geometrical  progression ;  consequently  it^s  lo- 
garithms are  proportional  to  the  thickness.  Thus 
in  order  to  obtain  the  tabular  logarithm  of  the 
intensity  of  light  after  it  has  traversed  any  given 
thickness,  it  is  necessary  to  multiply  — 0,090 383o 
(which  is  the  tabular  Jogarithin  of  0,8123^  by  the 
ratio  of  this  thickness  to  794^3°' ;  and  if  the  den- 
sity of  the  air  is  greater  or  less  than  the  preceding, 
it  is  necessary  to  diminish  this  logarithm  in  th<r 
same  ratio. 

In  Older  to  deterniiue  the  diminution  of  the 
light  of  the  stars  with  respect  to  their  apparent 
altitude,  we  may  suppose  the  lominous  ray  to 

move  in  a  canal,  the  air  in  this  canal  being  re- 
duced to  the  preceding  density.  The  length  of 
the  column  of  air  thus  reduced,  will  determine  the 
extinction  of  the  light  of  the  star  which  is  con- 
sidered ;  now  we  may  suppose  that  from  twelve 
degrees  of  apparent  elevation  to  the  zenith,  the 
path  of  the  light  of  the  stars  is  rectilineal,  and  w# 
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cau,  in  this  mterval»  consider  the  atmospherioai 
atnta  as  planea  parallel  to  each  others  then 
the  thidcness  of  each  stratum  in  the  direction  of 

the  ray  of  light,  is  to  its  thicknegs  in  a  vertical  di- 
rectioD,  as  the  secant  of  the  apparent  distance  of 
the  star  from  the  zenith,  (y)  is  to  radius.  There* 
fore  if  this  secant  be  multiplied  by  — O»09028d5» 
and  by  the  ratio     the  height  of  the  barometer  to 
0",76,  and  if  this  product  be  then  divided  by  unity 
plus  0,0037^  multiplied  by  the  number  of  degrees 
in  the  thermometer^  we  shall  haye  the  logarithm 
of  the  intensity  of  light  of  the  star.   This  rule, 
which  is  extremely  simple,  will  determine  the  ex- 
.tinction  of  the  light  of  the  stars  on  the  summit  of 
mountains  and  at  the  level  of  the  sea»  and  may  be 
usefully  applied*  both  in  correcting  the  obsenra- 
,tions  of  tiie  eclipses  of  Jupiter's  satellites,  and  also 
in  estimating  the  intensity  of  solar  light  in  the  fo- 
cus of  burning  glasses.    It  ought  however  to  be 
obsenredy  that  vapours  floating  in  the  air  influence 
considerably  the  extinction  of  light.  The  serenity 
of  the  sky  and  the  rarity  of  the  air  make  the  light 
of  the  stars  more  brilliant  on  the  tops  of  elevated 
mountains,  and  if  we  could  transport  our  great 
instruments  to  the  summit  of  the  Gordilieres,  there 
is  no  doubt  but  that  we  should  observe  several 
celestial  phenomena,  which  a  thicker  and  less 
transparent  atmosphere  renders  invisible  in  our 
climates* 

The  IntenMty  of  the  light  of  the  stars  at  small 

altitudes  like  to  their  refraction,  depends  on  the 
density  of  the  elevated  strata  of  the  atmosphere. 
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if  tlie  temperature  was  eveiy  where  the  samey 

the  logarithms  of  the  intensities  of  light  wotdd  he 
proportional  to  tlie  astronomical  refractions  (z) 
diwded  by  the  cosines  of  the  apparent  heights  j 
^fad  theo  this  ifiteosity  at  the  horixon  would  be 
«0duded  to  abdiit  theibor  tboosandHi  part  of  its 
primitive  vahie  ;  it  is  on  this  account  that  the  sun, 
whose  splendour  at  noon  is  too  dazling  to  be 
tNMme»  COB  be  ceotemplated  without  pain  at  the 
horisEon. 

We  can  by  means  of  these  data  determine  the 

inftaence  of  our  atmosphere  in  eclipseja.  As  it  re- 
#«ot6  the  rays  of  tlie  sun  which  travei^ee  it,  it  in- 
Hebts  them  into  the  cone-  of  the  terrestrial  sha- 
ddw,  and  as  the  horizontal  refractions  surpasses 
the  semi  sum  of  tlie  parallaxes  of  the  sun  and 
moon,  the  centre  of  the  luuai*  disk  supposed  to  ex- 
ist on  the  axis  of  the  cone,  receives  from  the  up- 
per and  lower  limbs  of  the  eaith  the  rays  which 
issue  from  the  same  point  of  the  sun's  surface ; 
this  centre  would  be  therefore  more  illuminated 
than  in  full  moon,  if  the  atmosphere  did  not  in  a 
great  measure  extinguish  the  light  which  reachefe^ 
it.  If  the  light  of  this  point  at  full  moon  be  taken 
for  unity,  it  is  found  by  applying:  the  analysis  to 
the  preceding  data,  that  the  iiglit  is  0,0^  in  the 
centoal  apogean  edipses,  and  only  0,0036,  or  about 
sfac  times  less,  in  the  central  perigean  eclipses.  If 
it  then  happens  by  an  extraordinary  concorrienoe 
of  circumstances,  that  the  vapours  absorb  a  con- 
siderable part  of  this  feeble  liglit,  when  it  traverses 
the  atmosphere  (a)  m  passing  from  the  son  to  the 
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mom^  tlua  Imk  ftar  mil  be  allog«tk«r  lniiaMi» 
ThB  hntory  of  Mtrooonij  ftnMiM  m  irith 

amplen,  of  rare  oomnrMBoe  indend,  of  t^e  ioM 
disappearance  of  the  moou  in  eclipsen.  Tlie  red 
oolour  of  the  sua  and  moon  at  the  horizon  altewB 
tlMttlie  fltmoipliere  gim  a  Ihse  pusagoto  the 
ra^  of  this  ooloms  wbiob,  m  this  aoooanti  h  that 

of  the  moon  when  eclipsed. 

In  ecdipses  of  the  sun,  the  obscurity  which  they 
produoe  k  dimintehed  by  the  light  reflec3ted  the 
atmoaphere.  Suppose  in  faot>  the  spectator  to  ht 
placed  in  the  equator,  and  that  the  centres  of  the 
sun  and  moon  are  in  hia  zenith.  Tf  the  moun 
was  in  perigee,  the  sun  would  be  in  the  direction 
of  the  apogee ;  in  this  case  the  obscurity  would  be 
very  nearly  the  most  profound,  and  its  duration 
would  be  about  five  minutes  and  a  half.  Tlie  di- 
ameter of  the  shadow  projected  on  the  earth  willbe 
the  twenty-two  thousandth  part  of  that  of  the  earth, 
and  six  times  and  a  half  less  than  the  diameter 
of  the  section  of  the  atmosphere  by  the  plane  of 
the  horizon,  at  least  if  we  suppose  the  height  of 
the  atmosphere  equal  to  a  hundreth  part  of  the 
earth's  radius,  which  is  the  height  inferred  from 
the  duration  of  twilight  $  and  it  is  very  probable 
that  the  atmosphere  reflects  sensible  rays  from 
still  greater  heights.  It  appears  therefore,  that  in 
eclipses,  the  sun  illuminates  the  greater  part  of 
the  atmosphere  which  is  above  the  horizon.  But 
it  is  only  illuminated  by  a  portion  of  the  sun's 
disk,  which  increases  according  as  the  atmosphe- 
rical molecules  are  more  distant  trorn  the  ze- 
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nith ;  in  this  case  the  solar  rays  traTene  a  greater 
extent  of  the  atmosphere,  in  passing  from  the 
son  to  theie  moleeoles^  and  after  this  in  retom-: 

ing  by  reflexion  to  the  observer,  they  are  suffi- 
ciently diminished  in  intensity  to  enable  us  to 
peroeive  stars  of  the  first  and  second  magnitude. 
Their  ixaU  participating  of  the  hlae  colour  of  the 
sky,  and  of  the  red  colour  of  twilight,  difiiues 
over  all  objects  a  sombre  colour,  which  combined 
with  the  sudden  disappearance  of  the  8un»  fills 
all  animals  with  terror. 
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OF  THB  REAL  MOTIONS  OP  TH£  HBAVSNLY  BOO^Ei, 
Pirovdiinrar  portu,  feme  urbeiqiiiA  raoedimt. 

A  COMPARISON  of  tlio  principal  appearances 
of  the  heavenly  bodies,  of  which  the  exposition 
has  been  given  in  the  preceding  book,  has  led  us 
to  make  the  planets  move  round  the  son,  which 
in  its  revolution  round  the  earth,  carries  along 
with  it  the  foci  of  their  orbits.  But  the  appear- 
ances would  be  precisely  the  same,  if  the  earth 
was  transported,  like  the  other  planets,  aiwat  the 
sun :  then  tiiis  star  would  be  the  centre  of  the  pla- 

I 

netory  motions  in  place  of  the  earth.  It  is  conse- 
quently of  the  greatest  importance  to  the  progress 
of  astronomy,  to  ascertain  which  of  these  two  cases 
obtains  in  nature.  We  therefore  proceed,  under 
the  guidance  of  induction  and  analogy,  to  deter- 
mine,  by  a  comparisoii  of  phenomena,  the  real 
motions  which  produce  them,  and  thence  to 
ascend  to  the  laws  of  these  motions. 
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CHAP.  1. 

CfihB  tufiOon  ofrcuaim  of  iht  mrtk. 

When  we  reflect  on  the  diurnal  motion  to  which 
all  the  heavenly  bodies  are  subject,  we  evidently 
recognize  the  existence  of  one  general  cause 
wliieh  mo^esy  or  appears  to  mote  them  sboat  the 
axis  of  the  world.  If  it  be  considered  that  these 
bodies  are  detached  from  each  other,  and  placed 
at  very  different  distances  frooi  the  earth ;  that 
the  sun  and  stars  are  niuch  more  removed  than 
the  moon,  and  that  the  variations  of  the  appa* 
rent  diameters  of  the  planets  indicate  great 
changes  in  their  distances ;  lastly,  that  tlie 
comets  traverse  the  heavens  freely  in  ail  possible 
directions,  it  will  be  .  extremely  difficult  to  con- 
ceive that  one  and  the  same  cause  impresses  on 
all  these  bodies,  a  conmion  motion  of  rotation  : 
but  since  the  heavenly  bodies  present  the  same 
appearances  to  us,  whether  the  firmament  carries 
them  about  the  earth,  supposed  immoveable,  or 
whether  the  earth  itself  revolves  in  a  contrary  di- 
rection, it  seems  iiiiu  h  more  natural  to  admit 
this  latter  motion,  and  to  r^ard  that  of  the  hea* 
yens  as  only  apparent 

The  earth  is  a  globe,  of  whieh  the  radius  is 
only  al>out  four  thousand  metres  ;  the  loagTiitude 
of  the  sun  is,  as  we  have  seen,  incomparably 
greater.  If  its  centre  coincided  with  that  of 
the  earth,  its  volume  would  embrace  the  orb  of 
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Ihe  mooiit  and  extend  as  far  again ;  from  which 
we  may  form  some  judgment  of  its  immense  mag- 
nitude, besides  its  distance  from  us  is  about  twenty* 
three  thousand  times  the  semidiameter  of  the 
e^i'th.  Is  it  not  infinitely  more  probable  to  sop- 
poae  that  the  globe  which  we  inhabit  revolves  on 
an  axis,  than  to  imagine  that  a  body  so  consider* 
able  and  distant  lis  tlie  sun,  nliould  revolve  witli 
the  rapid  motiou  w)uch  it  sliould  have  in  order 
that  it  might  revolve  in  a  day,  about  the  earth? 
What  immense  force  mnst  it  not  then  require  to 
keep  it  in  its  orbit,  and  to  counterbalance  it«  cen- 
trifugal  force.  Each  of  the  8tai*H  presents  similar 
difficulties,  ail  of  which  are  removed  by  suppos- 
ing the  earth  to  revolve  on  its  axis. 

It  has  been  already  observed,  that  the  pole  of 
the  e(iuator  appears  to  mo^e  slowly  about  that 
of  the  ecliptic,  fi*om  whence  results  the  pre- 
cession of  the  equino^Les.  If  the  earth  be  im- 
moveable, the  pole  of  the  equator  will  be  equally, 
so,  because  it  always  corresponds  to  the  same 
point  of  the  earth*s  sui  taco  ;  consequently  the  ce- 
lestial sphere  moves  round  the  poles  of  the  eclip- 
tic, and  in  this  motion,  it  carries  along  with  it  ail 
the  heavenly  bodies.  Thus  the  enture  system, 
composed  of  so  many  bodies,  differing  from  each 
other,  in  their  magnitudes,  their  motions,  and 
their  distances,  would  be  again  subject  to  a  gene- 
ral motion,  which  disappears,  and  is  redaced  to 
a  mere  appearance,  if  the  axis  of  the  earth  be 
supposed  to  move  round  the  poles  of  the  ecliptic. 

Carried  along  with  a  motion  in  which  all  the. 
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mimuiidmg  bodies  partidpatey  we  are  like  to  a 
iDariner  borne  by  the  winds  over  the  seas*  He 

supposes  himself  to  be  at  rest,  aiid  the  shore,  the 
hills,  and  all  tlie  objects  situated  beyond  the  ves- 
sel,  appear  to  him  to  move.  But  on  comparing 
the  extent  of  the  shore,  the  plamst  and  the  height 
of  the  mountains,  with  the  smaUness  of  his  yes- 
sel,  he  is  enabled  to  distinguish  the  apparent  mo- 
tion of  these  objects  horn  a  real  moU<m  to  which 
he  himself  is  subject.  The  innumerable  stars 
distributed  through  the  celestial  r^ons  are»  re- 
latively to  the  earth,  what  the  shore  and  moon* 
taiiis  arc  with  respect  to  the  navigator  ;  and  the 
very  same  reasons  which  convince  the  navigator 
of  the  reality  of  his  own  motion,  evince  to  us  that 
of  the  earth. 

These  arguments  are  likewise  confirmed  by 
analogy.    A  motion  of  rotation  hiis  been  observ- 
ed in  almast  all  the  planets,  the  direction  of 
which  is  from  west  to  east,  similar  to  thaS 
whieh  the  diurnal  motion  of  the  heavens  seems 
to  indicate  in  the  earth.    Jupiter,  whose  mag. 
nitude  is  considerably  greater  than  that  of  the 
earth,  revolves  on  an  axis,  in  less  than  half  a 
day.  An  observer  on  his  surfece  would  suppose  that 
the  heavens  revolved  round  him  in  that  time ;  yet 
that  motion  would  be  only  ap}>arent.    Is  it  not 
therefore  reasonable  to  suppose  that  it  is  the  same 
wUli  that  which  we  observe  on  the  earth?  What 
confirms^  in  a  very  striking  manner,  this  analogy 
is,  that  the  earth  and  Jupiter  are  flattened  at  the 
poles.   In  &ct,  we  may  conceive  that  the  centri* 
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fiigal  force  which  tends  to  make  every  particle  of 
a  body  recede  from  its  axis  of  rotation,  should 
flatten  it  at  the  poles  and  elevate  it  at  the  equa* 
tor.   This  force  should  likewise  diminish  that  of 

gravity  at  the  equator ;  and  that  this  diminution 
does  actually  take  place,  is  proved  by  experiments 
which  have  been  made  on  the  lengths  of  pendu- 
lanifl«  Every  thing  therefore  leads  us  to  oondude 
that  the  earth  has  really  a  motion  of  rotation, 
and  that  the  diurnal  motion  of  the  heavens  is 
merely  an  illusion  which  is  produced  by  it  ^  an  il- 
lusion similar  to  that  which  represents  the  heavens 
as  a  blue  vault  to  which  all  the  stars  are  attach- 
ed, and  the  eartli  as  a  plain  on  which  it  rests. 
Thus  astronomy  has  surmounted  the  illusions  of 
the  senses,  but  it  was  not  till  ailer  they  were  dis- 
sipated by  a  great  number  of  observations  and 
eomputations,  that  man  at  last  recognized  the 
motion  of  the  p^lobe  w  lAdi  he  inhabits,  and  its 
true  position  iu  the  uui verse. 
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tht  motion  ij'the  earth  about  the  stm* 

Since  it  appears  from  the  preceding  chapter  that 
the  diurnal  revolution  of  the  heavens  is  an  illu- 
sion produced  by  the  rotatioii  of  the  earth.  It  is 
natural  to  think  that  the  annual  revolution  of  the 
Bun,  carrying  with  it  all  the  planets,  is  also  an  il- 
lusion arising  from  the  motion  of  translation  of 
the  earth  about  the  sun.  The  following  consi- 
derations remove  all  doubt  on  this  subject 

The  masses  of  the  sun  and  of  several  of  the 
planets  are  considerably  greater  than  that  of  the 
earth ;  it  is  therefore  much  more  simple  to  make 
the  latter  to  revolve  about  the  snn»  than  to  put 
the  whole  solar  system  in  motion  about  the  earth. 
What  a  complication  in  the  heavenly  motions 
would  the  immobility  of  the  earth  suppose  ?  What 
a  rapid  motion  must  be  assigned  to  Jupiter,  to 
Satuni,  (which  is  nearly  ten  times  farther  from 
the  sun  than  we  are)  and  to  Uranus  (which  is 
still  more  remote,)  to  make  them  revolve  about 
us  every  year,  while  they  move  about  the  sun.  ? 
This  complication  and  this  rapidity  disappear  en- 
tirely by  supposing  the  earth  to  revolve  abont  the 
sun,  which  motion  is  conformable  to  a  general 
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htWt  aooording  to  vhieh  the  small  celestiai  bodies 
revolve  abovtt  the  lavger  ones,  which  are  situated 

in  their  vicinity. 

The  BDalogy  of  the  earth  with  the  planets,  con« 
fiiiiis  the  supposition  of  the  earth's  motion ;  like 
Jupiter  it  revolves  on  its  axis,  and  is  accompanied 
hf  a  satellite.  An  ohserver  at  the  surface  of  Ju- 
piter, would  suppose  that  the  whole  solar  system 
revolved  about  hiui,  and  the  magnitude  of  the 
planet  would  render  this  illusion  less  improbable 
than  for  the  earth.  Is  it  not  therefore  natural  to 
suppose  that  the  motion  of  the  solar  system  round 
us,  is  likewise  only  an  illusion  ? 

Let  us  transport  ourselves  in  imagination  to  the 
•orlhce  of  the  sun,  and  from  thence  let  the  earth 
and  planets  be  contemplated.  All  these  bodies 
would  appear  to  move  from  west  to  east;  this 
identity  in  the  direction  is  an  evident  proof  of  the 
motion  of  the  earth  ;  but  what  evinces  it  to  a  de* 
BMQBtnition,  is  the  law  which  ezistB  between  the 
times  of  the  revolutions  of  the  planets,  and  their 
distances  from  the  sun.  The  angular  motions  are 
slower  for  those  bodies  which  are  more  removed 
from  the  sun,  and  the  following  remarlcable  relar 
fion  has  been  observed  to  exist  between  the  times 
and  the  distances,  namely,  that  the  squares  of  the 
times  are  as  the  cubes  of  their  mean  distances  from 
this  star.  According  to  this  remarkable  law,  the 
duration  of  the  revolution  of  the  earth,  supposed 
to  move  above  the  sun,  should  be  exactly  a  side- 
real year.  Is  not  this  an  incontestable  proof  that 
the  earth  moves  like  the  other  planets,  and  that 
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it  i«  sabject  to  the  same  laws?  Besides,  would  ili 
not  be  absurd  to  suppose  tbat  Ih^  terrestrial  globe,' 
which  is  hardly  visible  at  the  sun,  is  iasmQ(9%M» 
amidst  the  otherplanets  whioh  are  reveMn^  iteat 
this  star,  which  would  itself  be  carried  along  with 
them  about  the  earth  ?  Ought  not  the  force  whieh 
balances  the  contrifugal  foree,  and  retains  the 
planetB  In  their  reepediTe  orbits,  ^  ad  ako  on  iib» 
earth,  and  must  not  the  earth  oppoee  to  this  ae# 
tion  the  same  centrifugal  force?  Thus  the  con- 
sideration of  the  planetary  motions*  as  seen  from 
the  sunt  remoTes  all  doubt  of  the  real  metioa  of 
the  earth.  But  an  observer  placed  on  this  bod]r» 
has  besides  a  sensible  prool"  of  this  motion,  in  the 
phenomena  of  the  aberation  whicli  is  a  necessary, 
consequence  of  it,  as  we  sliall  now  explain. 

About  tlie  close  of  the  17th  oentuiy^  Roemer 
observed  that  the  eclipses  of  Jiqiitcr's  sateOiMe 
happened  sooner  than  the  computed  time  near 
the  oppositions  of  this  planet  witli  the  sun,  and 
that  they  occurred  later  towards  the  coi^ttiMk 
tiens ;  tins  led  huoA  to  suspeob  that  thelig^t  was«dt 
transmitted  instantaneously  fa)  from  these  «Impv» 
to  the  earthy  and  that  it  employed  a  sensible  in* 
terval  in  passing  over  the  diameter  of  the  orbit  of 
the  sun.  Ib  fect|.  Jupiter  beingm  thetOj|^^llDinS|. 
nearer  to  ua^ifaan  in  the  omgnnolionly*  a  qiwi^j 
tity  equal  to-  this  diameter,  %h»  eclipses*  must- 
happen  sooner  in  the  first  coj&e  than  in  the  second, 
by  the  time  which  the  light  takes  to  irayerse  the 
sfiilar  orbit.  The  law  «f  the  -retardstten  obaerted-r 
in  ;tbeae  ecUpim»  comq>oii4».4d  eanaily  to^  thto* 
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hfpoihesisy  that  it  is  iin possible  to  refuse  .our  a*** 
••mij^il.  li Ibltom therellm  aiaft light ei^^ 
^  If,  in  Milling  froni  the  tun  10  tiie  aartb. 

Now  an  observer  afe  rest  would  see  the  stars  iii 
the  direction  of  their  ravs,  but  this  is  not  the 
on  the  hypothesis  that  he  moves  along  with  the 
aartli.  in  6rd«r  1»  redaoe  this  case  to  that  of  a 
■paatator  at  lert^  iC  wonld  beBuflicieni  to  tnaufo 
in  a  contrary  direction  both  to  the  stars,  to  their 
light»  and  to  the  obsenrer  himself,  the  motion 
with  which  he  is  aotuated»  whidi  does  not  malce ' 
any.diange  in  tlie  apparent  position  of  die  stai«( 
for  it: is  a  genend  law  of  optics,  that  if  a  common 
motion  be  impressed  on  all  the  bodies  of  a  sys- 
tem, there  will  not  result  any  change  in  their  ap« 
parent  situation.  Sappoae  then  that  at  the  hi* 
stent  B  ray  of  light  penetrates  the  atmosphere,  e 
motion  equal  and  contrary  to  that  of  the  observer 
be  impressed  on  the  air  ajid  the  earth  ;  and  let 
ns  ooosidor  what  effeots  this  motion  ought  to  pro> 
duee  in  the  iqipareiit  position  of  the  star  firom 
wlrielr  the  ray  emanaM.  We  may  leare  out  €f 
the  question  the  consideration  of  the  motion  of 
rotation  of  the  earth,  which  is  about  sixty  times 
less  at  the  e^nater  itaei^  than  that  of  the  earth 
skoiiitlie'sott»  anttwemay  akb,  withoni  sensiUe 
error,  suppose  that  all  tlie  rays  of  light  which 
each  point  of  the  star's  disk  transmits  to  us,  are 
parallel  to  each  other*  and  to  the  rays  whidi 
w«mU  pass  fifou  the  eentre  of  the  star  to  that  of 
llia  earth,  on  tlie  hypothesis  Um*  it  was  trans* 
parent.    Tbu6  the  phenomena  which  these  stars 
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would  present  to  a  spectator  situated  at  the 
ceqtre  of  the  earth,  and  which  depend  solelj  on 
the  liidlion  of  light  combined  with  that  of  the 

earth,  are  very  nearly  the  same  for  each  observer 
on  its  surface.    Finally,  we  may  neglect  the  small 
escentricity  of  the  earth's  orbit.    This  being  pre. 
mised,  in  the  interval  of  571' ,  that  light  takes  to 
traverse  the  radios  of  the  earth's  orbit,  the  earlh 
describes  a  small  arc  of  this  orbit  equal  to  6^"5  ; 
now  it  follows  from  the  composition  of  motions, 
that  if  througb  the  centre  of  the  star  a  small  circle 
parallel  to  the  ecliptic  be  described,  the  diameter 
of  which  subtends  In  the  heavens  an  arc  of  l^iS"^ 
the  direct! ori  of  the  motion  of  light,  when  com- 
pounded with  the  motion  of  the  earth  applied  in 
a  contrary  direction,  meets  this  circumference 
at  the  point  where  it  is  intersected  by,  a  plane 
drawn  through  the  centre  of  the  star  and  of  the 
earth  tangeiitially  to  the  terrestrial  oi  bit,  the  star 
roust  therefore  appear  to  move  in  this  circumfer- 
ence, and  to  describe  it  in  (c)  a  year,  in  such  a 
manner  that  it  is  always  less  advanced  by  one- 
hundred  dc^;rees,  than  the  sun  in  his  apparent. 

orbit. 

This  \»  precisely  the  phenomenon  which  has 
been  explained  in  the  eleventh  chapter  of  the  first 
book,  from  the  observations  of  Bradley,  to  whom 
we  are  indebted  for  its  discovery  and  that  of  its 
cause.  The  true  place  of  the  stars  is  the  centre, 
of  the  small  circumference  which  they  appear  to 
describe ;  their  annual  motion  is  only  an  illusloa: 
produced  by  the  combination  of  the  motion  of  ^ 
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light  with  that  of  the  earth.  From  its  evident 
relatkms  with  the  position  of  the  sun,  it  might  he 
jiiidy  supposed  tkmi  it  was  oaly  Bppmmt^  bal: 
the  preoeding  ezplaiialioii  pn»?es  it  to  s  demdiu 
stratton.  It  also  famishes  a  sensible  pfroof  oCllie' 
inotion  of  the  earth  ahout  the  sun,  in  the  same 
manlier  as  the  increase  of  degrees  and  of  the 
ibiee  of  gravity  from  the  equator  to  the  poles^- 
proT^  the  rotation  of  the  earth  on  its  axis. 

The  aberation  of  liglit  affects  the  positions  of 
the  sun,  the  planets,  the  satellites,  and  the  co- 
meto»  but  in  a  different  manner  from  •  the  fixed* 
stais»  in  oonseqnenoe  of  their  reqpeotiTe  motions. 
In  order  to  divest  them  of  this»  and  to  obtain  the- 
true  position  of  the  stars,  we  should  impress  at 
each  instant,  on  all  these  bodies,  a  motion  equal' 
and  contrary  to  tiiat  of  the  earth,  which  by  this, 
means  beoomes  immoveable*  and  which,  as  has 
been  dreedy  observed,  neither  dianges  th^  re-' 
spective  positions,  nor  their  appearances.    It  is 
evident  then  that  the  star,  at  the  moment  that  it  is 
observed,  has  not  the  direction  of  the  rays  of  light 
which  strike  our  eye ;  it  deviates  from  it^in  con-* 
sequence  of  ita  real  motion  combined  (d)  with  that 
of  the  eartii,  which  we  suppose  to  be  impressed  on 
it  in  a  contrary  direction*   The  combination  of 
these  two  motions,  when  observed  from  the  earth, 
prodnces  the  apparent,  or  as  it  is  termed  ike  geooen* 
trick  motion.    Therefore  the  true  position  of  the 
star  will  be  obtained  by  adding  to  its  .observ- 
ed geocentrick  longitude  or  latitude  its  geocen*. 
trick  motion  in  longitude  and  hi  ktitade.  In  die: 
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interval  of  time  whicAi  lif  ht  takes  to  come  from' 
Ibe  rtfUTi to  tik^  earth.    Thus  tke  centre  of  ihe  sun 
«M|«^np8pnto.VB  IwmdnuMOd.iiiiteaiiiit^f'. 
6^"  A  iiiMiif  ttie>MBlrt  w»  tfunimiltta*  ta  -m  nu* 

Stan  tan  eonsly.    *•  ir 

The  abeiTatiQQ4:haiiget^  tiie  apparent  relation^  of 
the.Gelealiai  pheoinbeiiswitfaveqpeelikitli  kitfaeir 
•itnat|oii  iluDd  doMi^D.  At :  the  monmt  we  see- 
them  they  no  longer  eztst    The^Md^^lKtee  <of  Ja-' 
piter  have  ceased  to  be  eclipsed  twenty-five  or 
thirty  minutes*  when  we  ohserve  the  termination 
of  the  ecUpse }  end  the  .Tariattone  of  -  the  ehange* 
ahle  fltata  preoede^by  several 7eai«»*  the  instant  et' 
which  they  are  observed.    But  the  cause  of  all 
these  iUnsions  bein^  well  understood,  we  can  al- 
ways refer  the  phenomena  of  the  solar  system^  to 
'  theh*  troe  plaee  and  exaet  epoch. » 

The  consideratimi  of  the'odestial'iiNiClefis  Mb' 
ns,  then,  to  displace  the  earth  from  the  centre  of 
the  woiid, :  where  we  had  placed  it,  deceived  by' 
flppearansesi :  and  by  ibe  natural  prapensity  ef 
rimn  to  rs|ard  himsdf  as  the  prinoipal*  objeolrof 
nature.  •  The  globe  which  he  inhabits  Is  m  plaher 
in  motion  on  itself  and  about  the  sun.    When  it 
is  considered 'in  this  point  of  view,  all  the  -phe^ 
nomena  are  eiplalned  in  the  sinqplest  manner  ^ 
the  laws  efthe-eslestial 'notions  'tendered 
Ibrm,  and  the  analogies  aie  all  observed.  Thusf 
like  Jupiter,  Saturn  and  Uranus,  the  earth  is  ac-* 
companied  by  a  sateBite  $  •  it  revolves  on  an  axis ' 
like  Vei^as,!  Man»  Jmpiter^  aad  Satnrio,  andfto^ 
baUy  all^die  Mfaer  planets ;  like  HisiDt  it  boMim 
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light  frbm  tlM  8Qii»  Md.mrd^«i.4dNnil  hterte 
tlieiame  dtf«ictioii»  aadi^aiMNvdi^g.  t»:tim:tmum 
hm.   FfanUy,  the  hypofhiatli  of  ^  ^iirtfi'a  toif4 

tion  oombin^  in  its  favour  simpiicity,  fuaalogg^ 
and  g^erally  every  thing  which  characterises  the 
tnio  system  of  nature*  Weshattsee^  fajfottowing^ii 
in  an  its  conaeqnenoeSf  Hmtthecelestia]  phenomena 
are  reduced  in  their  minutest  details  to  one  sole 
law,  of  which  they  are  the  necessary  developer 
ments.  The  motion  of  the  earth  Avill  thus  ac* 
^iie  all  the  certainty  of  which  physical  tnrtha 
are  soseeptible,  and  which  may  result  either  ftom 
the  great  number  and  vai  icty  of  phenomena  which 
it  explains,  or  from  the  simplicity  of  the  laws  on 
whiA  itiamade  to  depend.  No  branch  of  nai 
tondeeience  oonbinesin  a  higlier  degree  these 
criterea  than  the  theory  of  the  system  of  the 
world,  founded  on  the  motion  of  the  earth. 

This  motion  enlarges  our  conceptions  of  the 
mAYen&t  by  famishing -for  a  meaamre  of  the  dhk 
tance4>f  the  heavenly  boiUeB^  an  (e)  tnonenM  bas^, 
namely,  the  diameter  of  the  earth's  orbit ;  by 
means  of  thiB»  the  dimensions  of  the  planetary  or^^ 
bits  have  been  eziustty  d^erittined.  Thus  the  mo^^ 
tion  of  the  earth,  after  hat!ng»  hy  the  iDnddnsof 
HMch  'ftWttS  itself  the  cau^,  retarded  our  know-^ 
ledge  of  the  planetary  motions  for  a  great  length 
of  time»  has  at  last  conducted  us  to  a  Icnowledge  df 
them»  and  tliat  in  a  more  accnrate  manner  than 
if  we  had  been  placed  at  the  foeas  of  these  mo- 
tions. Nevertheless  the  annual  parallax  of  the 
fixed  stars,  or  the  angl^  which  the  diitmeter  of  the 
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<)arth's  orbit  would  subtend  at  this  centre,  is  in* 
ismible*  and  does  not  amount  to  6^  even  rela- 
tively to  thote  stars  which(^  from  their  great  bril- 
Uancy  appear  to  be  nearest  to  us ;  they  are  there- 
fore at  least  two  hundred  thousand  times  fartlier 
from  UB  than  the  sun.  Their  great  bnlliancy,  at 
snch  an  immense  distance,  proves  to  us  that  they 
d6not»likethe  planets  and  satellites,  borrow  their^ 
light  from  the  sun,  hot  that  they  shine  with  their 
own  proper  li|2jht ;  so  that  they  may  be  considered 
as  so  many  suns  distributed  in  the  immensity  of 
space,  and  similarly  to  our  oMrn,  may  be  the  foci 
of  so  many  planetary  systems.  It  would  infiict 
be  sufficient  fo  place  ourselves  at  the  nearest  of 
those  stavs,  in  order  to  see  the  sun  as  a  luminous 
star,  the  diameter  of  which  was  less  than  the 
thirtieth  part  of  a  second. 

It  fbllows  from  the  immense  distances  of  the 
stars,  that  their  motions  in  right  ascension  and 
declination  are  only  apparent,  and  that  they  are 
produced  by  the  motion  of  the  earth's  axis  of  ro- 
tation. But  some  stars  appear  to  have  motions 
proper  to  themselves,  and  it  is  probable  that  all 
of  them  are  in  motion  as  well  as  the  sun, 
which  carries  with  it  in  space  the  entire  system 
of  the  planets  and  comets,  in  the  same  manner 
as  each  planet  carries  along  with  it,  its  satellites 
In  thdr  motions  about  the  sun. 


CHAP.  Ill 


Of  the  appearances  which  ar  ise  froni  the  motion  of 

the  earth* 

Fbom  the  point  of  view  in  whidi  a  eompariaon  of 
the  celestial  pbenomraa  has  placed  us,  let  us  con* 

sider  the  stars,  and  shew  the  perfect  identity  of 
their  appearances  with  those  which  we  observe. 
Whether  the  heavens  revolve  about  the  axis  of 
the  world,  or  the  earth  revolves  on  its  axis  in  a 
contrary  direction  to  the  apparent  motion  of  the 
heavens,  supposed  to  be  at  rest,  it  is  clear  that 
the  appearances  of  the  stars^  on  either  hypothe- 
sis will  be  precisely  the  same.  The  only  differ- 
ence  will  be^  that  in  the  first  case  they  will  place 
themselves  over  the  different  terrestrial  meri. 
diaas,  which,  in  the  second  case,  will  place  them- 
selves under  these  stars* 

The  motion  of  the  earth  being  common  to  all 
bodies  situated  on  its  surface,  and  also  to  the 
fluids  which  cover  it,  their  rrlntive  motions  are 
the  same  as  if  it  was  immoveable.  Thus,  in  a 
vessel  transported  with  an  uniform  motion*  eveiy 
body  moves  as  if  it  was  in  a  state  of  rest  A  pro- 
jectile  thrown  directly  upwards  falls  on  the  same 
spot  from  which  it  was  projected ;  it  appears  to 
those  in  the  vessel  to  describe  a  vertical  line,  but 
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to  a  tpectator  on  tlie  shore*  il  will  appear  to  more 
obliquely  to  the  horizon,  and  to  describe  a  cmre 
which  is  sensibly  parabolic.   However,  the  real 

Telocity  which  arisea  from  the  rotatory  motion  of 
the  earth  being  somewhat  less  at  the  bottom  than 
at  the  top  of  an  devated  tower,  if  a  body  be  let 
ftll  lively  front  this  top,  it  is  evident  that  in  eon* 
sequence  of  the  excess  of  its  real  velocity  of  rota- 
tion above  that  of  the  bottom  of  the  tower,  it 
should  not  fall  exactly  ,  at  the  point  where  the 
plumb  line  from  the  sumniit  of  tiie  tower  meets 
the  surface  of  Ae  earth,  but  a  little  to  the  east 
In  fact,  it  appears  from  analysis  that  its  deviation 
from  this  point  towards  the  east,  is  proportional 
to  the  sesquiplicate  ratio  of  the  b(;ight  of  the 
tower,  and  to  Uie  conme  of  latitude,  (a)  and  that  at 
the  equator  it  is  but  91^^93>^  for  one  hundred 
metres  of  height.    We  may  therefore,  by  means 
of  very  accurate  experiments  on  falling  bodi^, 
render  the  rotation  of  the  earth  sensible.  Those 
which  have  been  already  instituted  with  this  view 
in  Germany  and  Italy,  agree  sufficiently  well  with 
the  preceding  results ;   but  these  experiments 
which  require  the  most  cielicate  manipulation, 
ought  to  be  repeated  with  still  greater  precision.  . 
The  rotation  of  the  earth  is  principally  indicated 
at  its  surface,  by  the  effects  of  the  centrifhgal 
force,  which  flattens  the  tcnestrial  spheroid  at  the 
poles,  and  diminishes  the  gravity  (6) at  the  equator, 
two  phenomena,  which  the  measures  of  the  pen- 
dulum and  of  the  degfkm  of  themeridian^  have 
made  known  to  us. 
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;  In  Uie  revdliitiiHi  of  tiie  €oxth«  ohoot  the  bu^ 
ita  oeoHre  and  aH  the  points,  of  its  ozis  of  rotation 

move  with  equal  and  pai*allel  velocities;  this  axis 
therefore  reiuainsCcj  alwaya.  parallel  to  itaeiL  if 
M.  .eveiy  kKsttant,  a  motion  equal  end  '  continrj  to 
liiat  of  the  earth's  oentre  heimpreMed  iMi  liiohen» 
▼enly  bodies,  and  also  on  all  the  parts  of  the 
earth,  this  centre  would  remain  iintnoveable,  as 
also  its  axis  of  rotation;  but  this  ioiprea^ed  mo- 
tion does  not  cbanf^  at  all /the  apfwanmees^  of 
that  of  the  snof  it  only  transfers  to  this  star,  and 
in  a  contrary  direction,  the  real  motion  of  the 
earth :  the  appearances  are  conseqiiently  the 
sanie»  whether  the  easSh  be- su^possd^to  be  a| 
rest»  or  to  revolve  about  the  sun.  In  -order  to 
trace  more  particularly  the  identity  of  these  ap- 
pearances, let  us  conceive  a  radius  drawn  from 
the  centre  of  the  earth  to  that  of  the  sun ;  this 
ladhiswilllieperpendienlar  to  4he  friane  whidi 
separates  the  enlightened  irotii  the  daricetied'  he-' 

iniyphere  of  the  earth.  The  sun  is  vertical  to 
the  point  where  it  intersects  the  surface  of  the 
^uth,  and  all  the  points  of  the  terrestrial  paralr 
]si»  ndiiohthis  ray  meets  snecessiyelyi  Inoonse-' 
qnenee  of  the  diurnal  motion  hiive  thttf^  star  in 
their  zenith  at  noon.  But  whether  the  sun  re- 
volves about  the  eaith»  orthe  earth  about  the  sua 
and  OB-  its  vfm  axis»  as  it  alirajrs  preserves  itii 
parallel  poaitiony  i$  is  evident'  tfaafi  Hfis  'radhis 
will  trace  tlie  same.sarve  on  the  surfkCe  of  the 
earth ;  in  each  case  it  intersects  the  same  terres- 
trial pafallels.  When  the  apparOnl>longitttdoof  Ihe 
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Mill  k  the  ifune,  thk  star  will  be  equally  elevaled 
above  tbe  horizon,  and  the  duration  cf  the  dayv 

will  be  equal.  Thus,  the  seasons  and  the  day!* 
are  precisely  the  same,  whether  the  sun  be  suppos- 
ed to  beat  reet»  or  to  reyol?e  about  {d)  the  earth ; 
and  the  explanation  of  the  seasons,  whioh  baa  been 
given  in  the  preceding  book,  is  equally  applicable 
to  the  first  hypothesis. 

The  planets  all  move  in  the  same  direction 
about  the  son,  but  with  different  velodtiea  \  the 
durations  of  ihehr  reTolutions  increase  in  a  greater 
ratio  than  their  distances  firom  this  star  ;  for  in- 
stance, Jupiter  employs  nearly  twelve  years  to 
perform  its  revolution,  but  the  radius  of  the  orbit 
is  <Hily  five  times  greater  than  the  radius  of  the 
earth's  orbit;  its  real  velocity  is  consequently 
less  than  that  of  the  earth.  This  diminution  of 
velocity  in  the  planets  according  as  they  are  more 
distant  from  the  sun,  obtains  generally  from 
MereuTy,  which  is  the  nearest,  to  Uranus,  whidi 
Is  the  most  remote  from  this  star ;  and  it  follows, 
from  the  laws  which  we  shall  hereafter  demon- 
strate, that  the  mean  velocities  of  the  planets  are 
reciprocally  as  the  square  roots  of  (e)  their  mean 
distances  from  the  sun. 

Let  us  consider  a  planet  of  u^ich  the  orbit  is 
surrounded  by  that  of  the  earth,  and  follow  it 
from  its  superior  to  its  inferior  conjunction  :  its 
apparent  or  geocentric  motion  is  the  result  of  its 
real  motion  combined  with  that  of  the  earth,  es« 
timated  in  a  contrary  direction.  In  the  superior ^ 
conjunction,  the  real  motion  of  the  planet  is 
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ctmtnay  to  tliat  of  the  earth ;  therefore  its  geo- 
oentriok  motion  is  then  equal  to  the  sum  of  these 

two  motions,  and  it  has  the  same  direotion  as 
the  geocentrick  motion  of  the  sun,  which  re. 
suits  from  the  motion  of  the  earth  transferred  to 
this  star  in  a  contrary  direction;  consequently 
the  apparent  motion  of  the  planet  is  direct  In  in- 
ferior  conjunction,  the  direction  of  the  motion  of 
the  planet  is  the  same  as  that  of  the  earth,  and  as 
it  is  greater,  the  geocentridc  motion  preserves  the 
sam^  direction,  which  consequently  is  contrary  to 
the  apparent  motion  of  the  sun ;  therefore  the 
planet  is  then  retrograde.  It  is  easy  to  conceive  that 
in  the  passage  from  the  direct  to  the  retrograde  mo- 
tion, it  must  appear  without  motion,  or  stationary, 
and  that  this  will  happen  hetween  the  greatest 
elongation  and  inferior  (f)  conjunction,  when  the 
geocentrick  motion  of  the  planet  resulting  from 
its  real  motion  and  that  of  the  earth,  applied  in  a 
contrary  direction,  is  in  the  direction  of  the  visual 
ray  of  the  planet  These  phenomena  are  entirely 
conformable  to  the  motions  that  are  observed  to 
take  place  in  the  planets  Mercury  and  Venus. 

The  motion  of  the  planets,  whose  orhits  com- 
prehend that  of  the  earth,  has  the  same  direc- 
tion in  their  oppositions,  as  the  motion  of  the 
earth,  but  it  is  less,  and  being  combined  with 
this  last  motion  applied  in  ar  contrary  direction, 
the  direction  of  the  motion  which  it  assumes^is 
exposed  to  its  primitive  direction,  therefore  in 
this  position,  the  geocentrick  motion  of  these  pla- 
nets is  retrograde,  it  is  direct  in  the  conjunctions 
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like  the  inotioDS  of  Venus  and  of  Mercury,  idiioh 
are  also,  direct  in  their  superior  conjoDctiotia; 
If  the  motion  of  the  earth  be  transferred  to  the 

stars  in  a  contrary  direction,  they  must  appear  to 
dtescribe  in  the  interval  of  a  year,  a  circumference 
equal  and  parallel  to  the  terrestrial  ori>it»  the  di- 
ameter  of  which  would  subtend  the  star,  an 
angle  equal  to  that  under  which  the  diameter  of 
this  orbit  would  appear  (^)  from  their  centre.  This 
apparent  motion  is  very  similar  to  tliat  which  re-' 
suits  from  the  combination  of  the  motion  of  the 
earth  with  that  of  liglit,  in  consequence  of  which 
the  t>tars  appear  to  dt scribe  annually,  a  circum- 
ference parallel  to  tho  ecliptic,  the  diameter  of 
which  subtends  an  angle  equal  to  but  it  dif-^ 
fers  from  it  in  this,  that  in  the  first  circumference 
the  position  of  the  stars  is  precisely  the  same  as« 
that  of  the  sun,  whereas  in  the  second  circumfer- 
ence they  are  less  advanced  than  this  star,  by  one 
hundred  degrees.  It  is  by  means  of  this  circum- 
stance that  we  are  able  to  distinguish  between 
these  two  uiolions,  and  tliat  we  are  assured  that 
the  first  is  at  least  extremely  small,  as  the 
immense  distance  of  the  fixed  stars  renders  the 
angle,  which  the  diameter  of  the  earth*s  orbit 
subtends  when  seen  fi*om  tliis  distance,  almost 
insensible. 

As  the  axis  of  the  world  is  the  prolongation 
of  the  axis  of  rotation  of  the  earth,  the  motion 
of  the  poles  of  the  celestial  equator,  indicated 

by  the  phenomena  of  precession  and  nu- 
tation (which  have  been  explained  in  the  XlUth 
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Chapter  of  the  first  book),  must  be  referred  to 
this  last  axis.  Therefore  at  the  same  time  that  the 
earth  reTolves  on  its  axis  and  about  the  8un»  its 
axis  d  rotation  moves  very  slowly  about  the  poles 

of  the  ecliptic,  making  very  small  oscillations,  the 
period  of  which  is  the  ^auie  as  the  motion  of  the 
nodes  of  the  lunar  orbit.  1  inally,  this  motion  is 
not  peculiar  to  the  earth,  for  it  has  been  obsenred 
in  the  IVth  Chapter  of  the  first  book,  that  the 
axis  of  tlie  moon  moves  in  the  same  period,  about 
the  poles  of  the  ecliptic. 
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Of  the  laws  of  motion  of  the  ])I(inets  abovU  the  stm, 
and  of  the  figure  qf  their  orbits^ 

Nothing  would  be  more  easy  than  to  caleulate 

froQi  the  preceding  data,  the  position  of  the  pla- 
nets at  any  given  moment,  if  their  motions  about 
the  sun  were  circdiar  and  uniform.  But  they 
are  subject  to  veiy  sensible  inequalities^  the  laws 
of  which  constitute  one  of  the  most  important 
objects  of  Astronomy,  and  the  only  clew  which 
can  conduct  us  to  a  knowledge  of  the  general 
principle  of  the  heavenly  motions.  In  order 
to  recognize  these  laws  in  the  appearanoes 
which  the  planets  present  to  us,  we  must 
divest  their  motions  of  the  effects  of  the  motion 
of  the  earth,  and  refer  to  the  sun,  their  position 
as  observed  from  different  points  of  the  earth's 
orbit.  The  dimensions  of  this  orbit  must  be 
therefore  first  of  all  deteimined,  and  the  law  of 
the  motion  of  the  earth. 

It  has  been  shewn  in  the  second  Chapter  of  the 
first  book,  that  the  apparent  orbit  of  ^e  son  Is 
an  ellipse  of  which  the  earth  occupies  one  of  the 

foci,  but  as  the  Ban  is  really  immoveable,  he 
should  be  placed  in  the  focus,  £md  the  earth  in  the 
drcnmference  of  the  ellipse.   The  motion  of  the 


Digitized  by 


THE  MOTION  OF  TSB  FLAM£T8»  ftc  181 

ran  wOl  be  the  same,  and  in  order  to  obtain  the 
position  of  the  earth  as  seen  from  the  centre  of 
the  8iin,  we  should  increase  the  position  of  that 
star,  by  two  right  aoglea. 

it  was  also  observed,  Aat  the  sun  appears  to 
moTO  in  his  orbit  in  sueh  a  manner  that  the  ra- 
dius vector,  which  connects  its  centre  with  that  of 
the  earth,  traces  about  it  areas  proportional 
to  the  times  in  which  the^  are  described^  but 
in  reaHty  these  areas  are  traced  about  tbe  sun* 
In  general,  every  thing  that  has  been  stated 
in  the  chapter  already  cited,  relative  to  tlie  ex- 
centricity  of  the  solar  orbit  and  its  variations,  and 
reqpeoting  the  position  and  motion  of  its  perigee^ 
may  be  also  applied  to  the  terrestrial  oriHti 
with  this  sole  exception,  namely,  that  the  earth's 
perigee  is  distant  by  two  right  angles  from  the 
perigee  of  the  sim.  The  £gureof  the  earth's  or« 
bit  being  thus  Icnown,  let  us  examine  how  those 
of  the  other  planets  mi^  be  determined.  For  ex* 
ample,  let  us  consider  the  planet  Mars,  which, 
from  the  great  excentricity  of  its  orbit,  and  its 
proximity  to  the  earth,  is  peculiarly  well  adapted 
to  make  known  the  laws  of  the  planetary  mo* 
tions. 

The  orbit  of  Mars  and  its  motion  about  the  sun 
would  be  known,  if  the  apgle  which  its  racUus 
vector  makes  with  an  uivariable  line 
through  the  centre  of  the.  son  be  known  at  any 
instant,  and  also  the  lisngth  of  this  radius.  In 
order  to  simplify  the  problem,  we  select  those 
positions  ofMars»  in  which  one  of  these  quan* 
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titles  4»ii  be- found  sepinteljr;  and  thib  is  wgr 
.neerlfthe'caseiii-tbeoppoiatioiu^  when  thsfta^ 
net  18  obeerred  to  comeipond  to  Hie  flame  point  of 

the  ecliptic,  to  which  it  would  be  referred  from 
the  centre  of  the  sun.  .From  the  diflFerence  he- 
reon the  angular  motions  of  the  earth  and  Mars* 
4his  planet  coircsponds  to  diflerent  points  of  the 
heavens  in  soccessive  oppositions,  theretoe  hf 
comparing  together  a  great  number  of  observed 
oppositions,  we  are  enabled  to  discover  the  law 
whioh  exists  between  (a )  the  time  and  the  anguhur 
motion  of'  Mars  about  the  srni,  which  is  termed 

his  Jieliocentrick  motimi.  The  different  methods 
which  are  furnished  by  analysis,  are  considerably 
simplified  in  the  present  case,  by  considermg  that 
as  the  principal  inequalities  of  .Mars  become  the 
same  at  the  termination  of  each  sidereal  revohi* 
tion,  their  sum  may  be  (h)  expressed  by  a  rapidly 
converging  series  of  the  sines  of  angles  which  are 
multiples  of  its  mean  motion,  the  coefiicients  of 
which  series  may  be  easily  determined  by  means 
of  some  select  observations. 

The  law  of  the  radius  vector  of  Mars  may  after- 
wards be  obtained,  by  comparing  observations  of 
this  planet  madenear  its  quadratures*  in  which  case 
the  uig^e  which  this  radius  subtends  is  the  greatest 
In  the  triangle  formed  by  lines  which  join  the  cen- 
tres of  the  earth,  of  the  sun  and  of  Mars,  the  angle 
at  the  earth  is  determined  by  direct  observation,  the 
law  of  the  heliooentrick  motion  (c)  of  Mars,  fur- 
liishes  the  angle  at  the  sun,  by  means  of  which  we 
may  deteimine  the  radius  vector  of  Mai*s  in  parts  of 
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the  radini  of  the  earth,  which  is  itself  detenntned 

in  parts  of  the  mean  distance  of  the  earth  from  the 
sun.  By  comparing  together  a  great  number  of 
radii  vectores  thus  determiacd,  the  law  of  their , 
wlatioiiB  corresponding  to  the  angles  which  they 
make  with  an  invariahle  right  line,  may  he  de- 
termined, by  which  means  the  figure  of  the  orbit 
can  he  traced. 

It  was  hy  a  method  very  neariy  umtlar>  that 
Kepler  discovered  the  lengthened  form  of  the  orbit 
ofMars;  he  conceived  the  fortunate  idea  of  compar- 
ing  its  figure  with  that  of  an  ellipse,  the  sun  being 
in  one  of  the  foci ;  and  the  numerous  observations 
of  Tycho  exactly  represented  in  the  hypothesis  of 
an  elliptic  orbit»  left  no  doubt  as  to  the  troth  of 
this  hypothesis. 

The  extremity  of  the  greater  axis  of  the  orbit 
which  is  nearest  to  the  sun,  is  called  the  periliellon^ 
and  the  aphelion  is  the  extremity  which  is  farthest 
from  the  sun.  The  angular  velocity  of  Mars  about 
the  sun  is  greatest  at  the  perihelion  ;  it  diminishes 
according  as  the  radius  vector  increases,  and  it  is 
least  at  the  aphelion.  A  comparison  of  this  ve- 
locity with  the  powers  of  the  radius  vector,  shews 
that  it  is  reciprocally  proportional  to  its  square, 
from  which  it  follows,  lliat  the  product  (t/)  of  the 
daily  h ell oecen trick  motion  of  Mars,  into  the 
square  of  its  radius,  is  coostanU  This  product  is 
double  of  the  small  vector,  traced  by  its  ra* 

dius  about  the  sun,  thrrcfore  the  area  which  it 
describes  departing  from  an  invariable  line  pas. 
dug  through  the  centre  of  the  sun,  incnsases  as 
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ttienomber  of  dajB  which  have  lapced  since  the 
epoch  when  the  planet  was  upon  tiiis  line  ;  con- 

sequently  the  areas  described  by  the  radius  of 
Mars  are  proportional  to  the  times.  These  laws  of 
the  motion  of  Mars,  which  have  beendiscoTered  by 
Kepler,  are  the  same  as  those  of  the  apparent  mo* 
tion  of  sun,  which  have  been  developed  in  the  se- 
cond Chapter  of  the  first  book,  they  ( (lually  obtain 
in  the  case  of  the  earth.  It  was  natural  to  extend 
them  to  the  other  planets ;  Kepler  therefore  es- 
tablished as  fundamental  laws  of  the  motions  of 
these  bodies,  tbe  twa  Ibllowing,  which  all  subse- 
quent observations  have  fully  confirmed. 

The  orbita  of  the  planeU  are  ellipses,  of  which 
the  eenire  oftlte  #»»  occupke  em  of  thefocL 

The  areas  ekeeribed about  ihiecenirehy  the  radH 
vectorcs  of  the  planets^  are  proportional  to  the  times 
of  their  description* 

These  laws  are  sufficient  to  determine  tiiie  mo- 
tion of  the  planets  about  the  sun ;  but  besides  it 

is  necessary  to  know  for  each  of  them,  seven  quan- 
tities, which  have  been  called  tlie  elements  of 
elliptic  motion.  Five  of  these  elements  respect  the 
motion  in  the  ellipse,  and  are,  Ist,  the  duration 
of  the  sidereal  revolution ;  Sd,  the  semiaxes  ma- 
jor of  the  orbit,  or  the  mean  distance  of  the  pla- 
net from  the  sun ;  3d,  the  excentricity,  from 
which  may  be  obtained  the  greatest  equation  of 
the  centre  $  4th,  the  mean  longitude  of  the  pla- 
net at  a  given  epoch  ;  5th,  the  longitude  of  the 
perihelion  at  the  same  epoch.  The  two  other 
elements  are  relative  to  the  position  of  the  orbit 
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itself ;  and  are  1st,  the  longitude  at  a  given  epoch, 
*  of  the  nodes  of  the  orbit,  or  of  its  poiats  of  inter* 
iection  with  a  pUme  which  ii  ufluaUy  aaeiimed  to 
be  that  of  the  ecliptic.  The  indinatioii  of  the 
orbit  to  this  plane.  Therefore,  for  the  seven  pla- 
nets which  were  known  previous  to  the  present 
century,  there  were  forty-nine  elements  to  be  der 
termined.  The  following  table  eachibitB  all  those 
elemaits  for  the  first  instant  of  the  preeent  cen- 
tury, i.  e,  for  the  first  of  January,  1801,  at  mid- 
night, according  to  the  mean  time  of  Paris. 

The  examinatioii  of  this  table  shews  that  the 
durations  of  the  revolutions  of  the  planets  increase 
.  with  their  mean  distances  from  the  sun.  Kepler, 
for  a  long  time,  sought  the  relation  which  existed 
between  the  distances  and  periods  ^  after  a  great 
niimher  of  trialsy  continued  during  sixteen  years* 
be  at  length  recognized  that  the  squares  (e )  of  the 
times  of  the  planets'  revolutions,  are  to  each 
other  as  the  cubes  of  the  major-axes  of  their  orbits. 

Such  are  the  fundamental  laws  of  the  planetary 
motiout  which  by  exhibiting  atronomy  under  a 
new  aspect,  have  led  to  the  dtscoyery  of  universal 
gravitation. 

The  planetary  ellipses  are  not  invariable  ;  their 
major  axes  appear  to  be  always  the  same ;  but  their 
excentridties,  theurindinations  toa  fixedplane,the 
positions  of  their  nodes  andperihelions,  aresulject 
to  variations,  which  hitherto  appearto  increasepro- 
portionally  to  the  time.  As  (f)  these  variations 
do  not  become  sensible  until  after  the  lapse  of 
ages»  they  have  been  deniwifaBated  Mciifar  Ifieg^ 
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Hku.  '  There  cah  be  no  doubt  of  their  exSMDee ; 
botmodern  obtmatf ons  are  not  suffidfenrdy  to- 

moved  tVom  each  oilier,  nor  are  the  ancient  ob- 
servations sufficiently  exact  to  enable  us  to  deter- 
mine exactly  their  precise  quantity. 

There  bave  been  likewise  observed  periodic  in- 
equalities, which  derange  the  elliptic  motions  of 
the  planets.  That  of  the  eaith  is  a  little  affected  ; 
for  it  has  been  before  observed,  that  the  apparent 
elliptic  motion  of  the  son  appears  to  be  so.  Bttt 
these  inequalities  are  principally  apparent  in  the 
two  larger  planets,  Jupiter  and  Saturn.  From  a 
comparison  of  ancient  with  modem  observations, 
astronomers  have  inferred  a  diminution  in  the  du- 
ration of  Jnptter^s  revolution,  and  an  increase  in 
that  of  Saturn.  A  comparison  of  (p)  modem  obser- 
vations  with  each  other  furnishes  a  contrary  result  j 
which  seems  to  indicate  in  the  motion  of  these 
planets;  great  ineqnalities  of  very  long  periods.  . 
In  the  preceding  century,  the  duration  of  the  re- 
volutions of  Saturn  seemed  to  be  different,  ac- 
cording as  the  departure  of  the  ]»]aiiet  is  supposed 
to  take  place  from  different  points  of  its  orbit; 
its  returns  to  the  vernal  equinox,  have  been  more 
rapid  than  to  the  autumnal.  '  Finally,  Jupiter  and 
Saturn  ex|>er!ence  inequalities,  which  amount  to 
several  minutes,  and  which  seem  to  dejtend  on 
the  situation  of  these  planet^:,  either  among  them- 
selves, or  with  respect  to  their  perihelions.  Thus, 
every  thing  indicates  that  in  the  planetary  sys- 
tem, independently  of  the  principal  cause  which 
makes  the  planets  to  revolve  in  elliptic  orbits 
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cftuses,  which  dtelmge' their  Biotioni»  and  nX 
length  change  the  elements  of  their 
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THE  PLANETS. 

Durations  of  their  sidereal  revolutions. 


MercQiy 

VenTM 
The  Earth 
Man  • 
Jupiter 

Saturn 
Uranus 


daji. 

87,  96995904, 

224.,  70U78(i9O 

365,  256^8350 

696,  97964^8 

4382,  5848212 

10759,  219HI74 

80686,  S^OHfiQii 


liaxes  axes  majima  of  their  orbits^  or  their 
mean  distances. 


Mercury 

Venus 

The  Earth 

Mars 

Jupiter 

Saturn 

ITranos 


0,3870981 
0,7283316 
1,0000000 

1,5236923 
5,20^776 

9,5387861 
19,1828901 
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'  BMtio  of  the  ezosntrioiUet  to  the  senaiexei 
joree  at  the  oommenoement  of  i801« ' 


Ifercury 

Venus 

The  Earth 

Mars 

Jupiter 

Satom 

Uranus 


0,90551494 

0,00686074? 

0,01685318 

0,0933070 

O»0iHl62i60 

0,05616051 

0,0466108 


The  mean  longitude  for  the  midnight,  which 
separates  the  31st  of  December,  1800,  and  the  let 
of  Januaiy^  180I»  mean  time  at  Paris. 


Mercury 
Venus 
The  Earth 
Mars 

Jupiter 
Saturn 
Uranus 


182,15647 
11,93259 
111,28179 

71,24071 

124,68251 
150,35854 
197*55589 


Mean  longitude  of  the  perihelioD,  at  the 
epoch. 


Mercury 

Venus 

The  Earth 

Mars 

Jupiter 

Saturn 

Uranus 


143,0349 
110,5.571 
369,3323 
12,8810 
99,0647 
186,1500 
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The  sidereal  and  Becuiar  moUon  of  the  perihe- 
m»  (the  Bign  —  indicates  a  letrogade  motion.) 


Merouiy 
Venos 

The  Earth 

Mare 

Jupiter 

Saturn 

Uranus 


826,76 

8646,61 
4882,70 

740,98 


The  inclination  of  the  orhit  to  the  ecliptic  al 
the  commencement  of  1801. 


Mercury 
Venus 
The  Earth 
Mara 

Jupiter  • 
Saturn  • 
Uranus 


7,78058 
S,76807 
0»00000 
S,05746 

1,46029 
2,77027 

0,86063 


The  secular  Tariation  of  the  hidinatioA  to  the 
true  edipticy  (the  sign  indicates  a  diminu^ 
tion.) 


Mercury 
Venus 
The  Earth 
Mara. 
Jupiter 


50,12 
14,05 

0^81 
»,77 
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Saturn       .  .  •  ^ 

♦  - 

Uranus 

The  longitude  of  the  ascending 
oemmNioeinent  of  1801. 


47,88 
9,73 


Mercmy 
Yeniis  / 
'Hie  Earth 
Mars 
Jupiter  • 
Saturn  » 
Uranus 


83,£26S 
0,0000 

109,3762 

124,3819 
81,1095 


The  sidereal  and  secular  motion  of  the  node 

on  tlic  true  ecliptic  (the  signs  —  indicates  a  re- 
trograde motion,) 


Mercury 

Venus 

The  Earth 

Mars 

Jupiter 

Saturn  • 

Uranus 


.  677 r>m 

0,00 

7187,50 

-4880,97 

11107,43 


The  elementB  of  the  orhits  of  the  four  planets 
recently  discovered  cannot  be  yet  obtained  with 

precision,  as  the  time  during  which  they  have  been 
observed  has  been  very  short  ^  besides  the  consi- 
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derable  perturbations  which  they  experience, 
have  not  as  yet  been  determined.  Underneath 
are  presented  the  elliptic  elements  which  beat 
satisfy  the  observations  hitherto  made,  but  they 

ought  only  to  be  considered  as  a  first  sketch  of 
the  theory  of  the  planets. 

Durations  of  their  sidereal  revolutions^ 

dayft. 

Ceres  .  .  1681,3931 

Pallas  .  .  1686,5388 

Juno   .  .  1592,6608 

Vesta  .         .  1335,7431 

Semi  axes-majores  of  their  orbits. 

Ceres  .         .  .  «,767245 

Pallas  .  .  $?,77'2886 

Juno  /■       .  .  2,6(39009 

Vesta  .  .  9,36787 

Ratio  of  the  ezcentrldty  to  the  semiaxis 

major. 

Ceres  .  •  .  0,078439 
Pallas  .         .  0,241648 

Juno     ♦  .  .  0,257848 

Vesta   .        .        .  0,089130 
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Meau  loDgitude  at  the  midaiglit  commeuciug 

1820. 

Ceres  .  .  .  136,8461 
Pallas     .  .  .  li2U,3422 

Juno       .  .  .  ^95,3989 

Veata     .         •         •  d09,S917 

Longitude  of  the  perihelion  at  the  iame 


Ceres   .        •  .163,  47«7 

Padlaa  .        .         .      154,  5-54 

J™o    •         •  •       4^9,  ^1« 

Vesta  .  ftfj^  fiS58 

^Mlination  of  the  orbit  to  the  ediptic. 


Ceres 
Pdlas 
Juno 


11,8(H4 

38,4344 
11,5215 
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Longitude  of  the  ascending  node  at  the  com- 
mencement of  1810 

Cere«  ,  .  .  87°6557 

Pallas  .  .  .  191,8416 

Juno  .  .  .  190,14^21 

Ve»ta  .  .  .  114^,690$ 


CHAP.  V 


Of  the  figure  of  the  orbits  of  the  comets^  and  of  the 
laws  of  their  tnotioti  about  the  sun, 

Thb  8im  being  at  the  focug  of  the  planetary  orbitSi 
it  M  natural  to  suppose  that  he  is  also  in  the  focus 

of  the  orbits  of  the  comets.  But  as  these  stars  dis- 
appear after  having  been  visible  Bome  months  at 
most,  their  orbits,  instead  of  being  nearly  circular, 
like  those  of  the  planets,  are  reiy  exeentric,  and 
the  sun  is  very  near  to  that  part  in  which  they  are 
visible.  The  ellipse,  by  means  of  the  infinite  va- 
rieties which  it  admits  of  from  the  circle  to  the 
parabola,  may  represent  these  different  orbits. 
Analogy  leads  us  then  to  suppose  that  the  comets 
moye  in  ellipses,  of  which  the  sun  occupies  one  of 
the  foci,  and  to  consider  them  as  moving  accord- 
ing to  the  same  laws  as  the  planuts,  so  that  the 
areas  traced. by  their  radii  vectores  are  equal  in 
equal  times. 

I      It  is  almost  impossible  to  know  the  duration  of 

the  revolution  of  a  comet,  and  consequently  tlie 
greater  axis  of  its  orbit,  by  an  observation  of  only 
one  of  its  appearances  ^  hence  the  area  which  its 
radius  vector  describes  in  a  given  tame,  cannot 
be  determmed  rigorously.  But  it  should  be 
considered  that  the  small  portion  of  the  ellipse. 
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desoribed  by  the  comet  during  its  appearance, 

may  be  supposed  to  coincide  with  a  parjiholn,  and 
that  thus  its  motion  may  be  calculated  in  this  in* 
tenral,  as  if  it  was  parabolical. 

According  to  the  laws  of  Kepler^  the  sectors, 
traoed  hi  eqtml  times  by  the  radii  yectores  of 
two  planets,  are  to  each  other  as  the  areas  of  (a) 
their  ellipseA,  divided  by  tiie  times  of  their  revolu- 
tions ;  and  the  squares  of  these  times  are  to  each 
oHier  as  the  cubes  of  their  greater  semiaxes.  It 
is  easy  to  infer  from  this,  that  if  a  planet  be  sup- 
posed to  move  in  a  cin  ulur  orbit,  of  which  the 
radius  i$  equal  to  the  perihelion  distance  of  the 
oomety  the  sector,  described  by  the  radius  vector 
of  the  comet,  will  be  to  the  corresponding  sector 
described  by  the  radius  vector  ot"  the  planet,  in  the 
ratio  of  the  square  root  of  the  aphehon  (b)  dis- 
tance of  the  comet  to  the  square  root  of  the  semi- 
a»s  major  of  its  orbit,  which  ratio,  when  the 
ellipse  changes  into  a  parabola,  becomes  that  of 
the  square  root  of  two  to  unity ;  by  this  means, 
the  ratio  of  the  sector  of  the  comet  to  that  of  the 
fictitious  planet  may  be  obtained  ^  and  it  is  easy 
by  what  precedes  to  obtain  the  ratio  of  this  sector 
to  that  which  the  radios  vector  of  the  earth  traces 
in  the  saino  time.    We  can  therefore  determine 
for  any  instant  whatever,  the  area  traced  by  the 
radius  vector  of  the  comet,  commencing  with  the 
moment  of  its  passage  through  the  perihelion, 
and  fix  its  position  in  the  parabola,  which  it  is 
supposed  to  describe. 

od 
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Nothing  more  is  necessary  but  to  determine^ 
by  means  of  observations,  the  elements  of  the 

pariibolick  motion,  that  is  to  say,  the  perihelion 
distance  of  the  comet,  in  parts  of  the  mean  dis- 
tance  of  the  sun  from  the  earth,  the  position  of 
tiie  perihelion^  the  instant  of  the  passage  through 
the  perihelion,  the  inclination  of  the  orbit  to  the 
ecliptic^  and  thr  position  of  its  nodes.    Tlio  in- 
vestigation oi  these  live  ehMiicnts  present^i  greater 
difficulties  than  that  of  the  elements  of  the 
planets,  which  being  always  visible,  may  be  com- 
pared in  position's  the  most  favourable  to  the  de- 
tennination  of  these  elements,  while  on  the  other 
hand,  the  comets  are  only  visible  for  a  short  time, 
and  almost  always  in  circumstancs,  in  which  their 
apparent  motion  is  extremely  complicated  by  the 
real  niDiii>]i  of  the  earth,  which  we  transfer  to 
them  in  a  contrary  direction.  Notwithstanding 
all  these  obstacles,  we  have  succeeded  by  dif- 
ferent methods,  in  determining  the  orbits  of  the 
comets.    Three  complete  observations  are  more 
than  sufficient  lor  this  purpose  ;  all  the  othei*s 
serve  only  to  confnin  thp  accuracy  of  these  ele- 
ments, and  the  truth  of  the  theory  which  we  have 
explained.   More  than  one  hundred  comets,  of 
which  the  numerous  observations^,  are  exactly  re- 
presented  by  this  tiieory,  remove  all  doubt  as  to 
its  accuracy.    Thus,  the  comets,  which  for  a  long 
time  were  regarded  as  meteors,  are  stars  similar 
to  the  planets  j  their  motions  and  their  returns 
are  regulated  by  laws  similar  to  those  w  hich  in« 
iluence  the  plauctary  motions. 
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Let  us  take  notice  here^  how  the  trae  Bystem 
of  nature,  according  as  it  developes  itself,  re- 
ceives more  confirmation.    The  simplification  of 

the  celestial  phenomena,  on  the  hypothesis  that 
the  earth  moves,  cooipaied  with  their  great  com- 
plexity, on  the  hypothesis  of  its  immohility,  ren- 
ders the  first  of  these  hypotheses  extremely  pro- 
hahle.  The  laws  of  elliptic  n^otion,  common  tlien 
to  the  planets  and  to  liie  comets,  increase  this  pro- 
hahility  considerably,  which  becomes  still  greater 
from  the  consideration  that  the  motions  of  the 
comets  are  subject  to  the  same  laws. 

These  stai*s  do  not  all  move  in  the  same  direc- 
tion, like  the  planets.  Some  have  an  actual  direct 
motion,  the  direction  of  the  ujotion  of  others  is 
retrograde ;  the  inclinations  of  their  orbits  are  not 
confined  within  a  narrow  zone  like  those  of  the 
planetary  orbits  ;  tin  y  exhibit  all  varieties  of  in- 
clination, from  the  orbit  situated  on  the  plane  of 
the  ecliptic,  to  an  orbit  perpendicular  to  this 
plane. 

A  comet  is  recognized  when  it  reappears,  by 
the  identity  of  the  elements  of  its  orbit  with  those 
of  the  orbit  of  a  comet  aiicady  observed.  If  tlie 
perihelion  distance,  the  position  of  this  perihe- 
lion and  of  its  nodes,  and  the  inclination  of  its 
orbit  be  very  nearly  the  same,  it  is  then  extremely 
probable  that  the  comet  which  appears  is  that 
which  had  been  observed  before,  and  wliich  after 
having  receded  to  such  a  distance  that  it  was  in* 
visible,  returns  into  that  part  of  its  orbit  which  is 
nearest  to  the  sun.   As  the  durations  of  the  revo- 
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lutions  of  comets  are  very  long,  aud  as  it  is  not 
quite  two  centuries  since  these  stars  have  been 
oarefiilly  observed,  thep^odofthereTolutioiiof 
only  one  oomet  is  known  with  certainty,  namely, 
that  of  1759>  ^vllicll  had  been  bcibre  observed  in 
1682,  1(307,  and  1^31.  This  comet  returns  to 
its  perihelion  in  about  seventy^ux  yean.  There- 
fore  if  |he  mean  distance  of  the  sun  from  the  earth 
be  assumed  equal  to  unity,  the  greater  axis  of  its 
orbit  is  very  nearly  35,9  ;  tind  as  its  perihelion 
distance  is  only  0,^8,  it  recedes  from  the  sun,  at 
least  thirty-five  times  farther  than  the  earthy  de- 
scribing an  extremely  excentric  ellipee.  Its  return 
to  the  perihelion  was  longer  by  thirteen  months 
from  1531  tu  iGO?,  than  from  160?  to  1682 ;  and 
it  was  eighteen  montlis  sliortcr,  from  1607  to 
168S,  than  from  108«  to  17^9*  It  appears  there- 
fore that  causes  similar  to  those  which  derange 
the  elliptic  motion  of  the  planets,  disturb  also 
that  of  the  comets  in  a  much  more  sensible 
manner. 

The  return  of  some  other  comets. has  been  sus< 
pected ;  the  most  probable  of  these  returns  was 

that  of  the  coniet  of  1532,  which  was  supposed  to 
be  the  same  with  that  of  1G6 1 ,  the  time  of  the  revo- 
lution of  which  has  been  fixed  at  1S9  years,  but 
this  comet  not  having  aj^ared  in  1790»  as  was  ex- 
pected, there  is  great  reason  to  believe  that  these 
two  comets  were  not  the  same,  and  we  shall  not 
be  surprized  at  this,  if  we  consider  the  inaccuracy 
of  the  observations  of  Appian  and  Frucastor,  from 
which  the  elements  were  determined  in  15M. 
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These  obiemtions  «re  so  nid«»  that  accordiiig  to 
Mieeh>ip»  who  has  omlcillj  examined  them*  they 
ieaye  an  nnoertainty  of  41%  on  the  position  of  the 

node,  of  10',  oil  the  inclination,  of  on  the  po- 
sition of  ttie  perihelion,  and  of  0,355  ou  the  pe*- 
rihelion  disUmoe. 

The  elemente  of  the  orbit  of  the  comet  obsefr^ 
ed  in  1818,  correq[K>nd  eo  exactly  with  those  of 
the  orbit  of  the  comet  obsenred  in  1805,  that  it 
has  been  iulerred  that  these  comets  are  the  same, 
whioh  would  assign  the  short  period  of  thirteen 
year*  for  the  time  of  reyolution,  provided  that 
there  was  no  intermediate  return  of  the  eomet  to 
its  perihelion*;  bnt  M.  Enk  has  ascertained  by 
a  careful  discussion  of  the  numerous  observations 
of  this  stur  in  1818  and  1819,  that  it«  revolution 
is  still  less  by  ISOd"  very  nearly ;  he  concluded  that 
it  should  reappear  in  18Si^ :  and  in  order  to  fiun. 
litate  to  obflervem  the  means  of  finding  it  again, 
he  computed  the  position  which  it  aught  to  have 
on  each  day  of  its  approacliint^  appearance.  From 
the  southern  declinations  of  the  comet  during  the 
time  of  this  appearance,  it  is  almost  impossible  to 
obeenre  it  in  Europe.  Fortunately  it  has  been  ob* 
served  at  New  Holland  by  M.  Rumker,  an  expert 
Atetroiiomer,  who  was  l>i  ou^lit  there  hy  General 
Brisbane,  who  is  himself  an  ahle  xistronomer, 
and  has  interested  liimself  vrry  much  in  the  ad- 
vancement of  this  science.  M.  Rumker  observed 
it  for  each  successive  day,  from  the  Sd  to  the  @Sd  of 
Juno  18^^^,  and  its  observed  positions  accord  m 
well  with  tliotKj  wliich  M.  £uk  had  previously 
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calculated,  that  there  cannot  remain  any  doubt 
on  this  return  of  the  cornet^  predicted  by 
Enk. 

The  nebuloeitj  with  which  the  comets  are  al^ 

most  ahvays  surrounded,  seeins  to  be  formed  by 
the  vapours  which  the  solar  heat  excites  from 
their  surface*  In  fact,  the  great  heat  which  they 
eiperience  near  to  their  perihelion,  may  be  sup- 
posed to  rarify  the  particles  which  have  been  con- 
gealed by  the  excessive  cold  uf  the  aphelion. 
This  heat  is  most  intense  for  those  comets,  whose 
perihelion  distance  is  very  smaU.  The  perihelion 
distance  of  the  comet  of  1680»  was  one  hondred 
and  sixty-six  times  less  than  tiie  distance  of  the 
sun  from  the  earth,  and  consequently  it  ought  to 
experience  a  heat  twenty-seven  tliousand  five  hun- 
dred times  greater  than  that  which  is  communi- 
cated to  the  earth,  if,  as  (d)  eveiy  thing  induces 
us  to  think,  the  heat  is  proportional  to  the  inten- 
sity of  its  liglit.  This  excessive  heat,  which  is 
much  greater  than  any  which  we  could  produce, 
wonld  volatilise,  according  to  all  appearances,  the 
greater  number  of  terrestrial  substances. 

IVhaterer  be  the  nature  of  heat,  we  know  that 
it  dilates  all  bodies.  It  changes  solids  into  flu- 
ids, and  iluids  into  vapours.  These  changes  of 
form  are  indicated  by  certain  phenomena  which 
we  will  trace  from  ice.  Let  us  consider  a  volume 
of  snow  or  of  pounded  ice  in  an  open  vessel  sub- 
mitted to  the  action  of  a  great  heat.  If  the  tem- 
perature of  this  ice  be  below  that  of  melting  ice, 
it  will  inci-ease  up  to  zero  of  temperature.  After 
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haviDg  attained  thm  (e)  point,  the  ice  will  melt 
by  new  addiUmis  of  heat ;  but  if  care  be  taken  to 
agitate  it»  until  all  the  ice  is  melted,  the  water 
into  which  the  ice  is^conyerted,  will  atways  remain 

at  tlic  same  temperature,  and  the  lieat  uommuni- 
catcd  by  the  vessel  will  not  be  sensible  to  the 
thermometer  immersed  in  it,  as  it  will  be  entirely 
occupied  in  conTcrting  the  ice  into  water.  After 
all  the  ice  is  mdted,  the  additional  heat  will  con- 
tinually raise  the  temperature  of  the  water  and  of 
the  thermometer  till  the  moment  of  ebullition. 
The  thermometer  will  then  become  stationary  a 
second  time ;  and  the  heat  conunonicated  by  the 
vessel  will  be  entirely  employed  'in  redocmg  the 
water  into  steam,  the  temperature  of  which  will 
be  the  same  as  that  of  boiling  water.    It  appears 
from  this  detail,  that  the  water  produced  by  the 
melting  of  ice  and  the  vapours  into  whidh  boiling 
water  is  converted,  absorb  at  the  moment  of 
their  formation  a  considerable  quantity  of  caloric, 
which  reappears  in  the  reconversion  of  aqueous 
vapours  to  the  state  of  water,  and  of  water  to  the 
state  of  ice  i  for  these  vapours,  when  condensed  on  a 
coldbody,  communicate  much  moreheat  to  it  than 
it  would  receive  from  an  equal  weight  of  boiling 
water;  besides  we  know  that  water  can  preserve 
its  fluidity,  though  its  temperature  may  be  several 
degrees  below  zero  ;  and  that  in  this  state,  if  it 
is  slightly  agitated,  it  is  converted  into  ice,  and 
the  thermometer,  when  plunged  in  it,  ascends  to 
'  sero,  in  consequence  of  the  heat  given  out  during  , 
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lids  ehange.  All  bodkn  which  we  can  mdce  pM 
from  a  mUd  to  a  fluid  (/)  state,  presont  similar 

phenomena;  but  the  temperatures  at  wluch  their 
fusion  aad  ebullition  oommenoes,  are  very  dii- 
ftrent  for  aaoh  of  them. 
The  pheDoniefion  which  has  been  just  detadM, 

although  very  oniTorsal,  is  only  a  particular  case 
of  the  following  general  law,  "  in  all  the  cJiaiiges 
qf  condUum  which  a  body  utulergoes  from  the  action 
^caioricp  a  pari  ^  th$$  oahrie  is  empkn^  in  pro* 
€fucin^  them,  and  hmmes  htisni^  that  is  to  say,  in- 
sensiblc  to  the  thertnorneter^  hut  it  irtipjmirs  when 
the  systcrii  returns  to  its  pri7tiitive  state**  Thus 

when  a  gas  contained  in  a  flexible  envelope  is  dila- 
ted li^  an  uisrease  of  temperature,  the  thermome- 
ter is  not  affected  by  the  part  of  the  calorie  which 

produces  this  effect,  but  this  latent  part  i)ecome9 
sensible  when  the  gaz  is  reduced  by  compression 
to  its  original  density. 

There  are  bodies  which  oaonot  he  reduced  to  a 
state  of  fluidity,  by  the  gi  eatest  heat  which  we  can 
produce.  There  are  othei-s  whicli  the  greatest 
cold  experienced  on  eanh  is  unable  to  reduce  to 
a  solid  state :  such  are  the  fluids  which  compose 
our  atmosphere,  and  whieb>  notwithstanding  tiie 
preseure  and  coM  to  which  they  have  been  sub- 
jected, have  still  maintained  themselves  iu  the 
state  of  vapours.  But  4heir  analogy  with  aeriform 
floids»  to  which  we  can  reduoe  a  great  number  of 
substances  bytbe  application  of  heat,  and  thehr  con- 
^  densation  by  compression  and  cold,  leaves  no 
doubt  but  that  the  atmospheric  iiuidsare  extremely 
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volfitUe  bodies*  wUch  an  intense  ooU  would  ittp 
duoe  to  a  solid  slate.   To  make  them  assome  this 

state,  it  would  be  sufficient  to  remove  the  earth 
farther  from  the  sun,  as  it  would  be  sufficient  ia 
order  that  water  and  aeverai  other  bodies  ahouki 
enter  into  our  atmospbere^  to  bring  the  earlli 
nearer  to  the  sun.  These  great  vidssitodes  take 
place  in  the  comets,  and  principally  on  those 
which  approach  very  near  to  the  sun  in  their  pe- 
rihelion. Tiie  nebulosities  which  surround  them, 
being  the  effect  of  the  vaporisation  of  fluids  at 
their  surfiuje*  the  oold  which  foUowa  ought  to  mo- 
derate the  excessive  heat  which  is  produced  by 
ihcir  proximity  to  the  suu  ;  and  the  coudciisation 
of  the  same  vaporised  fluids  when  they  recede  from 
it,  repairs  in  part  the  diminution  of  temperature, 
whioh  this  remotion  ought  to  pinodaoe^  so  that  the 
double  effect  of  the  vaporisation  and  condensation 
of  fluids,  makes  the  difference  between  the  ex- 
treme heat  and  cold,  which  the  comets  experience 
•  at  each  revolution,  much  i&»  tUaa  it.  would  otlier- 
wise  be. 

When  the  comets  are  observed  with  very  poww 
erful  telescopes,  and  under  drcumstanoea  fai  whidi 

we  ought  only  to  perceive  u  pm  t  uf  the  illumi- 
nated hemisjtliere,  we  are  not  able  to  discover  any 
phases.  One  only,  comet  namely,  that  of  168^ 
presented  them  to  Hevelius  and  La  Hire. 

We  shall  see  in  the.  sequel,  that  tha  maosoa  of 
the  comets  are  extremely  small,  the  diameters  of 
their  disks  must  therefore  be  nearly  insensible, 
and  what  is  termed  iUeir  nucieus  is  most 
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probably  made  i^  in  a  great  part,  of  the  den- 
sest strata  of  the  nebulosity  which  sorroimds 
them.  Thus  Henchel  has  discovered  by  means  of 

very  powerful  telescopes  in  the  nucleus  of  the 
comet  of  1811,  a  brilliant  point  which  he  judged 
with  reason  to  be  the  disk  of  the  comet.  These 
strata  are  extremely  rare,  in  as  much  as  the  stars 
have  been  sometimes  observed  through  them. 
It  appears  that  the  tails  which  accompany  the 
comets,  are  formed  by  the  most  volatile  particles, 
which  are  excitea  at  their  surface  by  the  heat  of 
the  son,  and  which  are  dispersed  indefinitely  by  the 
impulsion  of  its  rays.  This  may  be  inferred  from 
the  direction  of  these  trains  of  vapour,  whicli  are  al- 
ways beyond  the  comet  relativeJy  to  the  sun,  and 
which  continual  ty  increasing  according  as  these 
stars  approach  to  this  luminary,  do  not  attain 
Uieir  maximum  till  after  these  bodies  have  passed 
through  the  perihelion.  From  the  extreme  te- 
nuity of  the  molecules,  the  ratio  of  the  surfaces 
to  the  masses  is  increased,  so  that  it  may  render 
sensible  the  impulsion  of  the  solar  rays,  (^)  which 
ought  then  to  make  each  particle  to  describe  an 
hyperbolic  orbit,  the  siin  being  in  the  focus  of  the 
corresponding  conjuj^ate  hyperbola.  A  succession 
of  molecules  mo  vine:  on  these  curves  from  the  head 
of  the  comet,  form  a  luminous  train  directed  from 
the  sun,  and  forming  a  small  angle  with  that  part 
oi  the  oomet's  orbit  which  it  has  passed  over ;  this 
Is  In  fact  what  observation  indicates.  From  the 
quickness  with  >v  hicli  these  tails  increase,  we  may 
form  some  estimate  of  the  rapidity  of  ascension  of 
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their  moleculeB.   It  is  poemble  to  eonceive  that 

differences  of  volatility,  of  magnilude,  and  of  den- 
sity, ia  the  molecules,  may  produce  coiiBiderable 
dilfereaces  in  the  curves  which  they  describe, 
which  must  cause  great  varieties  In  tiie  form,  the 
length,  and  the  magnitude  of  the  tails  of  the  co- 
mets. If  these  effects  be  com  hi  nod  with  those 
wliich  may  arise  from  a  rotatory  inotioii  in  these 
stars,  and  from  the  illusions  of  the  annual  paral* 
lax»  we  may  be  able  to  account  for  the  singular 
appearances  which  their  nebulosities  and  tails  ex- 
hibit to  Uf?. 

Aitiiough  the  dimensions  of  the  tails  of  the  co- 
mets may  be  several  millions  of  myriametres,  still 
they  do  not  sensibly  dim  the  light  of  the  stars, 

which  are  seen  through  them  ;  they  are  tlierefore 
extremely  rare,  and  it  probable  that  their  mas- 
ses are  less  than  those  of  tlie  smallest  mountains 
of  the  earth«  Consequently  in  the  event  of  their 
meeting  with  this  planet^  they  cannot  produce  any 
sensible  effect.  It  is  extremely  probable  that  they 
have  several  times  enveloped  it  without  its  being 
observed.  The  state  of  the  atmosphere  has  a  con- 
siderable influence  on  their  appaient  length  and 
magnitude;  between  the  troj^ics  they  appear 
miKih  greater  tlian  in  our  climates.  1  uigre  states, 
that  he  observed  a  star  which  appeared  in  the  tail 
of  the  comet  of  1769»  and  which  receded  from  it 
in  a  few  moments.  But  this  appearance  is  only 
an  illusion,  which  is  produced  by  the  clouds  float- 
ing in  our  atTnosphere,  which  are  sufficiently 
dense  to  intercept  the  feeble  light  of  this  tail*  at 
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the  tame  Um  thai  they  ere  iefficwntly  ive  to 

enable  us  to  perceiye  the  more  viyid  light  of 
the  star.  It  cannot  (h)  be  supposed  that  the 
molecules  of  the  vapours  of  which  the  tails 
ara  comiiosady  make  such  rapid  osoiliattons,  of 
whkh  the  extent  sarpasseB  a  million  of  myria* 
metres. 

If  the  evaporable  subeiances  of  a  comet  dimi- 
iMk  at  each  of  its  retmms  to  the  perihelioD, 
they  onf^t  alter  serenl  revolutioDS  to  be  entirely 
dissipated  in  space,  and  the  comet  ought  only  to 
exliibit  afterwards  the  appearance  of  a  solid 
neucieaB  i  those  comets  whose  revolution  is  short, 
will  aiiive  at  this  state  sooner  thanothem.  Hie 
coHiet  of  the  time  of  whoee  re^olotion  is 
only  seventy-six  years,  is  the  only  one  which  has 
as  yet  exhibited  appearances  which  correspond  to 
this  state  of  fixity.  If  the  neucleus  be  too  small  to 
be  perceived,  or  if  the  enqiorahle  substances  which 
reaMin  aft  its  snrliioe,  aare  in  too  small  a  qoantity 
to  constitute  by  their  evaporation,  a  sensible  head 
to  the  comet ;  the  star  will  he  lor  ever  invisible. 
Periiaps  this  is  aske  of  the  reasons,  which  renders 
fha  resqppearances  of  the  comets  so  rare ;  peihi^e 
it  is  on  Ihie  aocoont  that  the  comet  of  1770  has 
totally  disappeared,  though  during  the  time  of  its 
appearmoe  it  described  an  ellipse  in  a  period  of 
ftvse  years  and  a  half  i  so  tlmt  if  it  has  continned 
to  describe  this  emr^,  it  maat  mnce  tint  epoch 
hsRfie  relttnied  sft  least  five  times  to  its  (t)  peri* 
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helion.  Perhaps  finally  this  is  the  cause,  why 
several  comets  whose  routs  we  can  trace  in  the 

heavens  by  means  oi"  the  elements  of  their  or- 
bits, have  disappeared  sooner  than  might  be  ex« 
pected. 


CHAP.  VI. 

Of  Hit  laws  uj  the  motion  of  the  satellites  ainmi  (iieir 
respective  primary  planets. 

We  have  explained  in  the  sixth  chapter  of  the 
first  book  the  laws  of  the  motion  of  the  satellite 

of  the  earth,  it  now  remains  to  consider  those  of 
the  motions  of  the  satellites  of  Jupiter,  of  Saturn, 
and  of  Uranus. 

If  the  semidiameter  of  the  equator  of  Jupiter^ 
which  is  supposed  to  be  56%702  at  the  mean  dis- 
tance of  Jupiter  from  the  sun,  be  assumed  equal 
to  unity,  the  mean  distances  of  the  satellites  from 
its  centre  and  the  durations  of  their  sidereal  revo- 
lutions will  be  (a J  as  follows : 

Mean  dLstauces,  Durations. 

days. 

L  Satellite     6,0^3  l,7691d778814a 
IL  Sat.    .    .   9»6S347  3,^1181017849 

III.  Sat    .    .  15,S5(»4       7, 154552783970 

IV.  Sat.    .    .  20,99835  16,088709707084 

It  is  easy  to  infer  the  durations  of  the  synodic 
revolutions  of  the  satellites,  or  the  intervals  be- 
tween the  return  of  their  mean  conjunctions  with 
Jupiter,  from  the  durations  of  their  sidereal  re- 
volutions, and  from  that  of  the  revolution  of  Ju- 
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piler.  From  a  oompariaon  of  their  mean  die- 
tanoes  with  the  dnrationfi  of  their.Bidereal  rerolu* 

tions,  it  appoai-H  that  the  same  beautiful  proportion 
which  has  been  observed  to  obtain  between  the  du- 
ratioos  of  the /revolutions  of  the  planets  and  their^ 
mean  dktanees  firom  themm»  obtainsalao  in  thefawr 
of  "the  aateUiies,  namely,  that  the  eqnares  of  the 
times  of  the  sidereal  revolutions  of  the  satellites  are 
as  the  cubes  of  their  mean  distances  the  cen* 
tre  of  Jupiter.  The  frequent  recurrenee  of  the 
odipaee  of  Jupiter^s  eatellites,  hae  fttrniahed  astro* 
nomers  with  the  means  of  treeing  their  motions 
with  a  precicision,  which  could  not  be  obtained  by 
observing  their  angular  distance  from  Jupiter. 
They  have  enahiedus  to  reoognize  the  following 
resalts : 

The  ellipticity  of  the  orbit  of  the  first  satellite  is 
insensible ;  its  plane  coincides  very  nearly  with 
the  plane  of  Jupiter's  equator,  the  inclination  of 
which  to  the  plane  of  the  orbit  is  about 

The  ellipticity  of  the  orhit  of  the  second  satel- 
lite is  also  insensible,  its  inclination  to  Jupiter's 
orbit  is  variable,  as  is  also  the  position  of  its 
nodes.  All  these  variations  may  be  very  nearly 
represented,  by  supposing  thecMrblt  of  the  satel- 
lite to  be  inclined  in  an  angle  of  SlSt''  to  the 
equator  of  Jupiler,  and  by  making  its  nodes  to 
move  on  this  plane  with  a  retrograde  motion,  of 
.  which  the  period  is  thirty  Julian  years. 

A  slight  ellipticity  has  been  observed  in  the  or- 
bit of  the  third  satellite,  the  extremity  of  its 
greater  axis  which  is  nearest  io  Jupiter,  and  which 
has  been  termed  its  peri^fovc,  has  a  direct  motiout 
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but  of  a  TariaUe  ^anlily*  The  excentricity  of 
the  orbit  ib  ako  sobjeoi  to  very  eowible  ramaoiii 

near  the  close  of  the  last  century,  the  eqiiatum  of 
the  centre  had  attained  its  maximum,  andaniount- 
od  to         very  nearly:  it  afterwards  diminish- 
ed, and  near  to  1777  it  was  at  its  minimum,  when 
it  amounted  to  949".   The  indination  of  the  orbit 
of  this  satellite  to  that  of  Japiter»  and  the  poai- 
tion  of  its  nodes  are  variable  j  all  these  variations 
may  be  very  nearly  represented,  by  supposing  the 
orbit  to  be  indiued  at  an  angle  Qi%^\  to  the 
equator  of  Jupiter,  and  by  anigning  to  its  nodes 
a  retrograde  motion  on  the  plane  of  this  eicpiator, 
in  a  period  of  M'i  years.    Notwithstanding  this, 
astronomers  who  have  determined  by  the  eclipses 
of  this  aatollito  {b)  the  inclination  of  the  equator 
of  Jupiter  on  the  plane  of  its  orbit  have  found 
that  it  is  invariably  nine  or  ton  minutes  less 
than  what  is  assigned  by  llie  eclipses  of  the  first 
and  of  the  second  satellite.    The  orbit  of  tlie 
fourth  satellite  has  a  very  visible  ellipticity  j  its 
perigove  moves  in  consequentia  with  an  annuel 
motion  amounting  to  199^'.   The  inclination  of 
this  orbit  to  that  of  Jupiter  is  about  2^,7.    It  is  in 
consequence  of  this  inclination,  that  the  fourth 
satellite  passes  frequently  behind  the  planet  rela* 
tively  to  the  sun  without  being  eclipsed*  Frqm 
the  discovery  of  the  satellites  until  the  year  I76O, 
the  iiii  Hnat ion  appeared  to  be  constant,  and  the 
annual  motion  of  the  nodes  on  the  orbit  of  Jupi- 
ter, has  been  direct  and  about  7^8 But,  since 
1760»  the  inclination  haa  increased,  and  the  mo- 
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faM  of  die  nodes  has  dteianM  .my  tenak* 
MewMmiict.  We  shall  reirame  the  consideration 
of  these  inequalities,  after  their  cause  shall 
have  been  explained. 

lodepoDdeBtly  of  these  variatioiiSt  l^saleliiles 
av6  sabjeet  to  ineqwalities,  wkieh  4enaige  Hieir 

elliptic  motions,  and  render  their  theory  extreme- 
ly complicated.  They  are  principally  sensible  ia 
the  three  first  satellites,  of  whi<^  the  motions  ex* 
hibit  very  remeirkftble  relations. 

It  appem  from  a  oomparison  of  the  tfines  nf 
their  revelations,  that  the  period  of  the  first  sa- 
tillite  is  only  about  half  the  duration  of  the  period 
of  the  seeondi  whieh  itsdf  is  only  half  of  tiiat  of 
the  period  of  the  thiid  satellite.  Thas»  the  mean 
motions  of  these  three  sateUites  follow  very  nearly 
a  geometric  piot^^ression,  of  which  the  ratio  is  one 
half.  If  this  proportion  obtained  accurately,  the 
mean  motion  of  the  first  satellite^  plus  twice  the 
mean  motion  of  the  third,  would  be  preciseljr 
equal  to  three  times  the  mean  motion  of  the  se- 
cond. But  this  equality  is  much  more  accurate 
than  the  progression  itself;  so  that  we  are  in- 
dnced  to  consider  it  as  rigorously  trae,  and  to  re- 
ject the  very  small  quantities  by  which  it  deviates 
from  it,  as  arising:  from  the  errors  of  observa- 
tion; at  least  we  can  alhrm  that  it  will  subsist 
for  a  long  series  of  agei. 

A  result  which  is  equally  remarkable,  and  which 
is  given  by  observation  with  equal  precision,  is, 
that  from  the  discovery  of  the  satellites,  the  mean 
longitude  of  the  first  minus  three  times  that  of 
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the  second,  plus  twice  that  of  the  third,  does  not 
diifer  from  two  right  angles^  by  any  perceptible 
quantity. 

These  two  results  also  obtain,  between  the 
mean  motions,  and  the  mean  synodic  longitudes ; 
for  as  the  synodic  motion  of  a  satellite  is  the  ex- 
cess of  its  sidereal  motion  above  that  of  the  pla- 
net, if  in  the  preceding  results,  the  synodic  mo* 
tions  be  substituted  ia  place  of  the  sidereal  mo- 
tions, tlie  mean  motion  of  Jupiter  disappears,  and 
these  results  remain  the  same.  It  follows  tom 
thi8»  that  for  a  great  number  of  years  at  least,  the 
three  first  satellites  of  Jupiter  cannot  be  eclipsed 
together,  but  in  tlie  simultaneous  eclipses  of  the 
first  and  third,  the  ti^t  will  be  always  in  con- 
junction with  Jupiter ;  it  will  be  always  in  oppo- 
sition, in  the  simultaneous  eclipses  of  the  sun^ 
produced  at  Jupiter  by  the  two  other  satellites. 

The  periods  and  the  laws  of  the  principle  in- 
equalities of  these  satellities  are  the  same.  The 
inequality  of  the  first  advances  or  retards  its  edip- 
ses,  by  ^StS^'fi  of  time  at  its  num$nium»  A  com- 
parison of  its  quantity,  in  the  respective  positions 
of  the  two  lii*8t  satellites,  shews  tliat  it  disappears 
when  these  satellites  seen  from  the  centre  of  Ju-  - 
piter,  are  at  the  same  time,  m  opposition  to  the 
sun;  that  it  afterwards  Increases,  and  becomes 
the  greatest  possible,  when  the  first  satellite  at  tlic 
moment  of  its  opposition  is  50°  more  advanced 
than  the  second ;  that  it  vanishes  again  when  it  is 
more  advanced  by  100  than  the  second,  and  that 
beyond  this,  It  is  affected  with  a  contrary  sign 
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and  retards  the  eclipses ;  that  it  increases  until  tlie 
dtslance  of  the  planets  from  each  other  is  150'', 
when  it  is  at  its  native  maximum ;  that  then  it 
dimipiaheg^  and  disappeare  when  this  distance  is 
300* ;  finally,  in  the  second  half  of  the  dream* 
ference,  it  runs  through  the  same  series  of  changes 
as  in  the  first.  From  this  it  has  been  inferred, 
that  there  exists  in  the  motion  of  the  first  satellite 
ah6ut  Jupiter,  an  ineqQality»  which  at  its  maxi- 
mum is  M5(ffi  of  a  degree,  and  proportional  to 
the  bine  of  double  of  the  excess  of  the  mean  lon- 
gitude of  the  first  satellite  above  that  of  (he  se- 
cond, which  excess  is  equal  to  tiie  difference  of 
the  mean  synodic  longitudes  of  the  two  satellites* 
The  period  of  this  Inequality  is  only  four  days; 
but  how  is  it  ti-ansformed  in  the  eclipses  of  the 
first  satellite  into  a  period  oi  4-37 ^059^  ?  this  is 
what  we  proceed  to  explain. 

Suppose  that  the  first  and  second  satellite  de- 
part together  fi*om  their  mean  oppositions  with 
the  sun.  After  the  description  of  each  circum- 
ference, the  first  satellite  will  be,  in  virtue  of  its 
mean  synodic  motion,  in  it^  mean  opposition  with 
the  sun.  If  we  suppose  an  imaginary  star,  of 
Iwhich  the  angular  motion  is  equal  to  the  excess 
of  the  mean  synodic  motion  of  the  first  satellite, 
above  twice  that  of  the  second ;  then  twice  the 
difference  of  the  mean  bynodic  motions  of  the  two 
satellites  will  be,  in  the  eclipses  of  the  first,  equal 
to  a  multiple  of  the  circumference  plus  the  mo- 
tion of  the  imaginary  star;  conseqttttitl)^  the  sine 
of  this  last  motion  will  be  proportkmal  to  the  In- 
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equality  of  the  first  s^itellite  in  the  ecli])8ef,  and 
joaa^  represenl  it.  Its  period  is  equal  to  the  dtira^ 
ttcn-of  the  rf  voiulioii  of  Uie  iinagRiar)r8lir,'  iriiicli 
duMlioti  is,  ifrom'tke  mem  synodic  motieiM' of  tiie 

two  sateHites  about  'Ujj\ij59^';  it  is  thus  deter- 
mined with  greater  accuracy  than  by  direct  ob- 
MrvttUon. 

Tlie  Uw  of  the  inequality  of  the  soooodaald* 
1lte»  Is  precisely  the  satrie'SB  that  of  tiie«firM;,  iv4ih 

this  difference,  that  it  is  always  of  a  contrary 
siga  i  at  its  maximum  it  advances  or  retards  the 
eclipses  by  about  1069'V^  of  4  degree;  ftom  e 
eomparlson  of  the^fespeotiye^  positions  of  the  two 
satellites,  it  appears  that  it  vanishee  when  they  are 
at  the  same  time  in  opposition  to  the  sun ;  that  it 
then  retards  the  eclipses  of  the  second  more  and 
m<m»  until  those  two  satellites  are  at  the*  ino^ 
ment  of  the  occurrence  of  the  phenomena,  eloHi^ 
gated  from  each  other  one  liundred  degrees  ;  that 
this  retardation  diminishes  and  becomes  nothing 
aseewd  time,  when  the  mutual  distance  of  the 
two  satellites  is  two  hundred  degrees  \  finally^  that 
beyond  this  time,  the  eclipses  advSfAce  as  they  had 
previously  retarded.  From  these  observations  it 
has  been  inferred,  that  there  exists  in  the  motion- 
of  the  iiecond  satellite,  an  inequality  of  119^,7  at 
its  maxhmm^  and  that  it  is  proportional' to,  and 
affected  with  a  contrary  sign,  to  the  sine  of  the 
mean  longitude  of  the  firfet  satellite  over  that  of 
the  second,  which  excess  is  equal  to  the  difference 
of  tlie  mean  synodic  motions  of  the  two  tatel- 
Hto.  *  ' 
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If  the  two  depart  together  irom  tlieir  meaa  op- 


mi 

n 

opponflon  ftfter  the  oomplelion  of  each  dirodmfer- 

ence,  which  it  will  have  described  in  consequence 
of  its  mean  synodic  motion.  If,  as  in  the  case  of 
the  satellite,  we  conceive  a  star  of  whioh  the 
angular  motion  is  equal  to  the  excess  of  the  mean 
synodic  motion  of  the'  first  satellite,  over  twice 
that  of  the  second,  then  tlie  difference  of  the 
mean  synodic  motions  of  the  two  satellites  will 
he,  in  the  eclipses  of  the  second  equal  to  a  multi- 
pie  of  the-  (»rcamference»  plus  the  motion  of  the 
fictitious  star ;  conseqoeDtly  the  inequality  of  the 
second  satellite  will,  in  its  eclipses,  be  propor- 
tional to  the  sine  of  the  motion  of  this  imaginary 
star.  Hence  we  see  the  reason  why  the  period 
and  the  law  of  this  inequality,  are  the  same,  as 
those  of  the  inequality  of  the  first  satellite. 

The  influence  of  the  iii^st  satellite,  on  the  in- 
equality of  the  second  is  very  prohable.  But  if 
the  third  produces  in  the  motion  of  the  second, 
an  Inequality  similar  to  that  which  the  second 
seems  to  produce  in  the  motion  of  the  jfirst,  that 
is  to  say,  proportional  to  the  sine  of  double  of  the 
difference  of  the  mean  longitudes  of  the  second 
and  third  satellite  j  this  new  inequality  wUl  he 
confounded  with  that  which  arises  from  the  first 
satellite,  for  in  consequence  of  the  relation  whicli 
exists  between  tiie  mean  longitudes  of  the  three 
first  satellites,  and  what  has  been  already  explain* 
ed,  the  diflbrence  of  the  mean  longitudes  of  the 
two  first  satellites  is  equal  to  the  same  circumfer- 
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enee  plus,  twioe  the  differmoe  beNreMitbe  vieBn 

longitudes  of  the  second  and  third  satellites,  so 
that  the  sine  of  the  first  difference  is  the  same  as 
the  sine  of  twice  the  second  difference^  oniy  affect- 
ed with  a  oontraiy  sign.  The  inequaU^  pro- 
duced hy  the  third  tateUite,  in  the  motion  of  the 

second,  would  thus  liave  the  sauie  sign,  and 
would  follow  the  same  law  as  the  inequality  oh- 
served  in  this  motion}  it  is  therefore  extremely 
probable  that  this  inequality  is  the  result  of  two 
inequalities  depending  on  the  first  and  third  sa- 
tellite. If  in  tlio  progress  of  time,  the  preceding 
relation  lietween  the  longitudes  should  cease  to 
exist  ;  these  two  inequalities  which  are  now 
blended  together  would  be  separated,  and  we 
might  by  observation  determine  their  respectiye 
values.  But  we  have  seen  that  this  relation  must 
subsist  for  a  very  long  time,  and  in  the  fourth 
boolc  it  will  appear,  that  this  relation  is  ngoroosly 
true.  Finally,  the  inequality  relative  to  the  third 
satellite  in  its  eclipses,  compared  with  the  respec- 
tive positions  of  the  second  and  third,  presents 
the  same  relations  as  the  inequality  of  the  se- 
cond, compared  with  the  respective  pceitions  of 
the  two  first  satellites.  Consequently  there  exists 
iii  the  motion  of  the  third  satellite,  an  inequality 
proportional  to  the  sine  of  the  excess  of  the  mean 
longitude  of  the  second  satellite  above  that  of  the 
third,  which  inequality  at  its  nuadmum  is  808',  of 
a  degree.  If  we  conceive  a  star  of  which  the  angu- 
lar motion  is  equal  to  the  excess  of  the  mean  syno* 
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die  motion  of  the  second  satellite  above  twice  the 
mean  tsmodio  motion  of  the  third,  the  inequality 
fsi  the  tiiiid  aaleOite  in  the  edipses  wiU  be  pfopor- 
tional  to  the  sine  of  the  motion  of  the  imaginary 
star;  but  in  coiiBequence  of  the  relation  which 
subsists  between  the  mean  longitudes  of  the  three 
first  satellites,  the  sine  of  this  motion  is  with  the 
exception  of  the  sign,  the  same  as  that  of  Hie  mo- 
tion  of  the  first  imaginary  star  which  has  been 
considered.  Thus  the  inequality  of  the  third  sa- 
tellite in  its  eclipses  has  the  same  period,  and  fol- 
lows the  same  Iaws»  as  the  inequalities  of  the  two 
first  satellites. 

•  Such  are  the  periods  of  the  principal  inequali- 
ties of  the  three  first  satellites  of  Jupiter,  which 
Bradley  seems  to  have  suspected,  but  which  Var* 
genten  has  rince  detailed  with  the  greatest  accu- 
racy. Their  correspondence  and  that  of  the  mean 
motious  arid  mean  longitudes  of  these  satellites, 
appear  to  constitute  a  sepaiate  system  of  these 
three  bodies,  actuated  according  to  all  appearance 
by  common  forces,  from  which  arise  those  rela. 
tions,  which  they  have  in  common. 
'  If  the  apparent  seniidiametcr  of  the  equator  of 
this  planet,  at  its  mean  distance  from  the  sun,' 
which  is  about  £5%  be  assumed  as  unity,  the  mean 
distances  of  the  satellites  from  its  centre,  and  the 
durations  of  their  sidereal  revolutions  are : 
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lie  .  .  4,aoo 

III*    .  .  5,984. 

XY.  '  .  .  6,819 

VH.  .  ,  •  64,359 


1,87094. 

■  2,73948. 

79,3  W 


By  comparing  the  durations  of  the  revolution^i 
of  the  satellites,  with  their  mean  distances  from 
the  centre  of  Satuni,  we  recognize  the  beautiful  re> 
lation  diflcoyered  by  Kapler  relatiToly  to  the  pla- 
nets, and  which  ve  have  already  observed  to  ex- 
ist in  the  system  of  the  satellites  of  Jupiter,  i,  e, 
that  the  squares  of  the  times  of  the  revolutions  of 
the  flatellites  of  Satam»  are  aa  the  cabes  of  tbeir 
mean  distances  &om  the  centre  of  this  planet. 

The  great  distance  of  the  satellites  of  Saturn, 
combined  with  the  difficulty  of  observing  their  po- 
sition, has  not  enabled  us  to  recognize  the  cllip- 
ticity  of  their  orbitSy  ,and  still  less  the  inequalities, 
of  their  motiiHis*  However,  the  eUiptidtjofdie 
oi'bit  of  the  sixth  satellite  is  perceptible, 

K  we  assume  as  unity,  the  semidiauieter  of 
Uranu9^  which  is  6'\  when  seen  front  the  m^ian, 
distance  of  the  plapet  firom  the  suni  the  mean 
distances  of  the  satellites  from  its  centre,  and  the 
durations  of  their  revolutions  are,  according  to  the 
observations  of  Herchell : 


L  ly  u^cd  by  Google 


MoHD  dlstanoos*  TVirilwuiffli 

L  .  .  13,120  .  .  .  5,8926. 

II.  ,  .  17,022  •  .  8,70C8. 

IIL  .  .  19,845  .  .  t  10,9611. 

IV.  .  .  ««,7^«  •  .  f   XM5^9.  . 

V,  .  .  45,507  .  .  .  S^Q7^ 
VI.  .  .  91,008  .  .  .  107,094.4. 

These  durations,  with  the  exception  of  tlie  se- 
cx>ud  and  fourUi»  have  heen  inferred  from  the 
greatest  obeerred  elongatioiUy  and  from  tlie  lav  ac- 
cording to  whidi  the  Bquares  of  the  periods  are  pro* 
portional  to  the  cabes  of  their  mean  distances  from 
the  planet,  which  law  is  coniirined  by  observa- 
tioofl  made  on  the  second  and  fourth  sat<)llite»  the 
only  ones  which  are  sufficiently  well  known ;  so 
that  it  may  be  considered  as  a  general  law  of  the 
motion  of  a  system  of  bodies  which  rerolTC  about 
a  common  focus. 

It  may  now  be  asked  what  are  the  principal 
forces  which  retain  the  planets,  the  satellites  and 
the  comets  in  their  lespectiTe  orbits?  what 
particular  forces  derange  their  elliptic  mo- 
tions ^  what  cause  makes  the  equinoxes  to  re. 
^de,  and  produces  the  rotation  of  the  earth  and 
moon  about  their  axes ;  finally,  by  the  action  of 
what  forces^  are  the  waters  of  the  sea  raised  twice 
eadi  day ;  the  supposition  of  one  sole  princi- 
ple on  whidi  all  these  laws  depend*  Is  worthy 
of  the  majestic  simplicity  which  pervades  all 
nature.   The  generality  of  the  laws  which  the 
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ccle€tial  motions  present,  seems  to  indicate  its  ex- 
istence i  even  already  we  may  suspect  that  such  a 
principle  is  in  eziBtenoe,  from  the  connection  be- 


ef the  bodies  of  the  solar  system.   Bat  in  *ordar 

that  we  may  be  able  to  place  it  in  the  clearest 
light,  the  laws  of  the  motion  of  matter  must  be 
loiown* 
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Of  THB  LAWS  OF  MOTION. 

At  nunc  Y>CT  maria  nc  terras  sublimaque  CftU 
Mulia  moilis  mukis  varia  rations  moveri 
Cernimus  ante  oculos. 

LucRBT :  lib.  1. 

Surrounded  as  we  are  by  an  ixifinite  variety 
of  pheiiomeiia»  which  oontinuaUy  suooeed  eeeh 
other  in  tho  heavens  and  on  the  earUi,  philoso- 
phers have  succeeded  in  recognizing  the  small 
number  of  general  laws  to  which  matter  is  sub- 
ject in  its  motions.  To  them,  all  nature  is  obe- 
dient; and  every  thing  is  as  neoessarily  derived 
fromtheniy  as  the  Tetum  of  the  seasons  $  so  that 
the  curve  which  is  descrihed  hy  the  lightest  atom 
that  seems  to  be  driven  at  random  by  the  winds,  is 
regulated  by  laws  as  certain  as  those  which  confine 
the  planets  to  their  orbits.  The  importanoe  of 
these  law8»  on  which  we  continnally  depend, 
onght  to  have  excited  the  curiosity  of  manldnd  in 
all  ages  j  yet  by  the  effect  of  an  indifference  but 
too  common  to  the  human  mind,  they  were  ut- 
terly unknown,  until  the  oommenoement  of  the 
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17tli  centnryy  at  which  epoch  Gallileo  laid  tiie 

first  foundations  of  the  science  of  motion  by  his 
beautiful  discoveries  on  the  descent  of  bodies. 
Geometricians,  following  up  the  steps  of  this  great 
man,  have.  finaUj  J  redaccd  Ibe  whole  science  of 
mechanics  to  general  Ibrmnla,  which  leaves  no- 
tiling  to  be  desiied  Uut  to  bring  the  analysis  to 
perfection. 
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CHAP.  L 

Offorces^  of  their  compasiiion^  and  of  the  equSU* 
brium  oj  a  material  jmni^ 

m 

A  BODY  appears  to  us  to  inoye>  when  it  changes 

its  situation  relatively  to  a  sybtein  of  bodies  which 
we  suppose  to  be  at  rest.  Thus  in  a  vessel  which 
moTes  in  an  nnifonn  manner^  bodies  seem  to  ns 
moTOy  when  they  correspond  successively  to  its 
different  parts.  This  motion  is  only  relative ;  for 
the  vessel  moves  on  the  surface  of  the  sea,  which 
revolves  round  the  axis  of  the  earth,  the  centre  of 
which  moves  about  the  sun»  which  is  itself  car- 
ried along  in  the  regions  of  space»  together  wifh 
the  earth  and  the  planets.  In  order  tu  conceive' 
a  term  to  those  motions,  and  to  arrive  at  length 
at  some  fixed  points^  from  which  we  may  reckon 
the  absolute  motion  of  bodies*  we  conceive  a 
space  without  bounds,  immoveable,  and  penetra- 
ble to  matter ;  and  it  is  to  different  parts  of  this 
space,  whether  real  or  imaginary  (a)  that  we  in 
imagination  refer  the  position  of  l>odies ;  and  we 
conceive  them  to  be  in  motion  when  they  cor- 
respond successively  to  different  points  of  this 
space. 

The  nature  of  that  singular  modification,  in 
consequence  of  which  a  body  is  transporled  from 


Digitized  by  Google 


iti4t         OF  TU£  COMPOSITION  OF  FORCES,  AND 

one  place  to  another,  is,  and  always  will  be,  un- 
known. It  has  been  designated  by  the  name  of 
JForce ;  but  we  can  only  dotermine  itB  effects  and 
the  law  of  its  action. 

The  effect  of  a  force  acting  on  a  material 
point,  is,  if  no  obstacle  intervenes,  to  put  it  in 
motion.  The  direction  of  the  force  is  the  right 
line,  which  it  tends  to  make  the  point  describe^ • 
It  is  evident  that  if  two  forces  act  in  tbe  same  di* 
rection,  fheir  effect  to  move  the  pouit  is  the  snm 
of  the  forces,  and  that  when  they  act  in  op|  )osite 
directions,  the  point  is  moved  by  a  (h)  force  re- 
presented by  their  difference,  so  that  if  the  forces 
'  were  equal,  the  point  would  remain  at  rest. 

If  the  duredions  of  the  two  forces  make  an  an- 
gle with  each  other,  a  force  results,  the  direction 
of  which  is  intermediate  between  the  directions 
of  the  composing  forces,  and  it  can  be  demon- 
strated by  geometiy  alone,  that  if  from  the  point 
of  concourse  of  these  forces,  and  in  theur  respec- 
tive directions,  right  lines  be  assumed  (c)  which 
represent  tlu  in,  and  if  then  the  parallellogram  of 
which  these  lines  are  adjacent  sides,  be  com- 
pleted*  its  diagonal  will  represent  their  resul- 
tant, both  ui  quantity  and  in  direction.  We  may 
substitute  in  place  of  the  two  composing  forces, 
their  resultant,  and  conversely  we  can  in  place 
of  any  force  whatever,  substitute  two  others,  of 
which  it  is  the  resultant^  consequentiy  any  force 
may  be  resolved  into  two  others  parallel  to  two 
axes  perpendicular  to  each  other,  and  situated  in 
a  plane  which  passes  through  its  direction.  To 
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effiMst  th»»  ft  k  sufficient  to  drair  thnnogh  th«  fint 
eoctn^mity  of  the  line  wliieh  repreaentu  this  force, 

two  lines  respectively  parallel  to  tliese  axes,  and 
to  form  on  these  lines  a  rectangle,  the  diagonal 
of  nrhioh  represente  the  foree  to  be  deooia* 
poaed.  The  two  sides  of  the  recteng^  will  re- 
presenl  lite  forces,  into  which  the  given  foroe 
may  be  decomposed  parallel  to  these  axes. 

if  the  force  be  inclined  to  a  plane  given  in 
position,  then  by  assuming  to  represent  it,  a  line 
in  iti  direction,  the  extremitj  of  which  is  in  the 
point  where  it  meets  the  plane  ;  the  perpendicn* 
lar  demitled  from  the  extremity  of  tliis  line  on 

m 

the  plane,  will  be  the  primitive  force  resolved 
peqpendiculariy  to  this  plane.  The  right  line 
drawn  in  this  plane,  connecting  the  line  repre- 
senting the  given  force  and  the  perpendicu- 
lar, will  l)etlie  primitive  force,  decomposed  paral- 
lei  to  the  plane.  This  second  partial  force 
may  itself  be  resolved  into  two  others  parallel 
to  two  ates  situated  in  this  plane^  and  at  right  an- 
gies  to  each  other.  Consequently  every  force 
may  f)e  resolved  into  three  others,  respectively 
parallel  to  three  axes  perpendicular  to  each 
other. 

Hence  arises  a  simple  method  of  obtaining 
the  resultant  force  of  any  nvmber  of  forces, 

which  act  on  a  material  point  ;  for  by  resolving 
each  of  them  into  three  others  parallel  to  three 
ates  given  in  position,  and  at  right  angles  to 
eadi  ptiier.  It  is  evident  that  all  the  forces 
psoraUei  to  the  same  ttis  am  teducible  to  a  sin- 


OFTHE  COMPOSiXION  OF  FORC£5>  AND 

gle  force,  equal  to  the  sum  of  those  which  act 
in  one  dhrection,  minus  the  sum  of  those  whidi 
act  in  a  contrary  direction.   Consequently  the 

point  will  he  acted  on  by  three  forces,  perpen- 
dicular to  each  other  ;  if  then  three  right  lines 
in  their  respective  directions  be  assumed  to  re- 
present them,  reckoning  from  their  point  of  con- 
course, and  a  rectangular  parallelopiped  be  form- 
ed on  those  three  lines,  its  diagonal  will  re- 
present the  quantity  and  direction  of  {d)  the 
force  resulting  from  all  those  which  act  on  the 
point. 

Whatever  may  be  the  number,  the  mae^nitude, 
and  the  directions^  these  forces,  if  the  position 
of  .the  point  be  varied  in  any  manner  by  an  inde- 
finitely onaU  quantity,  the  product  of  the  re- 
sultant into  the  quantity  by  which  the  point  ad- 
vances in  its  direction,  is  equal  to  the  sum  of 
the  products  of  each  force  into  the  corresponding 
quantity.  The  {e}  quantity  by  which  the  point 
'  advances  in  the  direction  of  any  force,  is  the  pro- 
jection of  the  line  connecting  the  two  positions 
of  the  point,  on  the  direction  of  the  force  ;  if  the 
point  advances  in  the  opposite  way  from  this 
direction,  this  quantity  should  be  taken  nega- 
tively. 

In  a  state  of  equilibrium  the  resultant  of  all 
the  i'orces  vanishes,  provided  the  point  be  free. 
If  it  is  not,  the  resultant  should  be  perpendicular 
to  the  surfiice,  or  to  the  curve  on  which  the  point 
is  constndned  to  exist ;  and  then»  when  the  posi- 
tion of  the  point  is  changed  by  an  indefinitely 
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small  quantity,  the  product  of  the  resnltant  into 
the  quantity  by  which  the  point  advancefl  in  its 
direction,  Tanidiee ;  this  piodact  is  therefore  always 
equal  to  (/)  nothing,  whether  the  p<mit  be  eap- 
poeed  to  be  altogether  free»  or  whether  it  be  oon- 
straiucd  to  exist  on  a  curve  or  surface.  Ck>n8e- 
quently  in  all  cases,  in  which  the  equilibrium  oh- 
tainty  the  eom  of  the  products  of  each  foi€e»  into 
the  qoantity  by  whidi  it  advances  in  its  direc« 
tion,  when  an  indefinitely  small  diange  is  made 
in  its  position,  vanishes  ;  and  if  this  condition  Is 
satisfied*  the  equilibrium  subsists. 


CHAP-  II 
Of  the  moiion  qf  a  mai&ridd  poimu, 

A  Point  in  repose  oannot  excite  any  motion 
in  ItMlf,  because  there  is  nothing  in  its  nature 

to  detennine  it  to  move  In  one  direction  in  pre- 
ference to  another.  When  sollicited  by  any 
force,  aud  then  abandoned  to  itself,  it  will  move 
constantly  and  uniformly  in  the  direction  of 
that  force,  if  it  meets  with  no  resistance ;  that  is 
to  say,  at  every  instant  its  force  and  the  direc- 
tion of  .its  motion  are  the  same.  This  tendency 
of  matter,  to  persevere  in  its  state  of  rest  or  of 
motion*  is  what  is  termed  its  inerHa  ;  it  is  the  first 
law  of  the  motion  of  bodies. 

The  direction  of  the  motion  in  a  right  line, 
follows  necessarily  from  this,  that  there  is  no 
reason  why  the  body  should  deviate  to  the  right» 
rather  'than  to  the  left  of  its  primitive  direction  ; 
but  the  uniformity  of  its  iiiotion  is  not  equally 
evident.  The  nature  of  the  moving  force  being 
unknown,  it  is  impossible  to  know  a  jpriorif 
whether  this  force  should  continue  without  in- 
termission or  not.  Indeed,  as  a  body  is  incapa- 
ble of  excitinu:  any  motion  in  itself,  it  seems 
equally  incapable  of  producing  any  change  in 
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that  whkk  it  Imu  rMeived,  so  llMt  the  ktw  of 
ineitki  k  at  least  tbe  most  simple^  and  the'  ttMNit 

natural  that  can  be  imagined.  It  is  likewise  con- 
firmed  by  experience  :  in  fact,  we  observe  that 
motions  are  perpetuated  on  the  earth,  in  pro- 
portion aa  the  ohetaciea  which  oppose  thean 
are  dtminished  y  vMeh  indnces  us  to  think  that 
If  these  obstacles  were  entirely  removed,  the 
motioiiH  would  never  cease.  But  the  inertia  of 
matter  is  most  remarkable  in  the  heavenly 
bodies,  which  for  a  great  namber.  of  ages,  have 
not  expefienoed  any  perceptiUe  alteration.  For 
these  reasons,  we  shall  ooosider  the  inertia  of 
bodies  as  a  law  of  nature ;  and  when  we  obsenre 
any  change  in  the  motion  of  a  body,  we  shall 
suppose  that  it  arises  from  the  action  of  some 
extraneous  caose. 

In  uniform  motions,  the  spaces  described  are 
proportional  to  the  times' ;  but  the  time  employ- 
ed in    describing  a  given  space,  is   longer  or 
shorter  according  to  the  intensity  of  the  moving 
Alice.   These  differences  have  suggested  the  idea 
of  velocity,  which  in  uniform  motions  is  the  ratio 
of  the  space  to  the  time  employed  in  describing 
it.    In  order  to  avoid  the  comparison  of  time  and 
space  which  are  heterogeneous  quantities*  we  as- 
sume an  interval  of  time,  a  secood  for  example, 
as  the  unity  of  time,  and  in  like  manner  a  portiott 
oi'  iipaoe,  such  as  a  metre,  for  the  unity  of  space. 
Time  and  space  become  then  abstract  numbers, 
which  express  how  often  they  contain  units  of 
their  species^  and  thus  they  may  be  compared 
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one  with  auother.  By  this  means,  the  velocity 
becomes  the  ratio  of  two  al>8tract  numbers,  and 
its  unity  w  the  velocity  of  a  body  which  describes 
a  metre  in  a  aeoond.  Bj  reducing  in  this  man* 
ner»  the  space,  time»  and  Td^ty  to  abatract  num- 
bers, it  appears  that  the  space  is  equal  to  the  pro- 
duct of  the  velocity  into  the  time,  which  latter  is 
consequently  equal  to  the  space  divided  by  the 
velooi^« 

Force  bdng  known  to  os  by  the  space  which 
it  causes  to  be  described  in  a  given  time,  it 

is  natural  to  a^^sumc  this  space  as  its  measure. 
But  this  supposes  that  several  forces,  acting  in 
the  same  direction,  would  cause  to  be  described  in 
a  second  of  time,  a  space  equal  to  the  sum  of  the 
spaces  whtdi  each  would  haye  caused  to  be  de- 
scribed separately  in  the  same  time,  or  in  other 
words,  that  the  force  is  proportional  to  the  velo- 
city $  but  of  this  we  cannot  be  assured  a  priori, 
(a)  in  consequence  of  our  ignorance  of  the  nature 
of  the  moring  force.  Therefore  it  is  necessary, 
on  this  subject,  also  to  have  recourse  to  experi- 
ments j  for  whatever  is  not  a  necessary  conse- 
quence of  the  few  data  which  we  possess  on  the 
nature  of  thmg^  must  be  to  us  the  result  of  ob- 
serration. 

The  force  may  be  expressed  by  an  infinity  of 
functions  of  the  velocity,  which  do  not  inipiy  a 
contradiction.  There  is  none,  for  instance,  in 
supposing  it  proportional  to  the  square  of  the  Te- 
locity. In  this  hypothesis,  it  is  easy  to  determine 
the  motion  of  a  point  solicited  by  any  number  of 
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liocQMi  the  velocities  of  which  are  known  i  for  if 
w«  aMme  on  the  directiona  of  these  forces*  right 
Hoes  representing  their  velocities,  reckoning  from 

tlieir  point  of  concourst%  and  if  from  tlio  same  point 
other  lines  be  taken  which  are  to  each  other  as 
the  sqoares  of  the  first  assumed  lines,  these  lines 
will  represent  the  forces  themselves*  By  com- 
pounding them  according  to  the  nlles  already  laid 
down,  we  shall  obtain  tiie  direction  of  the  result- 
ing force,  and  also  the  right  line  which  represents 
it ;  and  which  will  be  to  the  square  of  the  corres- 
ponding velocity  as  the  tight  line, which  represents 
'  one  of  the  composing  forces,  to  the  square  of  its 
velocity.  By  this  it  appears  how  the  motion  of 
a  point  may  be  determined,  whatever  be  the  iunc- 
tiion  of  the  velocity  which  expresses  the  f<Nrce. 
Among  all  the  functions  mathematically  possible* 
Jet  us  examine  which  is  that  of  nature. 

It  is  observed  on  the  earth,  that  a  body  Kollicit* 
ed  by  any  force  wliatever  moves  in  the  same  man-, 
ner^  whatever  be  the  angle  which  the  direc- 
tion of  this  force  makes  with  the  direction  of  the 
motion  which  is  common  to  the  body,  and  to  the 
part  of  the  terrestrial  surface  to  which  it  corves- 
ponds.  A  slight  change  in  this  respect,  would, 
produce  (b)B^  very  sensible  difference  fn  the  dura* 
tions  of  the  oscillations  of  a  pendulum,  according 
to  tlie  position  of  the  vertical  plane  in  which  it 
it  oscillates  j  but  it  appeal's  from  experiment, 
that  in  all  vertical  planes,  this  dui*ation  is  exactly 
the  same*  In  a  ship  which  moves  uniformly* 
a  moveable  body  subjected  to  the  action  of  a 
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spriug,  of  giavity,  or  of  any  other  force,  luoven 
relalivelj  to  the  parts  of  ^he  ship,  m  the  same 
nMotier»  whatever  may  be  the  veloeitf  Qnd  the 
direetien  of  the  vessel.  It  My  therefore  be  ee^ 
tablished  as  a  general  law  of  terrestrial  motions, 
^at  if  ill  a  system  of  bodies  which  participfite  in 
a  Gommon  motioori  any  foroe  be  imprased  on  mn 
of  theniy  its'  relative  or  apparent  motion  will  be 
the  same,  whatever  be  the  general  motion  of  the 
system,  and  the  angle  which  its  direction  makes 
that  of  the  impressed  force. 

The  proportionality  pf  the  force  to  the  velocity^ 
results  ficom  this  law  supposed  rigorously  exact ; 
for  if  we  suj)poi>e  two  bodies  iiioviiig  on  the  same 
right  line  with  equal  velocities,  and  that  by  im- 
pressing on  one  of  them  a  force  which  is  added 
to  the  primitive  force»  its  velocity  relatively  to  the 
other  body  is  the  same  as  if  the  two  bodies  had 
been  originally  in  a  state  oi  rest  j  and  it  is  evident 
that  the  apace  described  by  the  body  in  conse- 
qaencc  of  the  primitive  force,  and  of  that  which 
is  added  to-  it»  is  then  eqaal  to  the  sum  of  the 
spaces  which  each  of  them  would  hav^  caused  it 
to  describe  in  the  same  time,  wliich  supposes  that 
the  force  is  proportional  to  the  velocity. 

And  conversely*  if  the  force  be  proportional  to 
the  velocity^  the  relative  motions  of  a  system  of 
bodies  actuated  by  any  forces  whatever,  are  the 
same  whatever  be  their  common  motion  j  for  this 
motion  being  resolved  into  three  others,  parallel 
to  three  fixed  axes,  only  Increases  by  the  same 
quantity,  the  partial  velocities  of  eadi  body  pa^ 
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rallet  to  lime  nam  ;  «ad  naoe      nUm^e  latlo^ 

cities  depend  only  on  the  difference  ot  the  partial, 
it  is  th6  same,  whatever  may  be  the  motion  com. 
m#ii  to  all  the  bodies.  It  is  therefore  imfimiMe 
t»  jodge  of  the  absolute  motimi  of  a  ayiteitf,  of 
iMeh  we  make  a  part,  by  the  appearanees  which 
are  observed,  which  circamstance  characterises 
this  lawy  the  ignorance  of  whidi  has  so  long  re* 
tarded  our  knowledge  of  the  true  syelem  of  the 
worId»  by  the  diffieiihy  of  coneeiving  the  relative 
motions  of  projectiles  above  (r )  the  sui*face  of  the 
earth,  which  is  itself  carried  along  by  a  double 
motion,  of  rotation  round  its  own  axis^  and  of 
roTolation  about  the  sun. 
But  oonsidering  the  extreme  smallness  of  the 

most  considerable  motiont^  which  we  can  impress 
on  bodiesi  compared  with  that  which  they  have 
!n  eonnnon  with  the  earth,  it  is  sufficient  for  the 
appearances  of  a  system  of  bodies  to  be  independ- 
ent  of  the  direction  of  this  motion,  that  a  small 
increase  in  the  force  by  which  the  (  arth  is  actuated 
mBy  be  to  fc^)  the  corresponding  increase  of  its  ve- 
locity, in  the  ratio  of  the  quantities  themselves. 
Thus  our  experiments  only  prove  the  reality  of 
this  proportion,  w  hich  if  it  really  obtained,  what- 
ever the  velocity  of  the  earth  might  be,  would 
give  the  law  of  the  velocity  proportional  to  the 
force.  It  would  likewise  give  this  law»  if  the 
function  of  the  velocity  which  expresses  it  was 
composed  of  only  (e)  one  term.  If  then  the  ve- 
locity be  not  proportional  to  the  force,  we  must 
suppose  that  in  nature  the  function  of  the  velocity 
which  expresses  the  force»  conrists  of  several 
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tearmSf  which  is  very  improbable.  Moreover,  we 
must  suppose  that  the  velocity  of  the  earth  is  ex- 
actly Buoh  as  corresponds  to  the  preeedmg  pro- 
portion,  which  is  contrary  to  all  probi^Jlity* 
Besides,  the  velocity  of  the  earth  is  different,  in 
diiTerent  seasons  of  the  year  j  it  is  about  one  thir- 
tieth greater  in  winter  than  in  summer  :  this 
variation  is  still  more  considerahle»  if,  as  every 
thing  appears  to  indicate,  the  solar  system  itself 
is  in  motion  in  space  ;  for  according  as  this  pro- 
gressive motion  conspires  with  tliat  of  the  earth, 
or  is  contrary  to  it,  there  should  robult  great  vari- 
ations in  the  course  of  the  year  in  the  absolute 
motion  of  the  earth,  and  this  shoold  alter  the 
proportion  of  which  we  are  speaking,  and  the 
ratio  of  the  impressed  force,  to  the  relative  velo- 
dty  which  results  from  it»  if  this  proportion  and 
this  relation  were  not  independent  of  the  absolute 
velocity. 

All  the  celestial  phenomena  serve  to  confirm 
these  proofs.  The  velocity  of  light,  determined 
by  the  eclipses  of  Jupiter's  satellites,  is  combined 
with  that  of  the  earth,  exactly  according  to  the 
law  of  the  proportionality  of  the  force  to  the 
velocity  J  and  all  the  motions  of  tlie  solar  system, 
computed  according  to  this  law,  are  entirely  con- 
formable to  obsOTvations.  Hence  it  appears  that 
we  have  two  laws  of  motion,  namely,  the  law  of 
inertia,  and  that  of  the  force  proportional  to  the 
velocity,  both  furnished  by  observation  ;  they  are 
the  most  simple  and  the  most  natural  that  can  be 
imaguied,  and  arc,  without  doubt^  derived  from 
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the  nature  itself  of  matter ;  but  this  nature  being 
unknown,  these  laws  are  to  us  only  obsenred 

facts,  and  the  only  ones  which  the  science  of 
mechanics  borrows  from  experience. 

The  velocity  being  proportional  to  the  foroe, 
these  two  quantities  may  be  represented  the  one 
by  the  other ;  therefore*  by  what  goes  before,  we 
ean  obtain  the  voloclty  of  a  point  solioited  by 
any  number  of  forces,  the  respective  directions 
and  velocities  of  which  are  known* 

If  the  point  is  solicited  by  a  number  of  forces 
which  act  in  a  continued  manner,  it  will  describe 
with  a  motion  incessantly  Tariable,  (/)  a  curves 
the  nature  of  which  will  depend  on  the  forces  by 
which  the  point  is  solicited.  To  determine  it, 
we  must  consider  the  curve  in  its  elements,  eia^ 
mine  how  they  arise  the  one  from  the  other,  and 
ascend  from  the  law  of  the  increase  of  the  or« 
dinates  to  their  finite  expression.  Tliis  is  precisely 
the  object  of  the  infinitesimal  calculus,  the  for- 
tunate discovery  of  which  has  produced  so  many 
advantages  to  mechanics  i  hence  we  may  perceive 
the  utility  of  bringing  to  perfection  this  powerful 
instrument  of  the  human  mind. 

We  have,  in  the  case  of  gravity,  a  daily  exam- 
pie  of  a  force  wliich  seems  to  act  without  inter- 
mission* It  is  true,  we  cannot  determine  whether 
its  successive  actions  are  s^mrated  by  intervals  of 
time,  the  duration  of  which  is  insensible,  but 
the  phenomena  being  nearly  the  same,  on  this 
hypothesis  and  on  that  of  a  continued  action ; 
geometricians  have  adopted  the  former,  as  the 
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moBl  simple  and  vommodiom*  h^i  us  investigate 
the  U^ws  of  tbeie  phenomeiuu 
GravHy  seems  to  aot  in  the  same  manner  on 

bodies,  whetlier  they  are  in  a  state  of  rest  or  of 
motion.  In  t|ie  first  instant  a  body  remitted  to 
its  (y)  action,  acquires  an  *  indefinitely  small  de^ 
gree  of  velooity}  In  the  seeond  instant,  an  addf* 
tional  degree  trfveloeity  Is  added  to  the  first,  and 
so  on  successively;  so  that  the  velocity  increases 
in  the  ratio  of  the  times. 

If  we  imag^e  aright  angled  triangle,  one  of  the 
sides  of  which  represents  the  time  and  increases 
with  it,  while  the  other  side  representii  the  velocity. 
The  element  of  the  area  of  this  triangle,  being 
equal  to  the  product  of  the  element  of  the  time 
into  the  vdodty,  it  will  represent  the  element  of 
space  which  gravity  causes  a  body  to  describe ; 
this  space  will  be  therefore  represented  by  the 
entire  area  of  the  triangle,  which  as  it  increases 
in  the  ratio  of  the  squares  of  one  of  its  sides^ 
shewa  that  in  motion  aooelerated  fay  the  action  of 
gravity,  the  vdocities  increase  as  tiie  times,  and 
the  heights  through  which  bodies  fall  from  a  state 
of  rest,  vaiy  as  the  squares  of  the  times,  or  of 
the  last  acquired  velodtiee*    Thcreforo  if  the 
iqiace  through  whioh  a  body  descends  in  the  first 
second,  be  represented  by  unity,  it  will  descend 
througli  four  unities  in  two  seconds,  through  nine 
unites  in  three  seconds,  and  so  on;  so  that  in 
thesuocessive  seconds^  itwill  describe  qnces  which 
increase  as  the  odd  numbers,  1,  3, 5,  7,  See. 

The  space  which  a  body  actuated  by  the  velo* 


A  MATftttlAL  POl\fr,  ^ 


cHy  acquired  at  the  end  at  Ml,  will  deaorfbe 
In  a  time  equal  to  that  4ii  ^  will  be  i^re- 
eented  by  ilm  product  of  this  time  into  He  tcIo- 
city ;  this  product  is  double  of  the  area  of  the 
triangle,  therefore,  a  body  moving  uniformly 
with  its  la^t  acquired  velocity,  wiU  describe  in  a 
tioie  equal  to  that  of  its  fall,  (A)  a  sfiaQe  dooUe 
of  that  through  whidi  it  has  fallen. 

The  ratio  of  the  last  acquired  velocity  to  the 
time»  is  constant  for  the  same  accelerating  force  ;  it 
Inoreasea  or  diminishes  according  as  these  forces 
are  gventer  4ir  less  $  it  may  Hiereibt^  serve  lo  ex* 

press  them.  As  the  product  of  the  time  into  the 
velocity  is  double  of  the  space  described,  the  ac- 
celerating force  is  equal  to  double  of  the  space 
dtecrilied  divided  by  the  sqoalre  of  the.  time  $  itii 
idso  equal  to  the  squats  of  the  ^^^diyidMl  by 
this  double  space.  These  three  formulee  for  ex- 
pressing the  accelerating  forces  (t),  are  useful  on 
vaiievB  oocarfoBS  i  they  do  not  give  ike  absolute 
takids  of  these  ^ces,  btit  only  their  ratio  to 
each  other,  which  is  all  that  is  reijuired  in  me* 
chanics. 

On  an  inclined  plane,  the  action  of  gravity  is 
Aieomposed  ikiia  two  othei^i  the  die  perpeh* 

Ocular  to  the  plane  which  is  de^svyed  by  tts  fe* 

^stance  the  other  parallel  to  the  plane,  which  is 
to  the  pnmitive  force  of  gravity,  as  the  height  of 
tt^pkHie  to  its  length.  Therefore  the  motim 
Ml  im  IndDned  plane  is  uniftmly  aeoAirtfked  % 

but  the  velocities  and  the  Bp  aces  described,  are  to 
the  velocities  and  spaces  described  in  the  same 
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time,  in  the  direction  of  the  vertical,  as  the  height 
of  the  plane  to  its  length.  It  follows  from  tiuA, 
that  all  the  chords  of  circleBi  which  are  (k)  ter* 
mfaiatod  in  one  of  the  eztremitleB  of  the  Tertical 
diameter,  are  described  by  the  action  of  gravity, 
in  the  same  time  as  its  diameter. 

A  body  projected  in  the  direction  of  any  light 
line  whalBoeTer,  doYiates.  fi:oni  it  continually, 
describing  a  carve  ooncaTe  to  the  horizon,  of 
which  this  right  line  is  the  first  tangent.  Its  mo- 
tion when  referred  to  this  right  line  by  vertical 
ordinates,  is  uniform,  but  it  is  accelerated  in  the 
direction  of  the  verticals,  according  to  the  laws 
already  explained;  therefore,  if  from  (/)  every 
point  of  the  curve  verticals  be  extended  to  meet 
the  first  tangent,  they  will  be  proportional  to 
the  squares  of  the  corresponding  intercepts  of  this 
tangent,  which  is  the  characteristic  prop^y  of 
the  parabola.  If  the  force  of  projection  is  in  the 
direction  of  the  vertical  itself,  the  parabola  is 
confounded  with  the  vertical  line^  and  thus  the 
formuln  fbr  parabolic  motion  give  those  for  ac- 
celeratcd  or  retarded  motions,  in  the  direction  of 
the  vertical. 

Such  are  the  laws  of  the  descent  of  heavy 
bodice  discovered  by  Gallileo ;  at  the  present  day« 
it  seems  to  require  no  great  power  of  mind  to 
have  discovered  them  \  but  since  they  eluded 
the  investigations  of  philosophers,  althoi^  per^* 
petually  presented  to  them  by  the  phenomena,  it 
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mint  no  dool)t  haye  required  an  extraordlnaiy 

genius  to  have  developed  tliem. 

We  have  seen  in  the  first  book,  that  a  material 
point  suspended  at  the  extremity  of  a  sti-alght  line 
Bopposed  without  mass,  and  finnly  fixed  at  its 
ofiier  extremity,  constitates  the  stmple  pendulum. 
This  pendulum,  when  removed  from  ity  vertical 
position,  tends  to  return  by  its  giavity,  and  this 
tendeni^  is  very  nearly  proportional  to  this  devia- 
tion, when  it  is  not  considerable*  Suppose  that 
two  pendnlnms  of  the  same  length,  depart  at  the 
same  (^m)  instant  from  tlie  vertical  position,  with 
very  small  velocities.  In  the  first  instant,  they 
will  describe  arcs  proportional  to  their  velocities  ; 
at  the  oommencement  of  the  second  instant^  equal 
to  the  first,  the  Telocities  will  be  retarded  propor- 
tionally to  the  arcs  described,  and  consequently  to 
the  primitive  velocities  ;  therefore  the  arcs  describ- 
ed in  this  instant  will  be  also  proportional  to  these 
velodtiesy  and  this  will  be  likewise  true  fiir  the 
arcs  described  In  the  third,  fourth,  Instants  ; 
thus  at  every  instant  the  velocities,  and  the  arcs 
measuredfirom  the  vertical,  will  be  proportional  to 
the  primitive  velocities,  consequently  the  pendu- 
lums win  anive  at  the  state  of  rest»  simultaneously. 
They  wOl  return  i^n  to  the  yertical  with  a  mo- 
tion aeoelerated,  according  to  the  same  laws  by 
which  their  velocites  had  been  previously  retarded, 
•  and  they  will  reach  it  at  the  same  instant,  and  with 
theur  primitlTe  veloci^.  They  will  oscilhite  in 
the  same  manner  on  the  o0ier  side  of  the  yertical, 
and  ttey  would  thus  continne  to  oscillate  for  ever, 
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but  foi  the  resistances  they  meet  with.    It  is  evi* 
dent  that  the  extent  of  their  oscillations  depends 
<^  tk^ir  primitive  velooilae8»  biit  Ihe  diumlioa  of 
Ib^se  deeUlnliiOiiB  is  the  same*  and  oontefaMilijr 
independent    Afar  mpUlodeu  The  Iforee  whiA 
aoeelei'ates  oi   retards  the  pendulum,  is  not  ex- 
actly })roportional  to  the  ore  measured  Irom  the 
vertical  i  80  that  when  a  body  moves  in  a  circle  (n) 
tte.itPGiirQiuffai  relatively  to  the  emaU  oecillntiooe 
of  m  hi^yy  hodji  i$  only  approKtmBtiveu  But  it 
18  rigorously  exact  in  a  eurve,  in  which  Uie  gravity 
resolved  paralli  1  to  the  tangent,  is  proportional  to 
the  arc  reckoned  from  the  .lowest  point  of  the 
curvet  whioh  inutnediately  gives  ite  differential 
etgaaiion*  Haygen^to  whom  we  are  kadebted  for 
the  applieotion  of  the  peodalum  to  docks,  was 
the  first  who  iiiveetigated  the  nature  of  this  curve. 
Uf^  ibund  that  it  was  a  cycloid,  the  plane  of  which 
was  vertical^  the  vertex  heing  the  lowest  point } 
and  in  order  thai  a  body  su^pefided  at  the  exlMnily 
of  an  ioextensible  thread,  shoald  describe  Uiis 
curve,  it  was  only  required  that  the  other  ex- 
U^mt^  Hhould  be  fixed  at  the  point  of  concourse 
of  two  cycloids  equd  to.  Ahat  to  be  described,  and 
situated .  vertically  io  an  opposite  dhrec1ieii»  in 
such  a  nuniiier  that  the  thread  in  iis  vibration 

might  envelope  alternately  each  of  these  curves. 
But  whatever  ingenuity  may  have  been  displayed 

in  these  iiivestjgatioiiSy  a  loi^  experience,  haa 
given  the  inrefewoe  to  the  droelar  pepdelmn*  aa 
being  more  fsimfi^        siiffieienlly  aoeurahi  to  . 

be  applied  eveu  to  tUe  ^tronomical  computa' 
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tionsi   But  the  theory  of  evolntee  wbieh  has  heen 

suggested  by  them,  is  become  very  iniportatit  by 
its  applications  to  the  system  of  tlie  world. 
'  The  duration  of  the  very  small  oscillations  of 
a  curcular  pendttluin»  is  to  the  time  of  a  bodjr's  de- 
soent  through  a  height  equal  to  double  of  the 
length  of  the  peiidiilum,  as  the  semi  circumference 
18  (o)  to  the  diameter.  Consequently  the  time 
of  descent  through  a  small  arc  terminated  by  the 
vertical  diameter^  is  to  the  time  of  descent  doim 
the  diameter,  or  what  comes  to  the  same  tiling, 
to  the  time  required  to  describe  the  chord  of  the 
arc,  as  the  fourth  part  of  the  circumference  to  the 
diameter  ^  therefore  the  ri^hi  line  connecting  two 
given  points,  is  not  the  line  of  quickest  descent 
from  the  one  to  the  other.  The  investigation  of 
this  line  has  excited  the  attention  of  geometers, 
and  they  have  (/>)  fouud  that  it  is  a  cycloid,  tlie 
origin  of  which  coincides  with  the  most  elevated 
point. 

The  length  of  the  simple  pendulum  which  vU 

brates  seconds,  is  to  twice  the  height  through 
which  bodies  fall  by  the  force  of  gravity  in  the 
•same  time,  as  the  square  of  the  diameter  to  the 
square  of  the  (q)  circumfeence*  As  this  length 
may  be  measured  with  great  predsion,  the  time 
which  heavy  bodies  take  to  desoend  through  a 
determinate  space  may  be  obtained  by  this  theo- 
rem much  more  accurately  than  by  direct  experi- 
ments. It  has  l>een  observed  in  the  first  book, 
tiiai  by  means  of  very  exact  experiments,  the 
length  of  the  pendulum  vibrating  seconds  at  Paris, 
has  been  determined  to  be  0^41887,  hence  it  fol- 
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lom  that  gravity  o&um  bodias  to  fall  through 

9*,6()107,  in  the  first  second.    Thw  connection 
between  the  time  of  oscillation,  the  duration  of 
which  may  be  preoisaly  observed,  and  the  reotili- 
naar  motion  of  heavy  bodiesy  is  an  ingenious  ra- 
rnark)  for  which  we  are  also  indebted  to  Hnygens* 
The  duralioiis  of  very  small  oscillations  of  pen- 
dulums of  different  lengths»  and  actuated  by  tlie 
same  foree  of  graTity»  vary  as  the  square  roots  of 
theie  lengths.   If  the  length  of  the  pendulums  be 
the  same,  hot  actuated  by  different  forces,  the 
times  of  their  oscillations  will  be  reciprocally  as 
the  square  roots  of  the  force  of  gravity.   It  is  by 
means  of  these  theorems  that  the  variation  of 
the  force  of  gravity  at  the  suHaoe  of  the  eartby 
and  on  the  summit  of  mountains,  has  been  de- 
termined.  Prom  observations  made  on  pendu* 
]um%  it  has  been  likewise  hnferredt  that  grnvit]^ 
depends  (r)  neither  on  the  ilgiire  nor  on  Hie  sur* 
face  of  bodies  ;   but  that  it   penetrates  their 
inmost  parts,  and  tends  to  impress   on  them 
equal  velocities  in  equal  times.    To  be  assured  of 
this,  Newton  made  several  bodies  of  the  same 
weight,  but  of  difibrent  figures  and  matter,  to  es» 
cillate,  by  placing  them  in  tlie  interior  of  the  same 
surface,  in  order  that  they  may  experience  the 
same  resistance  Irom  the  air.   And  though  he  in* 
stiluted  these  eiperiments  with  the  greatest  m>» 
cnracy  possibly  he  was  never  able  to  peicsif 
the  smallest  difference  in  the  length  of  simple 
pendulums,  vibiating  secondSy  as  inferred  &em 
the  durations  of  Ike  osoiUatiana  of  these  bedieei 
hence  it  follows,  that  if  bodies  did  net  experienee 
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aay^  reeistanoe  in  their  fall,  the  yelocity  which 
iihaf  voold  aoquiro  by  th«JU3tiottof  gr8viiy»  w«iild 
bt*  always  tlie  Mtme  in  eqatl  tfmesi 

Wc  Lave  likewise  in  circular  motfoii^  an  irt^ 
stance  of  a  force  which  acts  without  interraission, 
Tl»  motion  ^fmolterabimdoafMl  to  ktelf  being  uaU 
fyna  and  reotilldottl^  H  hi  evkhM  Utttt  a  body  wMdi 
tnoteB  on  a  odm  oMist  p€$i*poliiid]y  tend  to'Modo 
ftom  the  centre  in  the  direction  of  the  tangent. 
The  elTbrt  which  it  makes  for  this  purpose  is 
tenned  centr^itgal  farce ;  and  the  foroe  directed 
to  the  centre  is  called  a  ceHtnU  or  emUiriptMfairtt. 
Jn .  di^ealar  notUm  the  delitral  Unree  is  eqnat 
and  directly  contrary  to  the  centrifugal  force  j  it 
tends  incessantly  to  draw  the  body  from  {s)  the 
•centre  to  the  drcdaiferiaeey  and  in  an  ^tremely 
^dmsA  interfal  of  ftoMi  ita  atet  may  be  nieainted 
%  tba  ▼etaed  sine  of  tho  smal]  are  desonbed. 

We  are  enabled  by  this  result,  to  compare  the 
itree  of  gravity  with  the  centrifugal  force  which 
«iiMi  from  the  rotatory  motion  of  the  earth.  At 
Ac  aqaalon  bodies  deoeribo  in  conBeqoence  of 
•iIiIb  votatioB  in  oaab  ioaond  of  tiose^  an  afo 
of  40",1095  of  the  periphery  of  the  tciTesfaial 
equator.  As  the  radios  of  this  equator  is  very 
nearly  687^1)6™,  the  versed  sine  of  this  arc  will  be 
^fiVMiisfi.  The  fofoe  of  gravilgr  canaw  bodies 
40  deiciBd  Oiroog^  8f',64980iB  a  second  a*  «bO 
equator  5  therefore  tho  central  force  necessary  to 
tetain  bodies  at  the  snirfat  e  of  tlie  oarth,  and  conse^ 
^atly  the  centrifugal  lipveo  ari»ng  from  the  rota** 
tory  motion*  is  to  the  force  of  grayity  at  the  equator^ 

ad 
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ki  the  ratio  of  I  to  S88.4.  Aathe  oMitrifugal  fom 

acts  in  opposition  to  gravity  at  the  equator,  it  dimi- 
nishes it,  and  bodies  descend  to  the  earth  by  the 
differenooonly  between  these  two  forces  \  therefore 
if  the  entire  weight  which  would  subsist  without 
this  diminution  be  called  gravity,  the  oentrilbgal 
force  at  the  equator  is  very  nearly  the  part  of 
gravity*  If  the  rotation  of  the  earth  was  seven- 
teen times  mora  Ti^id^  the  avc  described  at  the 
equator  in  a  second*  wonld  be  seventeen  tunes 
greater,  and  its  versed  pine  would  be  289  times 
more  considerable,  consequently  the  centrifugal 
force  would  be  equal  to  the  force  of  grayitf^  and 
•bodies  at  the  equator  would  cease  to  gravitate  to 
ihe  earth« 

In  general,  the  expression  of  a  constant  accele- 
rating force  which  acts  always  in  the  same  direc- 
tion, is  equal  to  twice  the  space  which  it  causes 
to  be  described,  divided  by  the  square  of  the  thne^ 
every  accelerating  ibree,  in  an  extremely  short  in- 
interval  of  time,  may  be  considered  constant  and 
acting  in  the  same  direction;  moreoveri  the 
■pace  which  the  central  force  causes  to  be  da^ 
scribed  in  circular  motion,  is  the  vened  shM  of 
the  arc  described,  and  this  versed  sine  is  very 
nearly  equal  to  the  square  of  the  arc  divided  by  the 
diamet^ ;  the  expression  of  this  force  is  theretee 
the  square  4>f  the  arc  described,  divided  by  tiho 
square  fji  the  time,  and  the  radius  <^  the  cir- 
cle. The  arc  divided  by  the  time  is  the  velocity 
itself  of  the  body  ^  consequently  the  central  forces 
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sad  likewise  the  centrifagftl  finee^  are  equal  to  tbe 
square  of  tbe  telooity  dtvided  by  the  radius. 
A  comparison  of  this  resoll,  with  tliat  found 

above,  according  to  which  the  gravity  is  equal  to 
the  square  of  the  acquired  velocity  divided  by 
twice  tbe  space  described  in  the  directiou  of  the 
(jO  Terticaly  shews  that  the  centrifiigal  force  Is 
eqtial  to  the  force  of  gravity,  when  the  velodty  of 
the  revoh  Inp^  body  is  the  same  as  that  acquired 
by  a  heavy  body,  iu  faiiiug  tluough  a  height 
equal  to  half  tbe  radius  of  tbe  described  dredm* 
ftvence* 

The  reloctties  of  several  bodies  movifig  in  cir« 

cles,  are  equal  to  the  circumferencas  which  they 
describe  divided  by  the  timeb  of  their  revolu- 
tions }  the  circamdtonces  being  as  tbe  radii,  the 
squares  of  the  velocities  are  as  the  squares  of  the 
radii  divided  by  the  squares  of  the  times.  The* 
centrifugal  forces  are  therefore  as  the  radii  of  the 
circumferences  divided  by  the  squares  of  the 
times  of  the  revolutions.  It  follows  from  this^ 
that  on  die  different  torrestrial  parallels,  the  cen- 
trifugal force  arising  from  the  motion  of  rotation 
of  the  earth,  is  proportional  to  the  radii  oi  those 
parallels.  These  beautiful  theorems  discovered  by 
Huygensy  conducted  Newton  to  the  general  theory 
of  curvilinear  motion,  and  thence  to  the  law  of 
universal  gravitation. 

A  body  which  describes  any  curve  whatever, 
tends  to  deviate  from  it  in  the  direction  of  the 
tangent :  now  we  can  easily  conceive  a  circle  to 
pass  through  two  consecutive  elements  of  the 
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eQr?e  *,  this  circle  is  tenned  the  oflculating  olrdc^ 
or  the  drde  of  curvature ;  the  hody  may  be  con- 
eeived  in  two  consecutive  instants  to  move  on  the 

circumference  of  the  circle  ;  its  centrifugal  force 
is  thereiore  equal  to  the  square  of  its  velocity  di« 
vided  by  the  radius  of  the  osculatory  oitde  i  bul 
the  magnitude  and  position  of  this  cirde  are  coUr 
fitantly  varying. 

If  the  curve  be  described  by  the  action  of  a 
foree  dureoted  to  a  fixed  point  >  this  fproe  may  be 
resolved  into  two,  one  in  the  dhrection  of  the  ya- 
dtus  of  the  osculating  circle,  the  other  in  the  di- 
rection of  the  element  of  the  curve.  The  first 
is  in  equilibrto  with  the  centrifugal  force,  the  se* 
oond  increases  (u)  or  diminishes  the  velodty  of 
the  body,  therefore  this  velocity  continually  ra* 
ries,  hut  it  is  always  such,  that  f/ie  areds  descrih^ 
^  by  th&  radius  vector  about  t/ie  origin  of  the 
Jbwt  are  prqparHonai  U>  ike  Hmee.  Ckm^ 
ffere^y,  if  the  areas  traced  the  radiue  vector 
about  a  fixed  point,  moreaee  preportionaify  to 
the  (ifxt's,  the  force  which  solicits  the  bocly,  is 
cmistcmlly  directed  towards  this  point*  These 
fondameatal  propositions  in  the  theory  of  th» 
system  of  the  world,  are  easily  demonstrated  in 
the  folJou'ing  man  tier. 

The  accelerating  force  may  be  supposed  to  act 
only  at  the  commencement  of  eaoh  mstant,  dmr* 
ing  which  the  motion  of  the  body  is  unifbrm  ;  the 
radius  vector  will  tlius  describe  a  small  triangle. 
If  the  force  should  cease  to  act  in  the  following 
instant,  the  radius  vector  will  trace  in  this  second. 
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instant  a  small  triangle  equal  to  the  first  i  be- 
cause  the  yertices  of  these  two  triangles  being  at 

the  fixed  point,  vvhicli  is  the  origin  of  tlie  force, 
their  bases,  which  exist  in  the  same  right  liae» 
will  be  equal  f  as  being  described  with  the  same 
velocity,  during  two  equal  and  consecutive  in** 
slants.    But  at  the  commencement  ol  llie  se- 
cond instant,  the  accelerating  force  combined 
with  the  tangential  force  of  the  curve,  causes  the 
body  to  deseribe  the  diagonal  of  a  parallelogram, 
of  which  the  adjacent  sides  represent  these  forces. 
The  triimglc  ^\  hich  the  radius  vector  describes  in 
consequence  of  the  action  of  this  combined  force, 
is  equal  to  that  which  would  have  been  de- 
scribed without  the  action  of  the  accelerating 
force  J  lor  these  two  triangles  are  situated  on  the 
same  base,  namely,  the  radius  vector  of  the  end  of 
the  first  instant,  and  theur  vertices  exist  on  a  right 
line  parallel  to  thw  base;  therelbre  the  areas 
traced  by  the  radius  vector  in  two  consecutive  iu- 
siants,  are  equal ;  and  consequently  the  sector 
desonbed  by  this  radius  increases  as  the  number 
of  tiiese  instants,  or  as  the  times.   It  is  evident 
that  this  only  obtains  when  the  accelerating  force 
is  directed  towards  the  fixed  point ;  othci  wise  the 
triai^les  which  we  have  considered  will  not  have 
the  same  altitude.    Therefore^  the  proportion- 
ality     the  areas  to  the  times,  demonstrates 
that  the  accelerating  force  is  constantly  directed 
to  the  origin  of  the  radius  vector. 

la  this  case,  if  we  suppose  a  very  small  sector 
to  be  described  ia  a  very  short  interval  of  time, 
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and  if  from  the  fint  extremity  of  the  are  of  this 

sector,  a  tangent  to  the  curve  be  drawn,  and  the 
radius  vector  drawn  from  the  origin  of.tbeibrce 
to  the  other  extremity  of  the  vector  be  prolonged 
to  meet  this  tangent,  it  is  eyident  that  the  part  of 
this  radius  intercepted  between  the  curvo  and  tlie 
tangent,  will  be  the  ^\ydce  whicii  the  central  force 
would  cause  the  body  to  describe.  If  twioe  this 
space  be  divided  by  the  square  of  the  time,  we 
obtain  an  expression  for  this  force ;  hut  shnce  the 
sector  is  propoilional  to  this  time,  tlie  central 
force  is  proportional  to  the  part  of  the  radius 
vector  intercepted  between  the  curve  and  the 
tangent,  divided  by  the  square  of  the  sector. 
Strictly  speaking,  the  central  force  in  different 
points  of  the  curve  is  not  proportional  to  these 
quotients,  but  the  accuracy  is  always  greater  ac- 
cording as  the  sectors  are  taken  smaller,  so  that 
It  is  exactly  proportional  to  the  limits  of  these 
quotients.  When  the  nature  of  the  curve  is 
kno^vn,  this  limit  may  be  obtained  in  a  function 
of  the  radius  vector,  by  means  of  the  diiferential 
analysis,  and  then  that  function  of  the  distance 
to  which  the  central  (v)  force  is  proportional  wiU 
be  determined. 

If  the  law  of  the  force  he  given,  the  investiga- 
tion of  the  curve  desci'ibed  presents  greater  di&- 
culties.  But  whatever  be  the  nature  of  the  fofoes 
by  which  a  body  is  actuated,  the  diflferential 
equations  of  its  motion  may  be  determined  in  the 
following  manner  :  let  us  imagine  three  axes  per- 
pendicular to  each  other  i  the  position  of  a  body 
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at  any  instant  will  be  determined  by  three  coordi- 
nates parallel  to  these  axes.  Each  foroe  which 
ads  on  the  point  b^ng  reeolved  into  three  tithen 
parallel  to  the  same  axes,  the  product  of  the  re- 

sultant  of  all  the  forces,  parallel  to  one  of  the 
coordinates,  into  the  element  of  time  during 
which  it  acts,  will  express  the  increment  of  the 
Telocity  parallel  to  this  coordinate  j  but  this  Te- 
locity being  equal  to  the  element  of  the  coordi* 
nate  divided  by  the  element  of  the  time,  the  dif- 
ferential of  the  quotient  of  this  diyision,  is  equal 
to  (x)  the  preoeding  product  The  consideration 
of  the  two  other  coordinates  famishes  two  similar 
equations ;  thns  the  determination  of  the  motion 
of  a  body,  becomes  an  investigation  of  pure  ana- 
lysis,  which  is  reduced  to  the  integration  of  these 
differential  equations. 

In  general,  the  element  of  time  bemg  supo 
posed  to  be  constant,  the  second  diiierential  of 
each  coordinate  divided  by  the  square  of  this  ele- 
menty  represents  a  force,  which  being  applied  to 
the  point,  in  an  opposite  direction  constitutes  an 
equilibrium  with  tiie  force  which  solicits  it  in  the 
direction  of  this  coordinate.  If  the  difference  of 
tliese  forces  he  multiplied  by  the  arbitrary  varia- 
tion of  the  coordinate,  the  sum  of  the  three  si- 
milar products  relative  to  the  three  coordinates 
will  he  equal  to  cypher  by  the  condition  of  equi- 
librium. If  the  point  be  free,  the  variations  of 
the  tliree  coordinates  will  be  all  arbitrary,  and  by 
putting  the  coefficient  of  each  of  them  respec- 
tively equal  to  cypher,  Uie  (y)  three  differential 
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equations  relative  to  the  inotiou  of  a  |)oiiit  will  be 
obtamed.  Bai  if  the  point  is  not  entirely  free» 
there  will  be  giren  one  or  two  relfttions  between 
the  three  coordinates,  which  will  famish  a  corres- 
ponding numbei*  of  equations  between  their  arbi- 
titiry  variations.  If  then  a  like  number  of  varia- 
tioiis  be  eliminated  by  means  of  these  relations^ 
the  coefficients  of  the  remaining  variations  will 
be  reqieotiyely  equal  to  C3rpher ;  and  the  diffisren* 
tial  equations  of  motion  will  be  obtained,  wliieh 
hejjoQ  combined  with  the  relations  existing  be- 
tween the  coordinates^  will  determine  the  posi- 
tion of  the  pointy  for  any  instant 
.  The  integration  of  these  equations  is  easy  when 
the  force  is  directed  to  a  fixed  point,  but  very  of- 
ten it  becomes  impossible  from  the  nature  of  the 
forces.  Nevertheless  the  consideration  of  the  di£> 
foential  eq[aations  leads  to  some  interesting  prin- 
ciples of  mechanics,  such  as  the  following.  The 
differential  of  the  square  of  the  velocity  of  a  point 
subject  to  the  action  of  accelerating  forces,  is 
espial  to  twice  the  sum  (z)  of  th^  ptodncts  of  each 
finrce  into  the  snsall  space  advanced  by  Hie  body 
in  the  direction  of  this  force ;  from  which  it  is 
easy  to  infer,  tliat  the  velocity  acquired  by  a  heavy 
body  descending  along  a  line  or  a  curved  surface, 
is  the  same  as  it  would  acquire  in  failing  vertically 
through  the  same  height 

Several  Philosophers,  struck  with  the  order 
winch  prevails  in  nature,  and  with  the  fecandity 
of  its  means  in  the  preductim  of  phenomena, 
have  supposed  that,  she  always  accomplishes  her 
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•liDda  in  the  mmpleel  manner  poeiiUe.  1h  extend- 
ing this  oonjeetore  to  meohantoi^  th^  have  Invee- 

ligated  what  was  the  economy  of  nature  in  tlic 
employment  of  forces  and  of  time.  Ptolemy  aa- 
4:erliiiQed  that  reflected  light  passed  from  one 
point  to  another^  by  the  ehorteat  poauble  ronte^ 
and  ooneeqnently  in  Hie  least  time,  the  velooitjr 
of  the  luminous  ray  being  supposed  to  be  always 
the  same.  Fermat,  one  of  the  most  origi|ial  men 
that  Franee  ever  prodnoed,  generalized  this  prin* 
eiple*  by  extending  it  to  the  refiraotton  of  fight 
He  soppoeed  therefore  that  it  paasee  from  a  point 
assumed  without  a  diaphonoub  uicdiuui  to  au  iii- 
lerior  point,  in  the  shortest  possible  time ;  then 
eopposlng  tiiat  the  velocity  ia  lem  in  this  medium 
^an  in  a  vaonot  which  ia  extremely  probable*  he 
4nvettigated  the  law  of  the  refraction  of  light  in 
these  hypotheses.  By  applying  to  this  problem 
his  beautiful  method  de  niaximis  and  ck  jninimU, 
(which  should  be  considered  as  the  troe  origin  of 
lihe  diflbrential  oalcuhi8,)he  found  agreeably  to  ex* 
perience,  that  the  sines  of  (aa)  incidence  and  of 
refraction  ought  to  be  in  a  constant  ratio,  greater 
than  unity.  The  ingenious  manner  in  which  New» 
ton  deduced  this  ratio  from  the  attraction  of  the 
media  which  the  rays  traverse,  indicated  to  Man* 
pertiuSythat  the  velocity  of  light  increases  iiuliapha- 
nous  media,  and  that  consequently  it  is  not,  as  Fer- 
mat  supposed,  the  sum  of  tl^  quotients  of  the  spaces 
described  in  a  vacuo  and  in  the  medium*  divided  by 
^eir  corresponding  velocities,  but  the  sum  of  the 
products  ui  these  quantities  which  should  be  aniinU 
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mum,  Btiler  exteuded  this  hypothesis  to  motions 
which  are  every  moment  variable,  and  he  demoR- 
fllrated  by  several  examples,  that  of  all  the  eorves 

that  a  body  may  describe  in  passing  from  one 
point  to  another,  it  always  scleclb  that  in  which 
the  integral  of  the  product  of  Ua  tnau,  into  its 
vdocity  and  the  element  of  the  euroet  is  a  mini* 
tnum.  Thus  the  velocity  of  a  point  which  moves 
on  a  curved  sarface,  aod  is  not  actuated  by  any 
force,  being  coubtant,  it  passes  from  one  point  to 
another  by  the  shortest  line  (66)  which  can  be 
traced  on  this  sarface.  The  preoedli^  integral 
has  been  termed  theaetim  of  the  hod^,  and  the  som 
of  all  the  similar  integrals  relative  to  each  body  of 
the  system,  has  been  called  the  action  of  the  sys- 
tem. Therefore  Euler  has  demonstrated  Uiat  this 
action  is  a  minimunh  so  that  the  economy  of  na- 
tore  consists  in  spanng  this  action- ;  this  is  what 
constitutes  the  principle  of  lca6i  aciion,  the  dis- 
covery of  which  is  certainly  due  to  Euler ;  though 
Lagrange  has  since  derived  it  from  the  primor- 
dial laws  of  motion.  But  this  principle  is  only  at 
bottom  a  remarkable  result  of  those  laws,  which 
are,  as  we  have  seen,  the  most  simple  and  tlie 
most  natural  that  can  be  conceived,  and  which 
seem  to  he  derived  from  the  very  essence  of  mat- 
ter.  All  laws  mathematically  possible  between 
the  force  and  the  velocity,  ibmish  analogous 
results,  provided  that  we  substitute  in  thib  j>riu- 
ciple,  instead  of  the  velocity,  that  function  ot  the 
vdoclty  by  which  the  force  is  expressed.  There« 


A  MATERIAL  POINT« 


253 


fiure  the  principle  of  the  least  action  ought  not  to 
be  elevated  to  the  rank  of  a  final  cause,  for  so  fltr 
from  having  given  birth  to  the  laws  of  motion, 
it  has  not  even  contributed  to  their  discovery, 
without  which  we  would  still  dispute  about 
what  was  to  be  understood  by  the  last  action  of 
nature. 
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OJ  Uie  equilibrium  of  a  system  of  bodies. 

The  simplest  case  of  equilibrium  between  several 
bodies,  is  that  of  two  material  points  meeting 
each  other,  with  equal  and  directly  contrary  ye- 

locities.  Tlieir  mutuul  impenetrability,  that  pro- 
perty of  matter  wliich  prevents  two  bodies  fi*om 
occupying  the  same  place  at  the  same  instant, 
eyidently  annihilates  tiieir  yelocities^  and  reduces 
them  to  a  state  of  rest  But  if  two  bodies  <^  dif- 
ferent masses  impinge  on  each  other,  with  op- 
posite velocities,  what  relation  exists  between  the 
velocities  and  the  masses  in  the  case  of  an  equili* 
brinm  ?  In  order  to  solve  this  problem,  suppose 
a  system  of  contiguous  materiid  points  arranged 
in  the  same  right  line,  and  actuated  by  a  common 
velocity,  in  the  direction  of  this  line  ;  suppose  also 
a  second  system  of  contiguous  material  points^ 
situated  on  this  same  line  and  actuated  also  by  a 
common  velocity,  but  in  a  direction  oppomte  to 
the  preceding,  so  that  the  two  systems,  after  im- 
pinging on  each  other,  may  constitute  an  equili- 
brium. It  is  evident,  that  if  the  first  s}rstem  con* 
sisted  of  only  one  material  poin^  each  point  in 
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the  second  system  would  destroy  in  the  striking 
pointy  a  part  of  ila  velocity  equal  to  the  velocitj 
of  tihe  Beoond  system  ;  therefore  In  the  eiwe  of 
equilibrium,  the  velocity  of  the  striking  poiut 
should  be  equal  to  the  product  of  the  velocity  of 
the  second  ^stem  into  the  number  of  material 
pointe  eompoeing  and  thus  we  may  Bubetitute 
for  the  first  systen^  one  sole  pouoit  actuated  by  a 
velocity  equal  to  this  product.  We  may  likeMdse 
substitute  in  })lace  of  the  second  system,  a  mate- 
rial point  actuated  by  a  velocity,  equal  to  the  pro* 
duet  of  the  velocity  of  th^  first  systems  ioto  the 
number  of  its  material  points.  Thus  in  place  of 
the  two  systems  we  shall  have  two  points  which 
will  sustain  each  other  in  equilibrio  with  contra- 
ry velocities^  of  which  one  will  be  the  product  of 
the  vdoeity  of  the  first  system  Into  the  nmnber  of 
Hs  ponit%  and  of  whidi  the  other  wiU  be  the  pro- 
duct arising  from  multiplying  the  velocity  of  the 
points  of  the  second  system  by  their  number; 
therefore  in  the  case  of  an  equilibrium  these  pro. 
doets  should  be  e^ial  to^each  otiier*.  The  mass 
of  a  body  is  the  aggregate  of  its  material  points. 
The  product  of  the  mass  by  the  velocity  is  termed 
the  quantity  of  motion  ;  this  is  also  what  is  under- 
stood by  the  Jqtca  qf  a  bot^.  In  order  that  two 
bedlflift  er  two  systems  of  pomtB^  which  impudge 
M  each  other  in  oppoAta  dupeetionSh  may  be  in 
equilibrio,  the  quantities  of  motion  or  the  oppo- 
site forces  should  be  equal,  and  consequently  the 
velocities  should  be  inversely  as  the  mas8€»* 
Two  material  points  cannot  act»  the  one  on  the 
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otlier,  except  in  tbe  direction  of  the  right  line 
which  oonnectB  them  :  the  action  which  th^  fint 
ezerdseB  on  the  second  commnnicales  to  it  a  cer. 

tain  quantity  of  motion  ;  now  we  may  conceive 
that  previous  to  the  action,  the  second  body  is  ac- 
tuated by  this  quantity,  and  by  another  which  is 
equal  and  directly  opposite  to  it»  the  action  of  the 
first  body  is  therefore  employed  (a)  in  destroying 
this  last  quantity  of  motion,  but  to  effect  this,  it 
must  employ  a  (juantity  of  motion  equal  and  con- 
trary to  that  whicli  is  to  be  destroyed.  Hence  it 
appears  generally,  that  in  the  mutual  action  of 
bodies*  the  reaction  is  always  equal  and  directly 
contrary  to  the  action.  It  likewise  appears,  that 
this  equality  does  not  imply  the  existence  of  any 
particular  ibrcc  inherent  in  matter*  but  results 
from  this*  that  a  body  cannot  acquire  motion 
from  the  action  of  another*  without  depriving  it 
of  a  portion  of  its  motion  ;  in  the  same  manner, 
as  a  vessel  can  only  he  filled  at  the  expence  of 
another  which  communicates  with  it* 

The  equality  between  action  and  reaction  ma« 
nifesta  itself  in  all  the  actions  of  nature ;  iron  at- 
tracts the  magnet  as  it  is  attracted  by  it ;  the  same 
is  observed  in  electric  attractions  and  repulsions, 
and  even  in  the  developement  of  animal  forces  ^ 
for  whatever  be  tiie  nature  of  the  prime  motive 
power  in  man  and  animals*  it  is  dear  that  tbey 
experience,  from  the  reaction  of  matter,  a  force 
equal  and  contrary  to  that  which  they  comnunii- 
cate  to  it*  and  that  consequently  when  they  are 
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considered  in  this  point  of  view,  they  are  subject 
to  the  Bame  laws  an  inanimate  beings. 

The  reciprocity  of  the  velodty  to  the  maw  in 
the  case  of  equilibrium,  enables  us  to  determine 

the  ratio  of  the  masses  of  different  hodies.  Those 
of  homogeneous  bodies  are  proportional  to  their 
volumes,  which  geometry  teaches  us  to  measure  i 
but  all  bodies  are  not  homogeneous,  and  firom  the 
differences  which  exist  either  in  tlieir  integrant 
molecules  or  in  tlie  number  and  magnitude  of  the 
intervals  or  jiures  wliicli  separate  those  molecules, 
there  arise  very  considerable  diversities  in  the 
masses  which  are  contained  under  the  same  vo- 
lume. Geometry  then  becomes  inadequate  to 
determine  these  masses,  and  we  are  necessarily 
obliged  to  luive  recourse  to  mechanics. 

If  we  conceive  that  in  two  globes  composed  of 
different  substances,  their  diameters  are  so  varied* 
that  they  may  constitute  an  equilibrium  when 
they  meet  with  equal  and  directly  opposite  velo- 
cities, we  may  be  assured  that  then  they  contain 
the  same  number  of  material  points,  and  that 
consequently  their  masses  are  equal.  The  ratio 
of  the  volumes  of  these  substances,  the  masses  be- 
ing equal,  will  thus  lie  obtained ;  and  afterwards, 
we  can  deternnnc  by  geometry,  tlie  ratio  of  the 
masses  of  any  two  volumes  of  the  same  substance. 
But  this  method  would  be  extremely  troubietiome 
in  the  numerous  comparisons  which  are  continu- 
ally required  in  the  various  relations  of  com- 
merce.   Fortunately,    imlure  furnishes,  in  the 
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weight  of  bodies,  a  simple  method  of  cx)n)]mring 
tlicir  masses. 

It  has  beeo  observed  in  the  preceding  chapter, 
that  OTerj  matarial  point  in  the  same  place  on  the 
earth,  tends  to  move  with  the  seme  velocity  by 
the  action  of  gravity.  The  sum  of  these  tenden- 
cies is  that  whit  li  constitutes  the  weigiit  of  a  bo- 
dy j  therefore  (b)  the  weights  are  proportional  to 
the  masses.  It  follows  from  this,  that  if  two  bo* 
dies  suspended  at  the  extremities  of  a  thread, 
which  passes  over  a  puUy,  are  in  equilibrio  when 
an  equal  portion  of  the  thread  is  on  each  side  of 
the  puUy,  the  masses  of  those  bodies  are  equal, 
because  tending  to  more  with  the  same  velocity 
by  the  action  of  gravity,  their  mutual  action  on 
each  other  is  precisely  the  same,  as  if  they  im- 
pinged on  each  other,  with  equal  and  directly 
contrary  velocities.  Likewise  if  two  iMxlies 
placed  in  a  balance,  of  which  the  arms  and 
plates  are  perfectly  equal,  be  in  equilibrio,  we 
may  be  assured  of  the  equality  of  their  masses. 
TIh'  ratio  between  the  masses  of  different 
bodies  may  thus  be  obtained  by  means  of  an 
exact  and  sensible  balance,  and  of  a  great  num- 
ber of  small  equal  weights,  by  determining  how 
many  of  these  weights  are  necessary  to  retain 
these  masses  in  equilihrio. 

The  density  of  a  body  depends  on  the  number 
of  its  material  points,  included  in  a  given  volome ; 
it  is  therefore  proportional  to  the  ratio  of  the  mass 
to  the  volume. 

The  density  of  a  substance  destitute  of  pores 


biyiiized 


SYSTEM  OF  BODIES.  259 


would  be  the  greatest  possible ;  and  a  coinparisoa 
of  its  density  with  that  of  other  bodies,  would  give 
the  quantity  (c)  of  matter  which  they  cxintain* 
Bat  as  we  are  not  aoqnaiiited  with  any  such  sob- 
stance,  we  can  only  obtain  the  relative  densities 
of  bodies ;  these  densities  are  in  the  proportion 
of  the  wcigiits  when  the  volumes  are  the  same*  for 
the  weights  arc  proportional  to  the  masses :  as- 
suming thereibre  as  unity,  the  density  of  any  sub- 
stance, at  a  constant  temperature,  for  instance, 
the  maximum  of  the  density  of  distilled  water,  the 
density  of  a  body  will  be  tlie  ratio  of  its  weight  to 
that  of  an  equal  volume  of  water  reduced  to  its 
maximum  density*  This  ratio  is  termed  itB 
^Deeifie  gratniy. 

What  has  been  said  seems  to  suppose  that  mat* 
ter  is  homogeneous,  and  that  bodies  only  ditter 
from  each  other  in  the  figui'e  and  magnitude  of 
tiietr  pores  and  of  their  integrant  molecules.  It 
is  however  possible  that  there  may  be  essential 
differences  in  the  very  nature  of  these  molecules ; 
and  it  is  not  repugnant  to  the  limited  information 
which  we  possess  of  matter,  to  suppose  the  ce- 
lestial regions  filled  with  a  fluid  devoid  of  pores, 
and  still  of  such  a  nature  as  not  to  oppose  any 
sensible  resistance  to  the  planetary  motions ;  we 
may  tluis  reconcile  the  unilormity  of  these  mo- 
tions, which  is  (d)  evinced  by  the  phenomena,  with 
the  opinion  of  those  philosophers  who  regard  a  va^ 
onum  as  an  impossibility  \  but  this  is  of  no  conse- 
quence in  mechanics,  which  takes  into  account  no 
other  properties  ol  matter,  but  extension  and  mo- 
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lion.  We  may  therefore,  without  any  appre- 
hension of  error,  assume  the  homogeneity  of 
the  elemenU  of  matter,  provided  tiiat  by  equal 
masses  we  understand  masses  which  being  sol- 
licited  by  equal  and  directly  contrary  velocitieSy 
constitute  an  equilibrium. 

In  the  theory  of  the  equilibrium,  and  motion 
of  bodies,  we  abstract  from  the  consideration  of 
the  number  and  figure  of  the  pores  which  are 
distributed  through  them.  But  we  may  have  re^ 
gard  to  the  differences  of  their  respective  densi- 
ties,  by  supposing  them  to  be  constituted  of  ma* 
terial  points  more  or  less  dense,  which  in  fluids 
are  perfectly  free,  and  which  in  hard  bodies  are 
'connected  by  inflexible  straight  lines,  destitute  of 
mass,  and  whidi  in  elastic  and  soft  bodies^  are 
connected  by  flexible  and  extensible  lines.  It  is 
evident  that  in  these  hypotheses,  bodies  should 
present  the  appearances  which  they  actually  ex- 
hibit. 

The  conditions  of  the  equilibrium  of  a  system  of 
bodies  may  be  always  determined  by  the  law  of 

the  composition  of  forces,  which  has  been  explain- 
ed in  the  first  chapter  of  this  book  ;  I'oi  we  iiiuy 
conceive  the  force  by  which  every  material  point 
of  the  system  is  actuated,  to  be  applied  to  that 
point  of  its  direction  where^all  the  forces  which 
destroy  it  concur,  or  which  by  combining  with 
it,  constitute  a  resultant,  which  in  the  case  of 
equilibrium  is  destroyed  i)y  the  fixed  points  of  the 
sjrstem.  Let  us  consideryfor  example,  twomftp 
terial  points,  attached  to  the.  extremities  of  an  in- 
flexible lever,  Mid  suppose  that  the  forces  which 
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sollicit  them  exist  in  the  plane  of  the  lever  :  these 
forces  being  supposed  to  meet  at  the  point  of  con- 
coarse  of  their  directions^  their  resultant  should* 
in  order  to  constitute  an  equilibrium,  pass  through 
the  fulcrum,  which  can  aloiio  destroy  it ;  (e) 
and  according  to  the  law  of  tlie  composition 
of  forces,  the  tiro  composing  forces  should  be  re- 
ciprocally proportional  to  perpendiculars  demitted 
from  the  fulcrum  or  point  of  support,  on  their  di* 

reclioiis. 

If  we  suppose  two  heavy  bodies  to  be  attached 
to  the  extremities  of  a  rectilinear  inflexible  lever, 
of  which  the  mass  is  indefinitely  small,  relatively  to 
the  masses  of  these  bodies,  the  directions  respective- 
ly parallel  to  that  of  the  gravity,  may  be  conceived 
to  meet  at  an  infinite  distance.  In  this  case,  the 
forces  by  wliieli  each  body  is  a(;tuatcd,  or  what 
is  the  same  thing,  their  weights  must  be  in  the 
case  of  equilibrium  redprocally  proportional  to 
perpendiculars  let  foil  from  the  fulcrum  on  the 
directions  of  these  forces ;  tliese  perpendiculars 
are  proportional  to  the  arms  of  the  levers,  conse- 
quently the  weights  of  two  bodies  are,  in  the  case 
of  equilibrium,  reciprocally  proportional  to  the 
arms  of  the  lever  to  which  they  are  attached. 

A  very  small  weight  may  therefoio  sustain  a 
very  considerable  one  in  equilibrio,  and  in  this 
manner  we  can  raise  an  enormous  weight  by  a 
veiy  slight  effort ;  but  for  this  purpose  the  arm 
of  the  lever  to  which  the  power  is  attached,  must 
be  very  long  with  respect  to  that  which  elevates 
the  weight,  so  that  the  power  must  describe  a 
great  space  to  elevate  the  weight  a  small  height. 
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Consequently  what  is  gained  in  force,  is  lost  in 
time^  and  this  is  the  case  univ^saily  in  all  C/) 
machines.  But  we  may  almost  always  dbpose  of 
time  at  pleasure,  when  we  can  only  employ  a 
very  limited  force,  la  other  ernes  where  it  is  re- 
quired to  produce  a  great  velocity,  it  may  be  ef- 
fected by  applying  the  force  to  the  shorter  arm  of 
the  layer.  It  is  in  this  possibilily  of  augmenting, 
according  to  circumstances,  the  mass  or  the  vdo- 
city  of  the  bodies  to  be  moved,  that  the  principal 
advantage  of  machinery  consists. 

From  a  consideration  of  the  lever  has  been  sug- 
gested the  notion  of  moments.  By  the  mamerU  of  a 
force  to  make  a  system  turn  about  a  pointy  is  un- 
derstood the  product  of  this  force,  into  the  distance 
of  thepoint  from  its  direction.  Therefore  in  the  case 
of  tlie  equilibrium  of  a  lever,  to  the  e&tremities  of 
which  two  forces  are  applied,  the  moments  of 
these  forces  with  respect  Qji)  to  the  fulcrum  or 
point  on  which  it  turns,  must  be  equal  and  con- 
trary, or  what  comes  to  the  same  tiling,  the  sum 
of  the  monicnts  relatively  to  this  point  must  be 
equal  to  cypher. 

The  projection  of  a  force  on  a  plane  drawn 
through  a  fixed  pointy  multiplied  into  the  distance 
of  the  point  from  this  projection,  is  termed  the 
moment  of  the  force  to  make  the  system  to  re- 
^olve  about  an  aius  which  passes  through  the 
fixrd  point,  and  is  perpendicular  to  the  plane. 

The  moment  of  the  resultant  of  any  number  of 
forces  with  respect  to  a  point,  or  any  axis,  is 
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equal  40  the  sum  of  the  oonregpondiqg  moments 
of  the  eomposiiig  forcesu 
Perallel  forces  may  be  supposed  to  meet  at  an 

infinite  distance,  they  are  tliorcfore  reducible  to 
an  unitjiie  force,  equal  and  parallel  to  their  sum  ; 
Uicretbre  if  each  force  be  resolved  into  two,  one 
*   of  whioh  exists  on  a  given  plane,  the  other  being 
perpendicnlar  to  this  plane*  all  the  forces  situated 
in  the  plane  are  reducible  to  a  unique  force,  as 
likewise  all  the  forces  which  are  perpendicular  to 
this  plane.    There  exists  always  a  plane  passing 
through  the  fixed  point*  such  that  the  resultant 
of  the  forces  which  are  perpendicular  to  it»  either 
vanishes  or  passes  llirough  this  point :  in  these 
two  cases  the  (/O  moment  of  this  resultant  va- 
nishes relatively  to  the  axes  which  have  this  point 
for  the  origin,  and  the  moment  of  the  forces  of  the 
system*  wi^  respect  to  these  axes  is  reduced  to  the 
moment  of  the  resultant  situated  in  the  plane  in 
question.    The  axis  about  which  this  moment  is  a 
maximum^  is  that  which  is  perpendicular  to  this 
plane*  and  the  moment  of  the  forces  relative  to 
an  axis*  which  passing  through  the  fixed  point 
makes  any  angle  with  the  axis  of  gpreatest  mo« 
ment,  is  equal  to  the  greatest  moment  of  the  sys- 
tem, multiplied  into  the  cosine  of  this  anc^le  ;  so 
that  this  moment  vanishes  for  all  axes  situated  in 
the  plane  to  which  the  axis  of  the  greatest  mo- 
ment is  perpendicular* 

The  sum  of  the  squares  of  the  cosines  of  the 
angles  made  hy  the  axis  of  greatest  moment,  with 
any  three  axes  perpendicoiar  to  each  (i)  other 
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aod  passing  through  the  fixed  point  beiug  equal 
to  ttnitjr ;  the  squares  of  the  three  sums  of  the 
moments  of  the  foroc8»  with  respect  to  these  axee^ 
are  equal  to  the  square  of  the  greatest  moment. 

In  oilIli  that  a  system  of  bodies  connected  in 
an  invariable  manner,  and  wliieli  revolves  about 
a  fixed  point,  may  be  in  equilibrio,  the  sum  of  the 
moments  of  the  forces  most  vanish  with  respect  to 
any  azis  passing  through  this  point.  It  foUows 
from  what  goes  before,  that  this  will  always  be 
the  case  if  the  preceding  sum  be  equal  to  cypher, 
reiativtly  to  three  fixed  axes,  perpendicular  to 
each  other.  If  there  is  no  fixed  point  in  the  sys- 
tem, it  is  required  in  addition  to  the  preceding 
conditions,  in  order  to  insure  an  equilibrium,  that 
the  three  sums  ut  forces  resolved  paiulJcl  iu  tliese 
axes,  be  respectively  (k)  equal  to  cypher. 

Let  us  considsr  a  system  of  ponderable  pouits 
firmly  connected,  nsferred  to  three  planes  at 
right  angles  to  each  other,  and  connected  with 
the  system.  The  action  of  gravity  being  resolved 
parallel  to  the  intersections  of  these  planes,  all 
the  forces  parallel  to  the  same  plane  may  be  re- 
duced to  an  unique  resultant  parallel  to  this 
plane  and  equal  to  their  sum.  The  three  result- 
ants relative  to  the  three  planes  mu^i  concur 
in  the  same  point  ^  tor  the  action  of  gravity  on  the 
several  points  of  the  system  being  parallel,  they 
have  an  unique  resultant,  which  is  obtained  by 
first  combining  two  of  these  fi>rces,  and  after- 
wards their  resultant  with  the  third  force ;  the 
resultant  of  the  three  forces  with  a  fourth,  and 
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80  on.  The  situation  of  this  point  of  concourse 
with  respect  to  the  sjrsteiDy  is  independent  of  the 
iodination  of  the  planee  to  the  direction  of  gra- 
vity; for  a  greater  or  leas  inclination  can  only 

change  the  (/)  values  of  the  tlirce  partial  re- 
sultants, witliout  altering  their  position  with  re- 
spect to  the  planes  ;  therefore  this  point  being 
supposed  fixedy  all  the  efforts  of  the  weights  of  the 
system  will  be  annihilated  in  all  the  positions 
which  it  can  assume  in  revolving  about  this  point, 
which  for  this  reason  has  been  tcruied  tJu  centre 
of  ffravUg  of  the  system.  Let  us  conceive  the  po- 
sition of  this  centre,  and  that  of  the  different 
points  of  the  ^tem  tohe  determined  by  ooordi« 
nates  parallel  to  three  axes  at  right  angles  to  each 
other.  The  actions  of  gravity  being  equal  and 
parallel,  and  the  resultant  of  those  actions  pas- 
sing in  all  positions  of  the  system  through  its 
centre  of  gravity  %  if  this  resultant  be  supposed  to 
be  saccessively  parallel  to  each  of  the  three  axes, 
the  equality  of  the  moment  of  the  resultant  to  the 
sum  of  the  moments  of  the  composing  forces  gives 
anyone  of  these  coordinates, multiplied  by  the 
entire  mass  of  the  system,  equal  to  the  sum  of 
the  products  of  the  mass  of  eaush  point  into  its 
corresponding  coordinate.  Thus  the  determina- 
tion of  this  centre,  of  which  gi'avity  first  suggest- 
ed the  idea,  is  independent  of  it.  The  consider- 
ation of  this  centre  extended  to  a  system  of  bo- 
dies ponderable  or  not,  free  or  connected  in  any 
manner  whatever,  is  extremely  useful  in  me- 
chanics. 
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The  theorem  which  was  given  at  the  close  of 
the  first  chapter  oii  the  equiJihrium  of  a  point, 
when  generalised,  leads  to  the  following  theoram, 
which  contains,  in  the  most  general  manner,  the 
conditions  of  the  eqaflihrium  of  a  system  of  mate- 
rial points  actuated  hy  any  iorc^ps  whatever. 

If  an  indefinitely  ( m)  small  change  be  made  in 
the  position  of  the  system,  in  a  manner  compati- 
ble with  the  connection  of  its  parts,  each  mate- 
rial point  will  advanoe  in  the  direction  of  the  force 
which  soUicits  it,  by  a  quantity  equal  to  the  part 
of  this  direction,  comprised  between  the  first  po- 
sition of  the  point  and  the  perpendicular  let  fall 
from  the  second  position  of  the  point  on  this  di- 
rection; this  being  premised,  in  the  case  of  equi- 
librium, the  mtm  of  tJie  products  of  each  force  into 
the  quantity  by  which  the  point  to  which  it  is  appU* 
edctdwmceB  m  Ua  direction^  t#  equal  to  cypher; 
tmd  ctm/m'vify  if  this  8um  u  equal  what* 
ever  may  be  the  variation  of  the  system,  itiein 
equUibrio,    It  is  in  this  that  the  j)rinoipie  of  vir- 
tual velocity  consists,  for  which  we  indebted  to 
John  Bernoulli,  but  in  implying  it,  it  should  be 
observed,  that  those  products  must  be  taken  ne- 
gatively, of  which  the  points  in  the  change  of  po- 
sition  of  the  system,  advance  in  a  direction  con- 
trary to  tliat  of  their  forces  :  it  should  be  likewise 
recollected,  that  the  force  is  the  product  of  the 
mass  of  a  material  point,  into  the  velocity  with 
which  it  would  move,  if  entirely  free. 

If  we  conceive  the  position  of  each  point  of  the 
system,  to  be  determined  by  three  rectangular  co- 


Digitized  by  Google 


STSTBV  OF  BOniM.  267 

OMlinatey  the  mm  of  ihe  jnodaislB  of  eaoh  force 
into  the  quantity  adtaneed  in  its  direction  hf  the 

point  which  it  sollicits,  when  an  indefinitely  small 
change  made  in  the  system,  will  be  expressed 
by  a  linear  function  of  the  variation  of  the  ooordi* 
nates  of  its  several  points  j  tiiese  variations  have 
with  each  other  relations,  which  depend  on  the 
manner  in  which  the  parts  of  the  system  are  con- 
nected together,  therefore  in  reducing  the  arbitra- 
ry  variations  to  the  least  possible  number  by 
means  of  these  relations  in  the  precedii^  som 
which  shonid  he  equal  to  cypher*  in  the  case 
of  eqnilihrinin ;  it  is  necessary^  in  ordw  that  the 
equilibrium  may  take  place  in  every  direction,  to 
make  the  coefiicient  of  each  of  the  remaining  va- 
riations separately  equal  to  cypher,  which  will 
furnish  us  with  as  many  equations  as  there  are 
arbitrary  variations.  These  equations,  combined 
(n)  with  those  which  are  furnished  by  the  con- 
nection of  the  parts  of  the  system,  will  contain 
all  tlie  conditions  of  its  equilibrium. 

There  are  two  states  of  equilibrium^  which  are 
essentially  different  In  ime,  if  the  equilibrium 
be  a  littlt^  deranged,  all  the  bodies  ol^  the  system 
only  make  isuiall  oscilkitiourf  about  their  primitive 
position ;  and  then  the  equilibrium  is  Jinn  or 
stable*  This  stability  is  absolute,  if  it  obtains 
whatever  may  be  the  oscillations  of  the  system ; 
it  is  only  relative,  if  it  only  obtains  with  respect 
to  oscillations  of  a  certain  species.  In  the  other 
state  of  equilibrium^  when  the  system  is  disturbed. 
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the  bodies  deviate  more  and  more  from  their  pri- 
mitiTe  poeition.  We  may  form  a  just  notioa  of 
theietwo  states,  by  considering  an  ellipse  situ- 
ated vertically  on  a  horizontal  plane.  If  the  el- 
lipse be  in  equilibrio  on  its  lesser  axis,  it  is  clear 
that  by  making  it  to  deviate  a  little  from  this  si- 
tuation by  a  slight  ("o^  motion  on  itself,  it  tends 
to  revert,  making  0Bcillation8  which  will  be 
soon  annihilated  by  the  friction  and  resistance  of 
the  ail.  But  if  the  ellipse  be  in  equilibrio  on 
its  greater  axis  ;  wlieii  it  once  deviates  ft-om  this 
situation,  it  continually  deflects  from  it  more 
and  more,  and  is  at  length  upset  on  its  leaser 
axis.  Consequently  the  stability  of  the  equili* 
briom  depends  on  the  nature  of  the  small  oscilla- 
tions, which  the  system,  when  deranged  in  any 
manner,  makes  about  this  state.  In  order  to  de- 
termine generally  in  what  manner  the  different 
states  of  stable  aad  tottering  equilibrium  succeed 
each  other,  let  us  consider  a  curve  returning  into 
itself,  situated  vertically  in  a  position  of  stable 
equilibrium.  W  hen  it  is  a  little  deranged  from 
this  state,  it  tends  to  revert  to  it  ^  this  tendency 
varies  as  tiie  deviation  increases,  and  when  it  var 
nishes,  the  curve  is  found  in  a  new  position  of 
equilibrium,  but  which  is  not  stable,  for  the  curve 
previous  to  its  arrival  tended  to  revert  to  its  pri- 
mitive position.  Beyond  this  last  position,  the 
tendency  to  the  first  state,  and  consequently  to 
the  second,  becomes  negative,  until  it  vanishes 
a  second  time,  and  then  the  curve  is  in  a  po- 
sition of  stable  equilibrium.   By  pursuing  this 
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illustration,  it  appears  that  the  states  of  stable  and 
tottering  equilibrium  succeed  each  otlier  alter- 
nately, like  the  maxima  and  minima  of  the  ordi- 
natei  of  cuireB.  The  same  reaaoiiing  may  be 
easily  extended  to  the  different  states  of  equili- 
brinm  of  a  system  of  bodies. 
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Of  the  €9tM/tiftrfiii»  qfjkdds* 

Thb  diaracteristic  property  of  fluicb,  whether 

clastic  or  incompressible,  is  the  extreme  faci- 
lity with  whicli  each  of  tlieir  molecules  yields 
to  the  slightest  pressure  which  it  experieDoes  on 
one  Bide,  rather  than  on  the  other.  We  proceed 
therefore  to  establish  on  this  property,  the  lawn 
of  the  equilibrium  of  fluids,  hy  considering  them 
as  constituted  of  molecules  perfectly  moveable 
among  each  other. 

It  follows  immediately  from  this  mobility,  that 
the  force  by  which  a  molecule  of  the  free  surfeoe 
ol  a  fluid,  is  actuated,  must  be  perpendicular  to 
this  surface,  tor  if  it  was  inclined  to  it,  by  re- 
solving the  force  into  two  others,  one  perpendi- 
cular, and  the  other  parallel  to  this  surface,  the 
molecule  would  glide  on  the  surface  (d)  in  con- 
sequence of  this  last  force.  Gravity  is  conse- 
quently perpendicular  to  the  surface  of  stagnant 
waters,  which  is  on  this  account  horizontal  ^  for 
the  same  reason,  the  pressure  which  each  fluid 
molecule  exerts  against  a  surfiuse,  must  be  per- 
pen^cular  to  it 

Each  molecule  in  the  interior  of  a  fluid  mass. 
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experiences  a  pressore,  which  in  the  atmospheie 
is  measured  by  the  height  of  the  barometer,  and 
wluch  may  be  estimated  in  a  similar  manner  for 
every  oLlier  fluid.  By  considering  each  molecule 
as  an  (b)  indefinitely  small  rectangular  prism,  the 
pressure  of  the  ambient  fluid  will  be  perpendlcii. 
lar  to  the  faces  of  this  prism,  which  will  cons^- 
qoeotly  tend  to  move  perpendicularly  to  each  fkce, 
by  virtue  of  the  difference  of  pressures,  which  the 
fluid  exerts  on  two  opposite  faces.  From  these 
different  pressures  arise  three  forces  perpendicu- 
lar to  each  other,  which  must  be  combined  with 
the  oilier  forces  which  sollicit  the  molecule.  It 
is  easy  to  shew  from  this,  that  in  the  state  of  equi- 
librium the  differential  of  the  pressure  is  equal  to 
the  density  (e)  of  the  fluid  molecule  multiplied  in- 
to the  sum  of  the  products  of  each  force  by  the 
element  of  its  direction  5  therefore  if  the  fluid  be 
incompressible  and  homogeneous,  this  sum  will 
be  an  exact  differential,  this  important  result  was 
flrat  announced  by  CJairaut,  in  his  beautiful  trea- 
tise on  the  figure  of  the  earth.  • 

When  the  forces  arise  from  attractions,  wliich 
are  always  a  innction  of  the  distance  from  the  at- 
tracting centres,  the  prndn*  i  of  each  force  into 
theelemf^niorits  direction  is  an  exact  differen- 
tial ;  therefore  the  density  of  the  fluid  molecule 
must  be«  function  of  the  pressure,  for  the  diffe- 
rential of  the  (d)  pressure  divided  by  this  density 
is  equal  to  an  exact  differential.  Consequently 
all  tlie  strata  ol  the  fluid  mass,  in  which  the  pres- 
sure is  constant,  are  of  themne  density  throughout 
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their  entire  extent.  The  resultant  of  all  the 
forces  which  actuate  each  molecule  at  the  surfiEm 
of  thedestrata*  is  perpendicular  to  this  fluiiace, 
on  which  the  molecole  would  glide  if  this  resul- 
tant was  inclined  to  it.  In  consequence  of  this 
property  these  strata  have  been  termed  sircUa  of 
level. 

The  density  of  a  molecule  of  atmospheric  air, 
is  a  function  of  the  pressure  and  oC  the  tempera- 
ture ;  its  gravity  is  very  nearly  a  function  of  its 

height  above  the  surface  of  the  cai  th.  If  its  tem- 
perature was  likewise  a  function  of  this  height, 
the  equation  of  the  equilibrium  of  the  atmosphere, 
would  be  a  differential  equation  between  the  pres> 
sure  and  the  elevation,  and  consequently  the  equi- 
librium (d)  would  be  always  possible.  But  in 
nature,  the  temperature  of  the  different  regions 
of  the  atmosphere  depends  also  on  the  latitude, 
on  the  presence  of  the  sun,  and  on  a  thousand 
variable  or  constant  causes  which  ought  to  produce 
in  this  great  fluid  mass,  motions  often  very  con- 
siderable. In  consequence  of  the  mobility  of  its 
molecules,  a  heavy  fluid  may  produce  a  pressure 
much  more  considerable  than  its  weight.  For 
example,  a  small  column  of  water,  terminated  by 
a  large  horizontal  surface,  presses  the  base  on 
which  it  is  incumbent,  as  much  as  a  cylinder 
of  water  of  the  same  base  and  height.  In 
order  to  evince  the  truth  of  this  paradox,  sup. 
pose  a  fixed  cylindrical  (e)  vase,  of  which  the  ho- 
rizontal base  is  moveable';  and  let  this  vase  be 
filled  with  water,  its  base  is  sustained  in  equilibrio 
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by  a  force  equal  and  contrary  to  the  pressure 
which  it  experiences.  It  is  evident  that  tlie  equi- 
librium would  still  obtain,  in  the  case  in  which  a 
part  of  the  water  was  to  consolidate  and  unite 
itself  with  the  sides  of  the  vessel ;  for  the  equili. 
brium  of  a  system  of  bodies,  is  not  deranged 
by  supposing  that  in  this  state,  several  of  them 
unite  or  become  attached  to  fixed  points.  We 
may  in  this  manner  form  an  infinity  of  vessels  of 
dtiferent  figures,  hairing  all  the  same  height  and 
base  as  the  cylindrical  vessel,  and  in  which  the 
water  will  exert  the  same  pressure  on  the  move- 
able base. 

In  general,  when  a  fluid  acts  only  by  its  weight, 
the  pressure  which  it  exerts  against  a  surfhce,  is 
equivalent  to  the  weight  of  a  prism  of  this  fluid, 

of  which  the  base  is  equal  to  the  pressed  surface, 
(/)  and  of  which  the  height  is  equal  to  the  dis- 
tance of  the  centre  of  gravity  of  this  surface,  from 
the  plane  of  the  level  of  the  fluid. 

A  body  plunged  in  a  fluid,  loses  a  part  of  its 
weight  equal  to  the  weight  of  a  volume  of  the  dis- 
placed fluid;  for  before  the  immersion,  the  sur- 
rounding fluid  was  in  equili  brio  with  the  weight 
of  this  volume  of  the  fluid,  which  may  be  sup^ 
posed,  without  deranguig  the  equilibrium,  to  have 
formed  itself  into  a  solid  mass,  the  resulting  force 
of  all  the  ii(  lions  of  the  fluid  on  this  mass  must 
therefore  be  in  equilibrio  with  its  weight,  and  pass 
'  through  its  centre  of  gravity ;  now  it  is  clear  that 
(^}  the  same  actions  are  exerted  on  a  body  which 
occupies  its  place;  consequently  the  action  of  the 
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fluid  destroys  a  part  pf  the  weight  of  this  body, 
equal  to  the  weight  of  the  volume  of  the  displaced 
fluid.  Heuce  it  Ibilows  that  bodies  weigh  less  in 
air  tliiin  in  »  Y9Pa9 1  tbe  differeQC^  though  fi»r  the 
moBt  part  hardly  perceptiblet  should  not  be  ne- 
glected iu  very  delicate  experiments. 

By  means  of  a  balance,  w  hich  carries  at  the 
extremitjiE  qi'  one  of  its  arms,  a  body  which, 
ean  be  plunged  in  a  fluid,  we  can  estunate  ex.* 
aetly  the  duninution  of  weight  which  the  body  ex- 
peri  ences  in  thb  immersion,  and  determine  its 
speeijic  gravity,  or  its  density  relative  to  that  of  ' 
fluid.    This  gravity  is  the  ratio  of  the  weight  of 
the  body  in  a  yaouo,  to  its  loss  of  weight,  when  it 
is  entirely  inunersed  in  the  fluid*       u  thus  that 
the  specific  gravities  of  bodies  have  been  deter- 
mined,  by  comparing  them  with  distilled  water  at 
its  maximum  density. 

In  order  that  a  body  which  is  lighter  than 
fluid  may  be  in  equilihrio  at  its  suifrce,  its  w^igl^t 
must  be  equal  to  the  volume  of  the  di^daced  fluid. 
It  is  moreover  necessary,  that  the  centres  of 
gravity  of  this  j>ortion  of  the  fluid  and  of  tlic  body, 
should  exist  in  tbe  same  vertical  line ;  for  the  re- 
sultant of  the  aoliions  of  gravity  on  all  the  mole- 
cules of  the  body,  passes  through  its  centre  of 
gravity,  and  the  resultant  of  all  the  actions  of  the 
fluid  on  this  body  passes  (h)  through  the  centre, 
of  gravity  of  the  volume  of  the  displaced  fluid; 
and  as  these  resultants  must  been  the  siune  right 
line  ia  order  to  destroy  each  others  effect^  the 
centres  of  gravity  must  exist  in.  the  sam^  vertical. 
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But  in  order  to  secure  the  stabUUy  of  the  equili- 
hriurn,  it  is*  uecessaiy  that  other  ( uuditions,  he- 
sideft  tile  two  preceding,  should  be  satisfied.  U 
may  be  shrays  determmed  by  the  IbUomiig  rule. 
.  If  thrcMgli  the  eentre  0f  grariiy  of  the  section 
of  a  floating  body  on  a  level  wttii  the  water,  we 
conceive  a  horizontal  axis,  such  that  the  sum  of 
the  products  of  each  elemeutof  the  section,  i&to 
the  a^okre  ot  its  dittanoe  frooft  this  axi^  be  lees 
than  a  similar  sum  retettvely  to  any  other  hori- 
zontal axis  drawn  through  the  same  centre,  the 
equilibrium  will  be  stable  in  every  direction,  when 
this  sum  is  greater  than  the  product  of  the  volume 
of  the  displaced  Huid,  into  (»}  the  height  of  the 
centre  <^  gravity  of  the  body,  above  the  centre  of 
gravity  of  this  volume.  This  rule  is  principally 
useful,  in  the  construction  of  vessels  to  wliicli  it 
is  necessary  to  give  sufficient  stability,  in  order 
to  enable  them  to  resist  the  efforts  of  storms  and 
waters  which  tend  to  submerge  them.  In  a  ship  the 
axis  drawn  from  the  stem  to  the  prow  is  the  !ine» 
relatively  to  which,  the  above  mentioned  sum  is  a 
minimum  ;  it  is  therefore  easy  by  means  of  the 
preceding  rule,  to  determine  the  stability. 

Two  fluids  contained  in  a  vessel,  dispose  them- 
selves in  such  a  manner  that  the  heaviest  occu- 
pies {k )  the  lowest  part  of  the  vessel,  and  the  sur- 
face which  separates  them  is  horizontal. 

If  two  fluids  communicate  with  each  other  by 
means  of  a  bent  tube,  the  surface  which  separates 
them  in  a  state  of  equilibrium  is  nearly  horizon- 
tal, when  the  tube  is  very  large  ^  their  heights 
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above  tlus  surfiuse,  are  reciprocally  proportloiial  to 

their  specific  gravities.  The  entire  atmosphere 
being  therefore  supposed  to  be  of  a  uniform  density, 
equal  to  that  of  the  air  at  the  toaiperature  of 
melting  ice ;  its  height  will  be  796S\  when  com- 
pressed by  a  colmnn  of  mercury  of  seventy-siz 
centimetres ;  but  because  the  density  of  the  at- 
mospheric strata  diminishes,  as  they  are  more 
elevated  above  the  level  of  the  seas^  the  height  of 
the  atmosphere  is  much  greater. 
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Of  the  mot  ion  qf  a  system  qf  bodies, 

Lkt  08  consider  firsts  the  aetion  of  two  matierial 
points  of  different  masses,  which  moring  in  the 

same  right  line  impinge  on  each  other.  We  may 
conceive  immediately  before  to  the  shock,  their 
motions  to  be  decomposed  in  such  a  manner*  that 
they  mfty  have  a  common  velocity,  and  two  op* 
posite  velocities^  such  that  if  th^  were  actuated 
by  these  alone  they  would  have  remained  in  equi- 
libria The  velocity  common  to  the  two  points, 
is  not  affected  i»y  their  mutual  action,  and  there- 
fore it  will  subsist  alone  after  the  shock.  To  de- 
termine it  we  shall  observe,  that  the  quantity  of 
motion  of  the  two  points  arising  from  this  com- 
mon velocity,  plus  the  sum  of  the  quantities  of 
motion  which  are  due  to  the  velocities,  wliich  are 
destroyed,  represent  the  sum  of  the  quantities  of 
motion  previous  to  the  shock,  provided  tliat  the 
quantities  of  motion  arising  from  the  opposite  ve- 
locities, be  taken  with  contrary  signs  ;  but  {a)  by 
the  conditions  of  equilibrium,  the  sum  of  the 
quantities  of  motion  produced  by  the  destroyed 
velodty  vanishes;  hence,  the  quantity  of  mo- 
tion arising  from  the  common  velocity,  is  equal 
to  that  which  existed  in  the  two  points  previous 
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to  the  impact ;  and  conseqaently  this  velocity  i» 
equal  to  the  sum  of  the  quantities  of  motion^  di- 
vided by  the  sum  of  the  masses. 

The  impact  of  two  material  points  is  purely 
ideal,  but  it  is  easy  to  reduce  to  it  that  of  any 
two  bodies,  by  observing  that  if  these  bodies  im- 
pinge in  th^  direction  of  a  right  line  passing 
through  their  centres  of  gravity,  and  perpendicular 
to  their  surfaces  of  contact,  they  will  act  on  each 
other  as  if  their  masses  were  condensed  into 
these  centres ;  therefore  motion  is  communicated 
between  them,  as  between  two  material  points^ 
of  which  the  masses  are  respectively  equal  to  these 
bodies. 

The  preceding  demonstration  supposes,  that 
after  the  shock,  the  two  bodies  must  have  the 
same  velocity.  We  may  readily  suppose  that  this 
must  be  the  case  for  soft  bodies,  in  which  the 
communication  of  motion  Is  made  successively, 
and  by  insensible  gradations  ;  for  it  is  evident, 
that  Irom  the  instant  wlien  the  struck  body  lias 
the  same  velocity  as  the  striking  body,  ail  mtiP 
city  between  them  ceases.  But  between  two  bo- 
dies of  absolute  hardness,  the  shock  is  instan- 
taneous, and  it  does  not  appear  to  be  necessary 
that  their  velocities  should  be  (/>)  afterwards  the 
same ;  their  mutual  impenetrability  solely  re- 
quires that  the  velocity  of  the  striking  body  should 
be  less;  in  other  respects  it  is  indeterminate. 
This  indetermination  demonstrates  the  absurdity 
of  an  absolute  hardness.  In  fact,  in  nature  the 
hardest  bodies,  if  they  are  not  elai^tic,  have  an 
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imperceptible  softness,  which  rondel's  their  inu^ 
taal  action  saooessivey  although  its  duration  is  in- 
sensible. 

Where  bodies  to  perfectly  elastic,  it  is  neces^ 

sary,  in  order  to  obtain  tl>eir  velocity  after  the 
shock,  to  add  or  subtract  from  the  couniioti  velo- 
city which  they  would  have,  if  they  were  destitute 
of  elasticiljr,  the  velooity  which  they  wotdd  gain 
or  lose  in  this  hypothesis  \  for  the  pei^ct  desti* 
city  doubles  these  effects,  by  the  restitution  of  the 
springs  which  were  compressed  by  the  shock; 
therefore  the  velocity  of  each  body  after  tlie  shock 
will  be  obtained  by  subtracting  its  velocity  before 
the  shocks  from  twice  this  common  velocity. 
'  Hence  it  is  easy  to  inibf)  that  the  sum  of  the 
products  of  eacli  mass  by  the  square  of  its  V€?To. 
city,  is  the  same  before  and  after  the  shock  of  the 
two  bodies ;  which  obtains  universally  in  the  im- 
pact of  any  number  of  perfectly  elastic  bodiei^ 
however  they  may  be  supposed  to  act  on  each 

otlitr. 

Such  are  the  laws  of  the  communication  of 
motion  by  impulse,  laws  which  have  been  con- 
finned  by  experience,  and  which  majr  be  mathe* 
matically  deduced  fMm  the  ttvo  fnndameiital  lilwA 
of  motion,  explained  in  the  second  chapter  of  ftti^ 
book.  Several  philosophers  have  endeavoured  to 
determine  them  from  the  consideration  of  iinal 
causes.  Descartes,  suppoising  that  the  quantity 
ef  meiioA  in  the  universe  should  alwAys  reriisftt 
the  same  witliout  any  regard  to  ito  direcMn,  haie^ 
deduced  froui  thi^  false  hypothesis  Erroneous 
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laws  of  the  communication  of  motioii,  whicfi  tar- 
nish a  remarkable  example  of  the  errors  to  which 
we  m  liable,  when  we  endeaTour  to  develope  the 
]aw9  of  nature,  by  attriboting  to  her,  particular 

views. 

\V  licM  a  body  receives  an  inipuUion,  in  a  di- 
rection which  passes  through  its  centre  of  gravity, 
all  its  parts  move  with  an  equal  velocity.  If  this 
direction  is  at  one  side  of  this  point,  the  velodties 
of  different  parts  of  this  body  will  be  unequal,  and 
from  this  inequality  liiisie:^  a  motioii  of  rotation  of 
the  body  about  its  centre  of  gravity,  at  the  same 
time  that  this  centre  is  carried  forward  with  the 
velocity  with  which  it  woold  have  moved  if  the 
direction  of  the  impulsion  had  passed  through 
this  point.  This  (c)  case  is  that  of  the  earth,  and 
of  the  planets.  Thus  to  explain  tlie  double  mo- 
tion of  rotation  and  of  translation  of  the  earth,  it 
is  sufficient  to  suppose  that  in  the  beginnuig,  it 
received  an  impulse  of  which  the  direction  was  at 
a  small  distance  from  its  centre  of  gravity,  and 
guppobing  this  planet  to  be  homogeneous,  this  dis- 
tance is  very  nearly  the  hundreth  and  sixtieth 
part  of  its  radius.  It  is  extremely  improbable 
that  the  primitive  durection  of  the  planets^  the 
sateHites  and  comets,  should  pass  exactly  through 
their  centres  of  gravity ;  all  these  bodies  should 
therefore  revolve  round  their  axes. 

For  the  same  reason  the  sun,  which  revolves 
on  an  axis,  must  have  received  an  impulsion^ 
of  which  the  direction  not  passing  accurately 
through  its  centre  of  gravity,  carries  it  along  in 
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space  with  the  planetary  system,  unless  an  iin« 
pulse  in  a  contrary  direction  should  have  de^ 
stroyed  this  motion*  wluch  {^d)  is  not  at  all  pro- 

bable. 

The  impulsion  given  to  an  homogeneous  sphere, 
iu  a  direction  which  does  not  pass  through  its 
centrOy  causes  it  to  revoWe  constantly  round  a 
diameter  perpendicular  to  a  plane  passing  through 
its  centre,  and  through  the  direction  of  the  im- 
pressed force.    New  forces  which  sollicit  ail  its 
points,  and  of  which  the  resulting  ibrce  passes 
through  its  centre,  do  not  alter  the  parallelism 
ofthe  axis  of  rotation.  It  is  thusthat  weexplain  how 
the  axis  of  the  earth,  remains  always  very  nearly 
parallel  to  itself  in  its  revolution  about  the  sun, 
without  assuming  with  Copernicus,  an  annual 
motion  of  the  poles  of  the  earth  about  those  ofthe 
ecliptic*   If  the  body  be  of  any  figure  whatever, 
its  axis  of  rotation  may  vary  at  every  Uistant :  the 
investigation  of  these  variations,  whatever  be  the 
forces  which  act  on  the  body,  is  one  of  the  most 
interesting  problems  in  the  science  of  mechanics 
whidi  relates  to  hard  bodies,  in  consequence  of  its 
e<Hmexion  with  ihe  procession  of  the  equinoxes 
and  the  libration  of  the  moon.   Its  solution  has 
led  to  tliis  curious  and  useful  result,  namely,  that 
in  every  body  there  exist  three  axes,  perpendi- 
cular to  each  other,  about  which  it  may  revolve 
(e)  uniformly,  when  it  is  not  soUieited  by  any  ex- 
ternal force.   These  axes  have  on  this  account 
been  termed  the  principal  axes  of  rotation.  They 
possess  tills  remarkable  property,  that  the  sum  of 
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the  produds  of  each  molecule  of  the  body,  itito 
ih6  square  of  Its  distance  Heom  the  axis,  is  a 
fM»«iiNim  with  xespeot  to  two  of  these  u^^^  and  a 
minimum  with  respect  to  the  third.    If  we  sup- 
pose  the  body  to  revolve  round  an  axis  which  is 
inclined  in  a  very  smaJi  angle  to  either  of  the  two 
first,  the  instantaneoiis  axis  of  rotation  will  always 
deviatefrom  either  of  them  by  an  indefinitely  small 
quantity  ;  therefore  the  rotation  is  stable  relatively 
to  tbe  two  first  axes  ;  it  is  not  bo  with  respect 
to  the  tiiird  principal  axis,  and  if  the  instanta- 
neous axis  deviates  from  it,  by  ever  so  small  (/) 
a  quantity,  this  deviation  will  increase  and  become 
continually  ^eater  and  greater. 
•  A  body,  or  a  system  of  bodies  of  any  fii^re 
whatever,  oscillating  about  a  fixed  horizontal  axis, 
constitutes  the  compound  pendulum.   These  are 
the  only  spedes  of  pendulums  which  really  exist 
in  nature,  and  the  simple  pendulums,  which  have 
been  noticed  in  the  second  chapter,  are  purely  geo. 
met i  leal  conceptions  which  have  been  devised 
in  order  to  simpiiiy  the  subject.    It  is  easy  to  re^ 
duce  to  11iemthec0mpoundpendulums»  of  which  all 
the  points  are  firmly  connected  together.   If  tbe 
length  of  the  simple  pendulum,  the  oscillations  of 
which  are  of  the  same  duration  as  those  of  the  com- 
pound pendulum,  be  multiplied  by  themsss  of.this 
last  pendulum,  and  by  the  distance  of  its  centi^  of 
gravity  fiKmi  the  axis  of  oscOlation,  the  product  will 
be  eqnal  to  the  sum  of  the  products  of  each  mole- 
cule of  tbe  compound  pendulum,  into  the  square  of 
its  distance  from  the  same  axis.   It  Is  by  means  of 
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this  rule,  which  was  discovered  by  Huygcns,  that 
escperiments  on  com  pound  pendultmiB  make  known . 
the  langlli  of  the  waapLe  pendalam  vhidi  vifanites 
seconds. 

Conceive  a  pendulum  to  make  very  small  oscil- 
lations, all  of  wliieh  exist  in  the  same  pla&e,  and 
fioppofie  that  nt  tiie  moment  of  its  greatest  deria^ 
tion  from  the  Tertical»  a  small  force  is  impressed 
on  it»  perpendicular  to  the  plane  of  its  motion  ;  it 
will  describe  an  ellipse  about  the  Tcrtioa).  In  orw 
der  to  represent  tliis  motion,  we  may  conceive  a 
fictitious  pendulum  which  continues  to  vibrate  as 
the  real  pendalam  would  do,  if  the  new  force  had 
not  been  jmpressed  on  it ;  while  the  real  pendop 
lam,  in  Tirtoe  of  the  impressed  force  yibrates  at 
each  side  ol  the  ideal  peiidulum,  as  if  this  ficti- 
tious pendulum  had  been  immoveable  and  verti- 
oaI«  Thus  it  appears,  that  the  motion  of  the 
real  pendulum  (A)  is  the  result  of  two  simple 
oscillations  oo-ezisting  and  perpendicular  to  each 
other. 

This  manner  of  considering  the  small  oscilla* 
tions  of  bodies,  may  be  extended  to  any  system 
whatever. .  If  we  suppose  the  system  to  be  de^ 
ranged  from  its  state  of  equilibrium  by  very  small 
impnlsions^  and  that  ailerwards  new  ones  are  im* 
pressed  on  it,  it  will  oscillate  relatively  to  the  sue- 
oessive  states  which  it  would  have  assumed  in  vir* 
toe  of  the  first  impulsions^  in  the  same  manner 
as  would  vibrate  with  respect  to  its  stale  of  equf  • 
librium,  if  the  new  impulsionB  had  been  solely, 
impressed  in  this  state.    Therefore  the  very  small 
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oscillatioiiR  of  a  system  of  bodies,  however  com- 
plicated, may  be  considered  as  made  up  of  sim- 
ple oscillations,  perfectly  similar  to  those  of  the 
(t)  pendulum.  Jn  lact*  if  we  conoeive  the  sys- 
tem to  be  primitively  in  repose,  and  then  very 
little  disturbed  from  its  state  of  equilibrium,  so 
that  the  force  which  sollicits  each  body  may  tend 
to  reduoe  it  to  this  state,  and  may  moreover  be 
proportional  to  the  distanee  of  the  body  finom  this 
point,  it  is  evident  lliat  this  will  be  the  case 
during  the  oscillation  of  the  system,  and  that  at 
each  instant  the  velocity  of  the  different  points 
will  be  proportional  to  their  distance  from  the  po- 
sition of  eqailibrinm.  They  will  therefore  attain 
this  position  at  the  same  instant,  and  they  will 
vibrate  in  the  same  manner  as  the  simple  pen- 
dulujM*  Bui  the  state  of  derangement  which 
we  have  assigned  to  the  system,  is  not  unique. 
If  one  of  the  bodies  be  elongated  from  the  position 
of  equilibriwn,  and  if  then  the  situations  of  the 
other  bodies  which  satisfy  the  preceding  conditions 
be  investigated,  we  arrive  at  an  equation  of  a  de- 
gree equal  to  the  number  of  the  bodies  of  the  sys* 
tem,  which  are  moveable  between  themselves  ^ 
which  famishes  for  each  body,  as  many  species  of 
simple  osdllationSy  as  there  are  bodies.  Let  us 
conceive  that  the  first  spedes  of  osdUations  exists 
in  the  system ;  and  at  any  given  instant,  let  all 
the  bodies  be  supposed  to  be  elongated  from  their 
position,  proporUonally  to  the  quantities  which 
are  relative  to  the  second  species  of  oscillations. 
In  virtae  of  the  coexistence  of  the  osdUations,  the 
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sytiUiai  will  oscillate  with  respect  to  the  consecu- 
tive states,  which  it  would  have  assumed  in  con- 
queuce  of  the  first  species  of  oscillation,  as  it  would 
have  OBcillatod  aboat  ito  state  of  equilibrianiy  if  the 
second  species  had  been  solely  impressed  on  it ; 
its  motion  will  therefore  be  made  up  of  the  two 
first  species  of  oscillation :  we  may  in  like  man- 
ner combine  with  this  motion,  the  third  species 
of  oscillations^  and  so  by  proceeding  in  this  man* 
ner  combine  all  these  species  in  the  most  general 
manner  ^  we  can  thus  sjmthetically  componnd  all 
possible  motions,  which  may  be  impressed  on  a 
system,  provided  that  they  be  very  small,  and 
conversely  we  may  by  analysing  these  motions,  re- 
solve them  into  simple  oscillations.  Hence  arises 
an  easy  method  of  recognizing  the  absolnte  sta- 
bility of  the  equilibrium  of  a  system  of  bodies. 

If  in  all  positions  relative  to  each  species  of 
oscillations,  the  forces  tend  to  reduce  the  bodies, 
to  a  state  of  equilibriom,  this  state  will  be  stable ; 
this  will  not  be  the  case,  or  the  stability  will  be 
only  relative,  if  in  any  one  )  of  these  positions, 
the  forces  tend  to  encrease  the  distance  of  the  bo^ 
dies  from  the  position  of  equilibrium. 

It  is  evident  that  this  manner  of  viewing  the 
very  small  osdllations  of  a  system  of  bodies^  may 
be  <6xtended  to  floids  themselves,  of  which  the 
o9(? illations  are  the  result  of  simple  oscillations 
existing  simultaneously,  and  frequently  of  an  in- 
finite numlier. 

We  have  a  very  sensible  example  of  the  exist- 
ence of  very  small  oscillations,  in  the  case  of 
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wavMty  whem  »  poiot  ^  the  surftoB  ai  stagaant 
water  k  riiglitly  *agHaAe4  ^  olrailar  nvoi  aro  ob> 
mrrefl  to  form  aod  toestend  diesitelvee  about  it. 

If  the  surface  he  agitated  at  a  second  point,  new 
wmm  are  observed  to  arise,  and  mix  theaiselves 
with  the  fomr ;  they  are  aupannipoaed  orar  the 
surface  agitated  bj  th«  first  wavei^  as  thejf  would 
be  (Odispened  on  this  sorfaoe,  if  it  had  feaMdned 
tranquil,  so  that  they  are  perfectly  distinct  in 
their  commingling.    What  is  observed  by  the  eye 
to  be  the  case  with  respect  to  waves,  the  pqs^.  per- 
eeiTCB  wHfa  respect  to  soaiMb  or  thr  Tibrationa-  of 
the  air^  which  are  ])ropagated  stnnillaneously 
without  any  alteration,  and  make  veiy  distinct 
impressions. 

The  principle  of  the  coexisteuce  of  simple  oscil*' 
latioiM,  for  which  we  are  indebted  to  Daniel  Ber* 
noiilli,  is  one  of  these  general  results  wliich  as- 
sists the  imagination,  by  the  facility  with  wliich  it 
enables  us  to  exhibit  phenomena,  and  their  suc- 
cessive changesy 

It  may  be  eanly  deduced  from  the  aMdytieal. 
theory  of  the  small  oseillationB  of  asyatem-of  bok 
dies.  These  oscillations  depend  on  linear  diffe^^ 
rential  equations,|of  which  the  compu  te  integrals, 
are  the  sum  of  the  (m )  partioular  int^ahk  ThuS' 
the  simple  oscillationa.  are  dtspceedr  one*  on  the 
oAer»  tOifom»tlie  motion  of  Ae  system, aa  the 
particular  integrals  which  represent  them,  are; 
combined  together  to  constitute  the  coioplete  in- 
tegrals. It  is  intiirestiug  to  trace  in  this  manner, 
the  iiiteUeetna^  truths  of.  analysis  in  the  .pheno«> 
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meaa  q£  nature.  Tliis  correspondenosy  of  wMch 
.ttia  i^tem  q{  tha  world  fmnkbeB  with  m- 
merom  examples,  constitateB  one  of  the  great 
charms  of  mathematical  Bpeculationa. 

It  is  natural  to  reduce  the  laws  of  the  motion 
of  bodies  to  a  general  principle,  in  the  same  man- 
ner as  the  lawa  of  their  equiiibrtum  have  been  re?- 
duced  to  the  sole  prineiple  of  virtual  veloeitiei. 
To  effect  thia,  let  xa  coneider  the  motloiis  of  a 
system  of  bodies  acting  the  ooe  on  the  other, 
without  being  soilicited  by  accelerating  forces. 
Their  velocitiea  change  at  ev^  instant,  bat  we 
may  conceive  eadi  velocity  at  any  inefaat  to  be 
compounded  of  the  velo<»ty  whi!^  H  would  have 
at  the  following  instant,  and  of  another  velocity 
which  ought  to  be  destroyed  at  the  commence- 
ment of  this  new  instant.     If  the-  velocity 
destroyed  be  knpwiu  it  would  be  eaajf^ 
law  of  the  rceol^^m  of  forest,  to  detmnine  the 
vc^city  of  the  body  at  the  second  instant ;  now  it 
is  evident,  that  if  the  bodies  were  only ,  actuated 
\^  thet  velooMea  which  aise  destroyed,  they 
Wflndd  nuitoally  constitute  an  equilibrium  j  Ihua 
lihe  lawaof  eqiuilihrium  will  gim  the  idatioiia  of 
the  velocities  which  are  destroyed,  and  it  wilLh# 
easy  Lo  determiiic  from  thence  the  velocities  which 
rmain,  and  tlieir  (n)  directions*  Therefore 
meauaof.  the  io^tismalj  analysis  wia^  shall 
hf^ye  tii€^  suceosshre  wiatione-of  the-motion  of  tiw 
90Um%.  ond  itii  poMlien  ateve»y<  inelanL  It- w 

evident  tliat,  if  the  bodies  are  actuated  by  accele^ 
KltW^  foxsm*,  the  sawei.  xmoMifm-^  veloaitiee 
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may  be  employed,  but  then,  the  equilibrium 
ought  to  obtain  between  the  velocitieft  destrojred 
and*the8e  forces. 

This  method  of  reducing  the  laws  of  motion  to 
those  of  equilibrium,  for  which  we  are  princi- 
pally indebted  to  d'AIembert,  is  very  luminous 
and  universally  applicable.  It  would  be  a  matter 
of  surprise  that  it  had  escaped  the  notice  of  geo- 
meters, who  had  occupied  themselves  with  the 
principles  of  dyuamics  previously  to  its  discovery* 
if  we  ditl  not  know  that  the  simplest  ideas  are 
almost  always  those  which  are  the  last  suggested 
to  the  human  mind. 

It  still  remained  to  combine  the  principle  which 
has  been  just  explained,  with  that  of  virtual  ve- 
locities, in  order  to  ^ve  to  the  science  of  mecha- 
nics all  the  perfection  of  which  it  appears  to  be 
suBceptible.  This  is  what  Lagrange  has  atchier- 
ed,  and  by  this  means  has  reduced  the  investiga- 
tion of  the  motion  of  any  system  of  bodies,  to  the 
integration  of  differential  equations.  The  object 
of  mechanics  is  by  this  means  accomplished,  and 
it  b  the  province  of  pure  analysis  to  complete 
&e  solution  of  problems.  The  following  is  the 
simplest  manner  of  forming  the  differential  equa- 
tions of  tlic  motiou  of  any  system  whatever.  If 
we  imagine  three  fixed  (o )  axes  perpendicular  to 
each  other,  and  that  at  the  end  of  any  instant  the 
velocity  <tf  ea«^  material  point  of  a  system  of  bo- 
dies is  resolved  into  three  others  parall^  to  tiiose 
axes;  we  may  consider  each  partial  velocity  as  being 
uniform  during  this  instant  \  we  can  then  suppose 


^kat  at.tlw  end  of  this  iitttuit>  Ibe  paintis^^ 
tMUfted^panlld  tc«on6  of  those  wdm hy  three  veloc' 
oHieif  ttiEtaiei}^,  by  ite  vdocity  duriog  this  hutaut, 

hy  the  small  variation  which  it  receives  in  tlio  tol*. 
lowing  instant,  and  by  this  same  variation  applied 
ifi  a  coiitraiy  direction.  The  two  first  of  these 
TelodtieeiexlBt  in  the  following  ineUint;  the  ihir4 
nmitthereiore  be  dertrogred  b^r  the .  foroifa  whi^ 
Bollicit  the  point,  and  by  the  aetion  of  the  other 
points  of  the  system.  Consiequeiitly,  if  the  in- 
stantaneous variations  of  the  partial  velocities  of 
eaolk  point  of  the  systeui,  lie  applied  to  this  point 
in  aeontmy  dureotioBu  the  flyeten  ehodld  be.  in 
eqp^brid».in  oonseqaenoe  of  all  thete  variaftioii% 
and  'of  the  foi'ces  which  actuate  it.  The  cqua* 
tiond  of  this  equilibrium  will  be  obtained  by  means  • 
of  the  principle  of  virtual  veiociticb  ;  and  by  conif 
buung  them  with  those  which  ari«e  firom  the  con* 
nedion  of  the  puts  of  the  eyatenii  the  difieran^ 
tial  eqoattom  of  the  motion  of  eaoh  of  Iheae 

points  will  be  obtained. 

It  is  evident  that  we  can  in  the  same  manner, 
redupe  the  laws  of  the  motion  of  fluids  to  those  of 
their  e^nlUbrinm.  In  Uiis  case,  the  oonditiona  ire* 
lative  to  tlie  connection  of  the  parte  of  the  syrtem 
aie  redacilde  to  this,  namely,  that  the  vohime  of 
any  molecule  of  the  fluid  remains  always  the  same, 
if  the  fluid  he  incompressible,  and  that  it  depends 
on  the  pressure  exerted  according  to  a  (n)  given 
lnv«  if  the  fluid  be  elaetio  and  comprasible.  Thfl 
e^eailioaB  trhtdi  eapraai  these:  eooditioos*  and  the; 
variations  of  the  motion  of  the  fluid,  contaiii  thtf 
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partial  differences  of  the  coordinates  of  the  too- 
leeale»  taken  either  relatively  to  the  time,  or  with 
fespect  to  the  primitiTe  eoordtnatee*  The  in* 
tegration  of  this  species  of  equations  presents  great 
difficulties,  and  we  have  as  yet  been  only  able  to 
succeed  in  some  particular  cases,  relative  to  the  mo- 
tions of  ponderable  fluids  in  vases,  to  the  theory 
of  sound,  and  to  the  oscillations  of  the  sea  and 
of  the  atmosphere. 

The  consideration  of  the  differential  equations 
of  the  motion  of  a  s)  stem  of  bodies,  has  led  to  the 
discovery  of  several  very  general  and  useful  prin- 
ciples of  mechanicSt  which  are  an  extension  of 
those  already  announced  in  the  second  chapter 
of  this  book,  relative  to  the  motion  of  a  point 
A  material  point  moves  uniformly  in  a  right  line, 
if  it  is  not  subjected  to  the  action  of  extraneous 
causes.  In  a  system  of  bodies  whidi  act  on  each 
other  without  being  subjected  to  the  action  of  ex- 
terior causes,  the  common  centre  of  gravity 
moves  uniformly  in  a  right  line,  and  its  motion 
is  the  same,  as  if  all  the  bodies  wore  united 
in  this  point,  all  the  forces  which  actuate  them 
being  immediately  applied  (q)  to  it  ^  so  that  the 
4ireotion  and  the  quantity  of  their  resultant,  re- 
main constantly  the  same. 

We  have  seen  that  the  radius  vector  of  a  body, 
sollicit*  d  ])y  a  force,  which  is  directed  to  a  fixed 
point,  descril>es  aieas  which  are  proportional  to 
the  times.  If  we  suppose  a  system  of  bodies  act- 
ing on  eadi  other,  in  any  manner,  and  sollioited 
by  a  force  directed  to  a  fixed  point;  andiffromibii 
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|>oint,  radii  vectores  drawn  to  each  of  theim»  be 
prnjeeted  on  an  invariable  plane  paaaiiq;  throngh 
Mb  pointi  the  sum  of  the  products  of  the  mass 
of  eaeh  body  mto  the  area  which  the  projection 

of  its  (r)  radius  vector  traces,  its  proportional  to 
the  time.  It  is  in  tlii&  tliut  the  principle  of  the 
conservation  of  areas  consists.  If  there  is  no  fixed 
point»  towards  which  the  syBtem  is  attracted,  and 
if  it  be  only  sohjected  to  the  mutual  action  of  its 
parts,  we  may  then  assume  any  point  whatever, 
for  the  origin  of  the  radii  vectores. 

The  product  of  the  mass  of  the  body  into  the 
area  de8cril>ed  by  the  projection  of  its  radius  vec- 
tor in  an  unit  of  time,  is  equal  to  the  projection 
of  the  entire  force  of  this  body  multiplied  Into  the 
perpendicular  let  fall  from  the  fixed  point,  on 
the  direction  of  the  force  thus  projected  ;  tliis  last 
product  is  the  moment  of  the  force  to  make  the 
system  revolve  about  an  axis  passing  through 
the  fixed  point,  and  perpendicular  to  the  plane 
of  projection ;  the  principle  of  the  conser- 
vation of  areas  is  therefore  reduced  to  this, 
namely,  that  the  sum  of  the  moments  of  the  finite 
forces  to  make  the  systooa  revolve  about  any 
axis  passing  through  the  fixed  pointy  which  sum 
vanishes  in  the  state  of  equilibrium,  is  constant  in 
the  state  of  motion.    When  it  is  announced  in  tliis 
manner,  this  principle  is  applicable  in  all  possi- 
ble laws  between  the  force  and  velocity* 

The  vU  mmi  of  a  system,  is  the  sum  of  the 
products  of  the  mass  of  each  body,  by  the  square 
of  its  velocity.  When  the  body  moves  on  a  curve 
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or  on  a  surfaoe,  without  being  subject  to  a  ibreign 
action,  its  mr.  tm»  is  always  tliesane^  becpnse 
Hs  Tdocity  is  coDStant ;  if  the  bodies  of  liie  sys- 
'teiti  experience  no  other  action^  het  each  as  arise 

from  their  mutual  tractioDS  and  pressures,  eitluir 
directly  or  by  the  intervention  oi  rods  and  inex- 
'tensibleand  anelastie  threads*  the  w$  vtM  ofthe 
fetfstem  relkinins  consC8«it»  even  Ihoagh  several  of 
the 'bodies  shbnld  be  constrained  to  move  on 
curved  lines  or  siirfcices.  This  (*)  principle,  which 
has  been  termed  the  prtnci2)le  of  the  conservation 
of  Uving  forces,  is  applicaUe  to  al)  possible  laws  be- 
tween the  force  and  the  Telocity,  pvovided  thai 
tiy  the  tit  viva  or  living  Ibrce  of  a  body^  is  under- 
stood twice  the  integral  of  the  product  ui'  its  velo- 
city, into  the  differential  of  the  finite  force  by 
which  it  is  actuated. 

In  the  motion  of  a  liody  sollicited  by  any  forces 
whatever*  the  variation  of  thet?ti»  vkfa  is  equal 
to  twice  the  product  of  the  mass  of  Ae  body,  by 
the  sum  of  the  accelerating  forces  multiplied  re- 
spectively by  the  elementary  quantities,  by  vvhicli 
the  l>ody  advances^  towards  their  origins.  In'tfae 
motion  of  a  system  of  bodies*  twice  the  sum  of 
all  these  products,  is  the  -vafialion  of  ihe^living 
force  of  the  ^<ystem.  Let  us  conceive  that  in  the 
motion  of  the  system,  all  the  bodies  arrive  at  the 
same  instant  in  the  position*  in  which  it  would  be  * 
in  equilibrio  in  oonsequenice  of  the.  aocderatiog 
forces  which  sollidt  it:  by  the  prinidple  of  vhr- 
tual  velocities  the  variation  of  the  living  force 
vanishes^  therefore  the  vis  viva  will  then  have 
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attainfld.  its  maseimum  or  minimum*  If  the  eyg* 
tam.be  moved  by  one  sole  species  of  simple  o^flU^ 
ktioDBt  the  bodies  after  departing^  from,  the  jmk 
dtienof  eqinlibriom  wiU.t^d  to  r9?ert  to  it.  if 
equilibrium  be  stable  5  therefore,  their  velo- 
cities dimirash  in  proportion  as  their  distance 
£coia  ihia  position  is  increased,  and  coiue^eiilljR 
in  tliie  posiliop*  the  viif  .mad  ^vill  be^  a  max- 
imum.  Bot  if  the  equilihrium  1ie>aot  etoble,  the 

bodies  in  proportion  iis  their  distance  IVoin  this 
position  is  increased  will  tend  to  deviate  more 
firoiB  it>  and  their  velocities  will  conUoue  to  in- 
creaaey  oonequentlx-  tlieir  «£r  viva  viU  in 
this  case  a  mMmvim.  HeneeiVemay  infer,  lihat 
if  the  vis  viva  be  constantly  a  maximum,  when 
the  bodies  siniultcineoiisly  attain  the  position  of 
equilibrium.- whatever  that  velocity  may  be.  the, 
ai|ailiblriiim>wiU  be  alaUe^.  and  on'  the  oontrary« 
t^id  BlabiMty.  will  be  mkfaer  abnlnte  or  relati^ei 
if'  the  I7l»'vti4»  in  this  position  of  the.  system. 

be  constantly  a  minimum. 

Finally,  we  have  s^en  in  the  secood  chapter, 
that  the  sum  of  the  integrals,  of  the  prodaot  of 
each  fiiMte  ftroe'of  the  system^  .bj  the  ele0ent  of 
its  dimetion.  whiefa  'Sum  vanisliee  in  the  state  of 
equilibrium,  becomes  a  miniu)uui  in  tlu^  state  of 
motion.  It  is  in  this  (t)  that  the  principle  of  the 
least  aotion  consists,  which  prtaoiple;iiiiiers  'from 
dieee^of  themiifenn  iiitf>fm\Q^the 
Vity,  :c^'^  08nsi^timi''e^*ansfl0-^aiDd  of  Mving 
forces,  in  this,  that' these  prinetples  are  tlie  real 
integrals  of  the  di^erential  equa^yons  of  tbft.  mo*. 
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tion  of  bodies  ;  whereas  that  of  the  least  ac- 
tion is  only  a  remarkable  combination  of  these 
same  equations. 
The  finite  force  of  a  body,  being  the  pmhiot 
its  mass  into  its  yelocity,  and  the  velocity  mul- 
tiplied into  the  space  described  iji  an  element  of 
time,  being  equal  to  the  product  of  this  element 
by  the  square  of  tlic  velocity,  the  principle  of  the 
least  action  may  be  announced  in  the  foUowing 
manner:  the  integral  of  the  vis  viva  of  a  eya. 
tem,  multiplied  by  the   element  of  the  time, 
is  a  tiiin  imum  i   so  that  the  true  economy  of 
nature  is  that  of  tlie  vu  viva.    To  produce  this 
economy  ought  to  be  our  object  in  the  con 
struction  of  machines,  which  are  more  per- 
fect in  proportion  as  less  vis  mva  is  requir- 
ed,  to  produce  a  given  effect.    If  the  bodies  are 
not  soUicited  by  auy  accelerating  forces,  the  vis 
mva  of  the  (Extern  is  constant;  consequently 
the  system  passes  from  one  point  to  another  in 
the  shortest  lime. 

Another  important  remark  remains  to  be  made 
relative  to  the  extent  of  these  different  principles^ 
That  of  the  uniform  motion  of  the  centre  of  gravity, 
and  the  principle  of  the  conservation  of  areas,  sub- 
mat  even  when  by  the  (u)  mutual  action  of  the 
bodi(  s  of  tlio  ^^ystem  they  undergo  sudden  changes 
in  their  motions,  which  renders  these  principles  ex- 
tremely useful  in  several  circumstances ;  but  the 
principle  of  the  conservation  of  the  vis  viva  and  of 
the  least  action  require,  tliat  the  variations  of  the 
motions  of  the  system  be  made  by  iuseiisible  gra- 
dations. 
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•When  the  Bystem  undeigoes  sudden  changes, 
either  from  the  mataal  action  the  of  bodies  of  the 
syBtem,  orfrom  meeting  with  obstades,  the  m$nwa 

experiences  at  each  of  these  changes,  a  diminution 
equal  to  the  sum  of  the  products  of  each  body  into 
the  square  of  the  velocity  destroyed,  oonoeiving  the 
Telocity  prerious  to  the  change  to  be  reeolved  into 
two,  of  which  one  subsists  after  the  shock,  the 
other  being  annibilated,  the  square  of  whidi  is 
evidently  equal  to  tlie  sum  of  the  squares  of  the  va- 
riations which  the  change  makes  the  decomposed 
Telocily  to  experience,  parallel  to  any  three  coordi- 
nate axes*  All  these  principles  wonld  still  obtain, 
regard  bemg  had  to  the  (v)  relative  motion  of  the 
bodies  of  the  system,  if  it  was  carried  along  by  a 
general  motion  common  to  the  foci  of  the  forces, 
which  we  have  supposed  to  be  fixed.  They  ob- 
tain lilcewise  in  the  relative  motions  of  bodies  on 
the  earth,  for  it  is  impossible,  as  has  been  ahready 
observed,  to  judge  of  the  absolute  motion  of  a 
system  of  bodies,  by  the  sole  appearances  of  its 
relative  motion. 

Whatever  be  the  motion  of  the  system  and  the 
variation  which  it  experiences  from  the  mutual 
action  of  its  parts,  the  sum  of  the  products  of 
each  hoUy,  by  tlie  area  which  lia  projection  traces 
about  the  common  centre  of  gravity,  on  a  plane 
which  passing  through  this  point  remains  always 
parallel  to  itself,  is  constant.  The  plane  on 
which  this  sum  is  a  maximum,  preserves  its  rela- 
tive position  (x)  during  the  motion  of  the  bje- 
tem,  the  same  sum  vanishes  for  every  plane  whicli 
passing  through  the  centre  of  gravity,  is  peipen* 
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.Similar  to  that  just  jn^ioned  $  And  tiie  aqinres  of 
tbethiM^Biinilar  buiM  relali^  my$iml^ipkuiM 
dirftfPii  t£rough<llie>o6iitrQ*of  .giwitjr,'«ttd  perpen- 
^dioular  to  eacli  other,  are  equal  to  the  square  of 
the  siim  which  is  a  rfiaximtm.    The  plane  which 
correspouds  to  tUk  8uiD,>poid98e8  alsotheifaUa1r• 
'  ing  'raiiariaible-  property*  mmefyi  :ih«^  the  *am 
6£the  projeetioofl  pf.  IhiB^Jweaft.  tniiseil.-liy.bodiai 
about  each  other,  and  tnuUiplicd  respectively  by 
the  product  of  the  masses  of  the  two  bodies iwhicli 
are  connected  by  each  mdius  v^tor,.  is  &maxifmm 
on  thk  pfattet^and  oiiiaUipl|um.wliiiQbarevpMallel 
to  it .  We  inay  theftofonti-fiiid  at  aU  times,  a  plane 
which  passing  through  any  one  of  the  potnteof 
the  system: preserves  always  a  parallel  situation  ; 
.and  as  by  referring  the  motion  of  the  bodies  of  the 
syvlem  toit»  two  of  tiie  .coiii^at  arhitras^qtianti- 
3ties:of  ihis^  motuni;  .disappear/  it  is  asi  naterat  to 
seloet.thia  plane  ibr  that  of  1^  ooordiiiates,  as  IC 
is  to  tixtheir  origin,  at  the  centre  of  gravity  of  the 
syBteui. 
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(a)  The  meridinn  is  therefore  a  secondary  both  to  tlie 
^equator  and  to  the  horizon;  -ftnd  m  Irom  'Niq[>ier^s  rules 
'the  mie  of  the  elevatioD  of  any  point  of  the  equator  above 
ifae  faoraxm  is  equal  to  the  sine  of' the  incKiiation  of*  the 
equator  to  the  horixon  moltiplied  mtothe  sine  of  the  arc  of 
tfie  cquBtoif  intercepted  between  the-jg^iTen  pohtt  and'  the 
hporizon ;  U  ftllowa^  that  as  the  mcKnation  of  <he  equator  is 
eonstatit  In  the  same  ptaoe^  the  deration  of  the  point  is 
greatest  when  it  is  90^  firom  the  horison»  f. when  it  is 
on  the  meridian ;  in  which  case-ahm  the  sine  oPthe  greatest 
elevation  of  the  equator,  (which  is  equal  to  the  complement 
of  latitude,)  is  equal  to  tlic  biiic  of  ilie  inclination  of  the 
equator  to  tiie  horizon,  and  as  the  most  elevated  point  of 
the  equator  exists  on  tlie  meridian,  the  most  elevated  |X)int8 
of  all  parallels  to  the  equator  exist  also  on  the  meridian. 

As  the  star  is  always  at  the  same  distance  from  the 
pole,  when  it  iii  on  the  meridian,  it  is  as  much  below  the 
pole  in  one  observation  as  it  is  above  it  in  the  other ; 
hencOf  the  three  elevations  constitute  an  artthmetic  pro- 
gi^ion.  This  observation  gives  us  at  the  same  time  the 
IkcHnation,  fbr  this  last  quantity-  is  equal  ta  90^  minus 
half  the  diflbrenee  between  the  greatest  nod  least  heights ; 
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however,  this  method  requires  some  corrections  for  re- 
fraction, Sic.  as  will  be  hereafter  specified;  indeed  it  has 
been  employeti  to  determine  the  quanittj/  of  refraction 
when  the  latitude  is  known  fiom  other  considerations, 
(sec  Brinkley's  Astronomy,  Chnp.  4-.) ;  the  nearer  the  star 
is  to  the  pole  the  los?  will  be  ilic  error  from  the  hypothe- 
sis, that  there  is  no  retraction ;  those  stars  never  set,  of 
which  the  distance  from  the  pole  is  equal  to  the  comple- 
ment of  the  elevation  of  the  pole  above  the  horizon. — See 
Mote  ((/),  Chap.  2. 

(b)  The  actual  magnitude  of  the  eart!i,  considered  as 
spherical,  may  be  determined  from  this  circumstancet  for 
if  we  proceed  north  or  south  until  the  pole  is  elevated  or 
depressed  a  degree^  we  know  that  we  must  have  travelled 
.over  a  degree  on  the  earth's  surface,  the  number  of  miles 
'm  which  being  measured  and  multiplied  by  860,  gives  the 
number  of  miles  in  the  earth's  circumference,  by  means  of 
which  it  is  easy  to  determine  the  number  of  miles  in  the 
earth's  ladiub  i  w  haL  is  stated  in  the  text  shews,  that  the 
earth  is  convex  at  tlie  place  of  the  spectator ;  the  circum- 
navigation of  the  globe  in  xyanvus  directions  proves,  that 
it  is  a  curved  surface  returning  into  itself,  and  likewise  the 
circumslance  ot  the  boundary  of  the  earth's  shadow  in  a 
lunar  eclipse  being  always  circular*  proves  that  it  is 
globular  or  round. 

(c)  The  sun's  motion  is  always  performed  in  the  same 
plane ;  for  the  sine  of  right  ascension  bears  to  the  tangent 
of  declination  an  invariable  ratio^  it  follows  consequently 
that  the  plane  passingthrough  the  sun  and  the  vernal  equi* 
.nox  musk  always  make  the  same  angle  with  the  equator,  the 
radius  being  to  the  tangent  of  this  angle  in  the  given  inyariap 
ble  ratio;  it  U  also  observedi  that  the^iffisrence  between  the 
right  ascensions  of  those  stars,  which  are  near  to  the  sun 
at  the  commencement  of  spring  and  at  the  commencement 
of  autumn,  is  180,  hence  it  follows,  that  the  two  intersections 
of  the  equator  and  ecliptic  are  180°  distant;  and  if  the 
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pointo  of  the  horizon,  when  the  sun  lete  in  the  beginning 
of  summer  and  winler»  be  aocnraCely  marked*  it  will  be 
finiiid  that  they  are  equally  distant  from  the  east  and  weal, 
hence,  and  as  alt  the  points  of  the  orbit  are  always  in  the 
same  plane^  it  follows*  that  the  ecliptic  Is  a  great  circle* 

If  I  denotes  the  latitude*  d  the  declination*  and  h 
the  horary  angle  from  noon*  we  have,  when  the  sun  is 
risuig  or  setting*  cos.  Astang.  L  tang,  d ;  when  the  height 
of  the  pole  and  d  are  of  the  same  denomination  cos.  h  is 
negative,  and  h  >  than  90,  /.  tiie  day  is  longer  than 
the  night;  when  /  or  J,  or  both,  vanisli,  /<=:90  ,  therefore, 
the  duy  is  always  equal  to  the  night;  when  tang. /=scuU c/, 
or  vice  versa,  /z  =  0,  .".  the  sun  doea  not  set. 

(e)  The  horizon  of  spectators  bituatcd  at  tlic  e(iuator 
passes  throufrh  the  poles,  liencc  llie  horizon,  bcin;^  in  this 
case  a  secondary  to  the  equator  must  pass  througli  the  cen- 
tres of  all  circles  parallel  to  the  equator,  and  bisect  them  all 
at  right  angles;  hence,  as  also  appears  from  the  preceding 
notfl^  the  days  are  always  equal  to  the  night ;  such  a  posi- 
tion of  the  sphere  is  called  a  right  iphere.  To  a  spectator 
situated  at  the  pole*  the  equator  and  horizon  coincide 
consequently  the  planes  of  all  the  diurnal  circles  are 
parallel  to  the  plane  of  the  horison*  so  that  when  Che 
sun  Is  at  the  northern  side  of  the  equator*  he  does  not  set 
for  SIX  months ;  this  position  of  the  sphere  is  called  n 
parallel  sphere.  In  all  places  Intermediate  between  the 
equator  and  poles,  the  length  of  the  day  is  different  at 
different  periods  of  the  year.  Such  positions  of  the  sphere 
are  calletl  oblitjiie  spheres;  what  is  stated  here  is  imme- 
diately appiLi  eiil  IVoiu  llic  preceding  part  of  this  note  (</). 

If  by  means  of  the  observed  declinaiions  and  right  ascen- 
sions of  the  sun,  the  daily  inciemciits  ot  longitude  be  com- 
puted, it  will  be  found  that  they  arc  not  proportional  to 
the  intervals  ot  time  which  separate  the  consecutive  pas- 
sages of  the  sun  over  the  meridian  ;  the  greatest  dilTerence 
exists  in  two  points  of  the  ecliptic*  of  which  one  is  situated 
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near  to  the  summer,  and  the  other  near  to  the  winter  sol- 
stice ;  theie  tm^  points  arc  iiv  the  SMie  line,  tfao^gb 
sitiMtefi.  oa  opposite  sidt*  of  tlie  eq^tOTi  pid  Chfltr.Hgbt 
ascensions  difiar  by  1 80* 
{/).  Gotisaqnetillj^  tiie  mean  if^docity  batwaeo  tiiaae  tw9 

.  1%!327+1%0591 
extremes  u  ^  =1^,0959. 

(^)  The  angles  baing  nappottd  to  incraaaa  propoiM 
tioiiably  to*  the  tianes,  ihcb  ainea  wtH  bo  parMical?  for 
tba  sine^  arbicb  at  the  commencemeDt  is  cyphert  incrtMea 
with  the  are  and  beoomaa  equal  to  radbn  whtftt^esn 
a»  90^  it  than  dacieasaa  fttd  finally  becomes  ta  to  oyphet 
when  the  are  becomes  equal  to  190  ;  the  sine  then  passing 
to  the  other  side  of  the  diaaicur  changes  its  sign,  and 
lutis  lii rough  ihe  same  series  of  changes  in  tliis  semicir- 
cumfcrence.  It  niav  be  remarked  here,  that  it  appears 
from  analysis  that  all  the  ijiecjualilies  of  the  heavenly  bodies 
may  be  expressed  by  the  sines  and  cosines  of  angles,  which 
Hicrease  proportionally  to  the  time.  No  other  function 
of  the  circle  occurs  in  the  expressions  for  these  inequalitieai 
See  Vol.  2,  Book  6,  Chap.  2. 

(k)  In  fact,  as  it  is  a  matter  of  obaiMTvation  thai  tba 
gular  motion  of  the  sun  ▼avies  aa  the  square  of  the  apparenl 
dmmeter,  it  follows,  as  a  general  law,  that  the  angle  de«» 
acribed  each  day  by  tfae  sun  multiplied  by  the  aqoave  of 
tbe  diitance  is  oonatant»  f.  <v  if  r  and  r'  represent  the  die* 
tanees^  and  dv,  dfi  the  angles  described  the  sun  at  the 
two  dBflvient  epodis^  we  hnipe  dai.r*  a  do',    ;  but  ihe  areaa 

dei»f* 

described  at  these  points  are  respectively  =  '  ^  « 

— ^ — ,  hence  it  follows,  that  equal  areas  are  described  in 

equal  times. 

Otherwise  thn^  let  v  and  represent  the  angular  motions 
of  the  sun  in  two  differejU  points  ol  theoi  bit,  a  and  a'  the 
small  diorual  arcs  described  by  the  sim  at  these  points,  >  and 


^1 


the  corresponding  di&tances, and dl  the  correspond- 
ii^  appMcbt  diaflifter%  th0  smalL  sectors  described  by  the 

r.a  {r^rlr).a* 
sun  are  equal  respecUvely  to      and   g  ,  or  as  a—vr, 

a'=t/.(r4-er),  these  sectors  are  ei^iuil  to   ^   i 

now  by  meaDs  of  verjr  9X«ct  inQa8urein«iitoo£the  apparent 
dbmeter  ^  the  ifw  mdB  i«ith  «  vomnm»9  f«'  fiMiod 
that.the  appiMtfev^  «i^gid«r  iii0liain  tacy  telli*  aqmrotaf ihe 
anMrent  duupetar%i.  :  H^i  or  v^V :  :(r-|4aie)* : 

/.  vf*^r/.  hence  the  small  sectors  ara  allprays  pro- 

portional to  the  thnes. 

(f )  In  fact,  suppose  lines  to  be  drawn  in  a  plane  passing 
through  a  given  point,  (which  represents  the  common 
centre  of  the  earth  and  of  the  celestial  sphere,)  so  that 
their  angular  distances  may  be  equal  to  the  diurnal  motion. 
These  lines  will  represent  the  visual  rays,  which  are  drawn 
to  the  sun  each  successive  day.  Lay  off  firom  the  fixed 
point  in  the  direction  of  thaie  Irays  the  corresponding  dis- 
tances of  the  Buti  from  the  earth,  (which  may  be  estimated 
from  the  diurnal  niutlon,  one  of  these  distances  being  as- 
sumed equal  to  unity,)  the  points  which  are  determined 
in  this  manner  will  indicate  the  place  of  the  sun  for  each 
dtjf  and  the  curve  which  is  traced  by  uniting  these  points 
will  be  similar  to  the  sun's  orbit.  It  is  evident,  that  if  the 
angles  described  by  tlie  son  each  sucesssive  day  be  deter- 
mined by  means  of  its  observed  longitudes^  the  ratio  of 
the  distances  iritt  be  obtatnedi  for,  ftom  the  equation 
Vf*^Af  It  fiiUowi^  jihat  these  distaneft  are  reciprocally 
as  tbaafmuna  ml*  of  tile  angular  motioiis.  Bntmotiler 
ee  aseeelainr  whathev  the  eorve  Micaliea  by  dioebBecv»> 
laone  of  ch«  e«a  fs-iifr^affif  ellipse  wesbmld  atturae  diie 
indeicrminatie  equation  of  any  ellipse,  and  make  it  to  satisfy 
9©m«  of  these  obb<^rvations  ;  and  when  the  elements  have 
been  d€t€rminetl  by  this  condition,  ^ve  can  investigate  and 
try  whether  it  equally  represents  the  other  observations* 
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1,  e,  if  il  auigiis  for  the  distancei  of*  the  sun  from  the 
earth  in  diflbrent  loDgitudeft»  values  equal  to  those  which 
have  been  deduced  from  obaervation. 

We  might  have  inferred  from  an  obsenratton  of  the 
sun'B  apparent  diameter  that  his  apparent  orbit  is  an 
ellipse,  for  if  ei  be  his  mean,  and  m^n  his  least  apparent 
tliiuneter,  then  this  diameter  at  any  other  point  is  ob&erveJ 
to  be  equal  to  m — n.co8.v,  v  representing  his  angular  dis- 
tance from  the  point  where  his  diameter  is  least;  now,  as 
the  distance  varies  inversely  as  the  apparent  diameter, 
B 

r=s „— — ,  which  is  an  equation  of  the  same  form  as 

til     II » cos*  € 

f*s  —  • 

l+e.cos«f; 

Or  thus,  let  D,  £y  represent  the  greatest  and  least 
diameters  of  the  sun,  which  have  been  already  given 
iq  numbers  in  the  text ;  it  is  found  that  if  d  denote 
any  other  diameter,  and  v  the  angular  distance  of  the 
sun  when  the  diameter  is  from  the  point  in  the  ellipse 
where  the  diameter  is  we  have  D  — ly  :  D — dll 
1— COS.  180  (f.       :  1-^cos.ii,  A(D— D0(1— •cos.r)ss 

2.  (D— rf)aDd<i=D^— ^^^-(1— COS.V)  =  ^^j^' + 
D— ly  1  1  e 

•»  this  is  the  equation  of  an  ellipse  whose  miyor 

axis  passes  through  the  points  where  the  apparent  diameter 
is  greatest  and  least 

(k)  This  point  may  be  easily  determined  in  the  case  of 
any  elliptic  orbit.  About  the  focus  of  the  ellipse,  as 
centLO,  dcsci  ibL!  a  cliclc,  of  which  the  radius  is  a  mean 
proportional  between  the  scmiaxes  of  the  ellip>c  ;  this  cir- 
cle is  e4ual  to  the  ellipse,  and  if  a  body  be  conceived  to 
revolve  in  this  circle  with  the  mean  ai^lar  mouon  of  the 
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waHf  its  periodic  time  will  be  equal  to  the  periodic  time 
of  the  sun.  Conceive  this  imaginary  body  to  set  off  from 
the  same  radius  as  the  sun,  at  the  same  time  that  the  sun 
begins  to  move  from  the  apogee.  As  the  sun  s  velocity  in 
this  point  is  less  ihan  his  mean  anf^'ular  velocity,  the  ficti- 
tious body  will  precede  the  sun,  and  it  will  continue  to  pre- 
cede this  star  by  gi  eater  quantities  perpetually,  till  the  an- 
gular motion  of  the  sun  becomes  equal  to  tlie  angular  mo- 
tion of  this  body,  afterwards  the  angular  motion  ot  the  sun 
becoming  greater  than  the  mean  angular  motion,  the  sun 
will  b^in  to  gain  on  the  body,  and  will  overtake  it,  when 
it  arrives  at  perigee ;  hence  it  is  evident,  that  tlie  body  pre- 
cedes the  sun  by  the  greatest  quantity,  when  its  angular 
motion  is  equal  to  the  mean  angular  motion  i  now  it  ap- 
pears from  the  equation  vr*  s  A,  that  the  angular  motions 
faryasthe  synchronous  areas  directly,  and  inversely  as 
the  squares  of  the  distance,  bnt  the  synchronous  areas  are 
equal  in  the  ellipse  and  circle,  for  they  are  as  the  whole 
areas  divided  by  the  respective  periodic  times^  i.  in  a 
ratio  of  equality,  hence,  the  angular  motions  are  equal 
when  the  distances  are  equal,  t\  e,  when  the  distance  of 
the  sun  from  the  focus  is  a  mean  proportional  between  the 
semiaxes. 

The  radius  of  the  circle  whose  area  is  equal  to  that 
of  the  ellipse  =a.    a' — e*. 

(I)  This  parallax  is  given  with  great  accuracy  by  tlieory, 
as  we  shall  see  in  the  sequel,  (see  Book  4>,  Chap.  4,)  the 
reason  why  it  is  so  particularly  interesting  to  determine 
the  parallax  is,  because  our  knowledge  of  the  absolute 
magnitude  of  the  solar  system  depends  on  it. 

If  the  exact  time  when  the  spots  describe  right  lines 
was  known,  the  longitude  of  the  sun  or  earth  at  this  in* 
stant  would  determine  the  place  of  the  nodes.  However, 
this  place  is  best  determined  by  means  of  corresponding 
observations,  made  before  and  after  the  passege  through 


50* 


die  fioclw  when  lihe  o|Matagt  of  ih«  Allipie  h  the  -tamc^ 

but ftli^ppvirittt  ^iMtfttOM. 

•C4liog  ^  «  the  Miwitiitric  lo^ginidet  iii  Uie  earth 
end  t|M  ^  the  heUecentrie  Uitiuide»  end  B  the  geocentric 
hitifiid^  A  the  min't  eemi-diaoieter,  r  the  dwtence  ofipoi 
from  oeptfe  of  the  tnii,  end  R  the  diMaeoe  of  apot-fiom 
centre  of  the  earth,  which  it  very  nearly  equal  to  the  dis* 
tance  of  the  centre  of  the  sun  from  earth,  we  have 

r :  R    sin.B  :  sm.y,     as  sin. A  ss      we  have  sin.^s 

R    .    ^    ftin.B  « 

y  sin.  fi  =        ,  hkewise  r.cos.^:  R.  cos.  B  expresses  the 

ratio  of  the  curtate  disiaiicei>  of  the  spottroiu  tlie  centres  of 
the  sun  and  earth,  which  is  also  expressed^by  that  ot  sin.E: 
^n.  (/ — »r},  E  being  equal  to  the  dlHerence  between  the  geo* 
centric  ioBKitudes  of  the  centre  of  the  sua  and  spo^  we 
have  >vco8.^:  R.cos.B  I :  sin.E: sin. (Z—^),  hence  sin*(/ — jr) 

6in,£xos.B  R    sini&co6.B  .... 
=    c5Lj^    "  T=cos.j,.«n.A  =     substituting  for  eoe.y 

^ sin.* A — sin.^B\     sin.  K.  cos.  B 

iU  value  )  vdn.»A-*fc»B' 

oin  determine  x. 

Observing  three  pobitions  oi  the  same  spot,  wc  are  given 
by  what  precedes  thfeir  distances,  1,1',  i%  itom  the  pole  of 
the  ecliptic  or  their  co-latitudes.  We  can  also,  by  what 
precedes,  determine  their  differences  of  longitude ;  hence  in 
the  three  spherical  triangles,  which  are  formed  by  drawing 
Ikies  from  the  pole  of  the  ecliptic  to  the  three  vobserved 
pOeitions  of  the  spot,  we  have  in  each  of  them,  respectively 
two  sides  andJhdinohMled  angle,  which  enables  us  to  de> 
termine  ithe  remainhig  eldest  A,  A'»  A%  (or  the  ares  con- 
necting the  three  positieov  of  the  apotVand  also  the  base 
aogles^  and  conseqBenidyiheur'mm ;  Mnraa  the  spot  movne 
parallel' to  the  solar  eqoatoiv  lto<dvla«Brfs  from  the  ftele  of 
this  ei)ttator  are  the  aiole,  coniiMpwntly  a  perpeddieolar 
from  this  pole  bisects  the  arcs  connecting  the  dilferent 
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positions  of  tfae  spots;  and  from  the  oonsickinilioii  of  tiMise 
triuigks  it  is  evident,  that  we  am  given  the  ^  of  the  sum 
of  the  cosiM  of  the  angles,  which  an  are  from  the  pole  of 
the  ton's  equator  makes  with  the  ooiineclnig  arcs»to  the  di^ 
fanenee  of  the  cosines  of  these  angies*  i.  e.  we  are  given 
the  ratio  of  the  cotangents  of  half  the  angle  made  bj  con- 
nectmg  afcs  to  the  tangent  of  half  the  difierence  of  the 
preceding  angles;  having  determined  this  di^rence  we  can 
obtain  the  angle  which  the  arc  from  the  pole  of  the  equator 
makes  with  connecting  arc,  and  hence  we  obtain,  by  sub- 
traction, the  angle  formed  by  arcs  drawn  from  a  given 
position  of  the  spot  to  the  poles  of  equator  and  ecliptic, 
and  as  we  have  these  arcs  we  can  obtain  the  third  side, 
which  measures  the  inclination  of  the  equator  to  ecliptic; 
and  as  we  also  know  a,  the  angle  formed  by  /,  and  the 
time,  /,  in  which  it  is  described,  we  can  obtain  the  time  of 
revolution  for  /  :  T  : :  a  :  960^ 


CHAPTER  m. 

This-poeitioD,  with  respect  to  the  eqnali^  which  sab- 
ttsta  between  the  daratton  of  each  oscillation  of  a  pendn- 
lanif  is,  in  fiict^  the  principle  of  sufficient  reason  wliich 
was  first  projiounded  as  a  general  axiom  bjr  Leibnitz 
though  it  was  long  before  virfualfy  assumed  by  Archimedes 
in  demonstrating  some  of  the  first  principles  of  mechanics. 

The  sun  in  the  couisc  oi  the  year  jiasscs  the  meridian 
once  less  than  the  star,  because  the  suni  of  ail  the  retar- 
dations in  that  time  is  equal  to  360%  being  equal  to  the 
sum  of  the  arcs  described  by  the  sun  in  the  year,  i«  e,  to 
860. 

It  may  be  remarked  here^  that  in  consequence  of  the 
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precession  of  the  <  (jviInoxes,  the  star  takes  a  longer  lime  Co 
return  to  the  meridian  ihan  the  revolutioti  of  the  earth  on 
iU  axis ;  however,  the  difference  is  not  appreciable,  for 
soppoting  that  the  annual  precession  in  right  ascension  is 
SOf  lf  which  it  is  veiy  nearly  for  itars  near  the  equator,  thia 
eonverted  into  time  gives  3,3  seconds,  by  which  the  star 
passes  the  meridian  Utter  at  the  end  of  a  year,  which  being 
distributed  over  the  entire  year  is  altogether  insensible. 

(m)  Let  I  be  the  obliquity  of  the  ecliptic,  I  the  longitude 
of  the  suii»  and  A  the  right  ascension;  then  if  oos^Issi^ 
tang./sx9  we  havi^  by  Napier*s  luleiy  fjrstang.A9 
s.dr,  i.  e.  dUl  +        =  dA{l  +  tang.»A),  or  sdx  s 

dl.  s  cTA 
s.tf/.8ec'/=(iA.sec*'A»  that  is,  ^^//=5;j»J» 

COS. /= cos. A.  cos.  D,  (D  being  equal  to  the  dedinatioDi) 

«**^»  co,/a.'L.'D  =7^^ '  ««»e««>^  ''A  (which 

converted  into  time  determines  the  variation  of  the 
astronomical  day,}  is  equal  to  dJ.  sec.*D;  and  as  dl  and 
s  are  constant,  varies  a&  sec.^D,  and  therefore  it 
is  greatest  at  the  solstice^  and  least  at  the  equinox  $  for 

</A  =  i//.ii  at  ihc  equinox,  and  at  the  solstice  f/A  =  ^,  .'. 

dA  at  the  equinox  is  to  dA  at  the  solstice  as  s*  :  1,  con- 
sequently dl  is  a  mean  proportional  between  the  incr^ 
menl  in  the  equinoxes  and  in  the  tolstices;  I  is  evidently 
equal  to  the  right  ascension  of  the  fictitious  sun  s*,  which 
is  supposed  to  move  in  the  equator  with  a  motion  equal 
to  the  ran's  mean  motion  in  tlie  ecliptic;  .'.  / — A  is 
equal  to  the  separation  of  ^  from  s',  and  tan.(^ — A)  = 
tan./ — tan.  A      v—tx  x  ^ 

l+tan.7rtaO-l+jx»-(^'^)-T+I?»  A)5k 
(1  5.r*) 

(1 — s)djr.  ^sjc*)*  *  ^^^^  "  •  moMmum  wben  Isssx*^ 
that  is,  tan./sTr===,  and  consequently  ^ cos.  I  ss  tan.  A* 
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hmet  As4SS49'»56*,  and  /s46%  14^  and /—A  when 
aiiMidmMm  =S*»S8',80*;  it  appean  fram  this  that  the 
greatest  separation  of  j"  from  /  is  greater  than  the  great- 
est separation  of  /  from  s  on  the  equator,  corresponding 

to  the  greatest  equation  of  the  centre,  for  the  latter  is  only 
2°,  6',  when  ihe  greatest  equation  is  1,  55'33";  besides, 
this  greatest  sepamlion  happens  about  the  8th  of  May, 
which  is  later  than  when  the  radius  vector  of  the  solar 
orbit  is  a  mean  proportional  between  the  semiaxei.,  that  is, 
when  the  equation  of  the  centre  is  maximum, — See  Note  {k)^ 
page  30'2. 

(n)  Hence,  as  the  second  and  third  sun*s  depart  from  the 
equinox  together,  the  one  describing  the  equator,  and  the 
other  the  ecliptic,  with  the  rame  uniform  motion;  thedis« 
lance  of  the  latter  (which  is  equal  to  the  mean  lon<ritude  of 
the  true  sun)  wiU  be  equal  to  the  right  ascension  of  the  third 
sun.  Hence  the  equation  of  time  may  be  defined  to  be  the 
iiffirenu  between  ike  true  sm's  rigkt  ateeHum  and  his  mean 
bmgUudef  eorreeied  bjf  ihe  efuaiion  of  ihe  equinoxes  in  right 
ascension  i  therefore,  naming  e  the  equation  of  the  centre* 
^  V  the  increments  in  longitude  and  right  ascension  which 
mult  from  the  nnCatton,  r  the  reduction  to  the  equator, 
or  the  difference  between  the  longiiude  and  right  ascen- 
sion, X',  X  the  true  and  mean  longitudes  of  the  sun,  p'  f> 
the  true  and  mean  right  ascensions,  and  p  the  tflcct  pro- 
duced by  the  perturbations  of  the  planets,  we  have 
X'=X  +  c+i>  +  /Lt,  p  =  X-fu,  //  =  X'-|-p=X+^+;)4-A*+p> 

p' — psie^p+r-^fx — v;  we  will  see  hereafter  that  »  = 
II.  COS.  t  (i  being  the  obliquity)  and  =  18  .  sin.  i^,  (4^  de- 
pending on  the  ;  situation  of  the  lunar  orbit),  therefore 

r  e+p-^r    IS.sin.^  ^ 

the  equalion  ot  time,  =  ^  — '(1  —  COS,^)  J 

sinee»  therefore^  both  e  and  r  are  Yartable  in  this  expression* 
the  equation  must  (without  taking  into  account  the  die* 
tnxbing  force  ^  or  ^)  be  Taiiable  from  these  two  causes ; 
and  as  e  and  r  are  not  the  same  on  corresponding  days  of 
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two  diflereiu  years,  in  consequence  of  the  secular  distort 
baBoc%  it  follaway  that  the  equatiou  oi  time  ia  contiao* 
ally  vaijing* 

Inhere  are  foyr  times  in  the  year  in  wbicb  the  6qiift« 
tioD  of  time  vaiiHhe%  fi>r  deooting  the  true  sun,  the  tim 
whidi  moTe*  wHH  a  meen  motioii  in  the  ediptk^  end  the 
eaii  vrhich  eiofet  with  a  mean  motion  in  the  e^oator  by 
1^  J*  mpectively*  As  ^  preeedce  s  from  apo|(ee  to  peri- 
geoi  and  preoedet  9^  fiom  the  autnmnal  equinoK  to  the 
solstice,  the  order  of  the  sun'i  near  the  winter  aobtiee  ie 
s,  sfy  s" ;  at  the  solstice    coinciding  with     the  order  is 

I  ^  I  immediately  after  sf  passes      (as  appears  firom  . 

lias  been  established  above  respeciinfr  the  increments 
of  r/A,  at  the  equinox  and  at  the  iolstice),  .*.  after  the  sol- 
stice the  order  is  .s,  s'\  s';  at  the  perigee,  which  in  very 
little  beyond  the  lioktice,  s  coincides  with  .'.it  must 
have  passed  s"  in  order  to  effect  this,  for  does  not  over- 
take s' till  their  arrival  at  the  vernal  equinox;  bencCy  at 
the  moment  when  s  passed  the  equation  of  time  vanish- 
ed. After  the  perigee  the  order  of  the  sun's  is  s^s'Sy 
which  continues  to  the  Ternal  equinox,  tiserefore  in  that  in- 
tenral  the  equation  of  time  does  noi  vanish ;  after  the  eqd^ 
nox  ^  beghis  to  preceide  s',  and  the  order  becomes  sVit;  very 
near  this  point  the  distance  irom  the  fiictts  of  the  solar 
eliipse  is  a  mean  proportional  between  the  semtaxes>  i«  e, 
(he  trae  aognkr  motion  is  eqnal  to  the  mean  angular 
motion*  and  therelbre  s'  is  at  the  greatest  distance  finom  i. 
But  the  greatest  separation  of  s"  from  s'  is  subsequent  to 
this,  and  as  it  is  greater  in  quantity  than  the  deviation  of 
f  from  a',  it  follows,  that  prcviuus  to  the  greatest  separa- 
tion of  s"  from  5',  the  order  of  the  aim's  is  not  sf^s  but 
s'ss" ;  therefore  must  have  passed  s,  consequently  the 
equation  of  time  must  have  vanished;  but  at  the  summer 
sobtice  s "  joins  /,  and  as  s'  does  not  join  5  till  after  the 
lime  of  ibe  solstice,  wlien  the  sua  is  in  the  ap6^|e%  this 
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junction  of  with  s'  must  Imve  been  effected  by  s"  repass- 
ing s,  this  caused  the  equation  ot  time  again  to  vanish^ 
previous  to  the  time  of  the  solstice ;  after  this  takes  place 
the  order  of  the  sun  is  /s"Sf  at  the  soUtices  s'  coincides 
with  sf'f  and  nfter  tbb  the  order  becomes  s"s's  till  the  sun 
arriveB  at  apo^.  Immediately  after  y  moving  with  a 
greater  angular  motion  than  ^  the  order  bceomei  i/^st^i 
now  as  I  cannot  overtake  /  till  it  arrives  at  per^gest 
whereas  ^  reaches  s*  at  the  equinox^  it  follows^  that  pre- 
vious to  this  5^  must  have  passed  5,  and  at  the  initant  of 
passing,  the  equation  pf  time  vanishes.  If  the  apogee  and 
perigee  coincided  with  the  solstices,  the  equation  of  time 
would  vanish  in  these  points,  which  was  the  case  in  llie 
year  1250;  but  as  the  apsides  continually  prograde,  the 
points,  at  which  the  equation  of  time  vunUhcs,  continually 
vary.  As  the  nioraenLs  when  tlie  equation  from  each 
cause  separately  is  o  roaximuni,  do  not  coincide,  the 
greatest  cijuation  can  never  be  equal  to  the  sum  of  the  two 
equations  arisin*]^  from  each  cause  separately;  when  the 
equation  of  time  is  a  maximum,  its  increment  is  cypher, 
f.  e»  the  mean  and  true  day  have  the  same  length,  when 
the  eqnation  of  time  vanishes^  their  difimnee  is  the 
greatest  possible. 

(o)  The  reason  why  the  day  was  divided  Into  84  hours^ 
and  the  hours  into  60  minute«»  and  the  minutes  into  410 
seconds,  was,  because  these  nnmbers  admitted  many  dif> 
ftrent  divisors 

If  the  year  was  exactly  s365<f  ii  u  lour  yeaia  the 
commencement  of  the  year  would  have  ngraded  an  entire 
day,  and  In  liCO  Mum  years  the  oommeocement  would 
have  r^aded  an  entire  Julian  year,  for  dividing  U60  by 
by  4-,  the  quote  will  be  365,  /.  1460  Jul  lan  are  e{]Liiv:jlcnl 
to  1461  Egyptian  yeaib,  but  m  the  year  is  accurately  only 
S5 365,2422040,  in  order  that  the  difference  between  tiiis 
and  365  may  produce  a  tropical  year,  it  is  necessary  that 
1508  years  should  be  accomplished;  this  period  of  1460 
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NOTES. 


N  called  the  iotkiae  period.  The  Egyptians  sappoaed  all 
their  months  to  consist  of  SO  days,  and  they  added  at  the 

end  of  the  year  five  days,  which  were  called  lirayQ^tva. 
See  Vol.  2,  Book  4,  Chap.  8. 

{p)  Suppose  that  the  moment  of  the  solstice  or  equinox 
preceded  midni^^ht  by  a  quantity  less  than  the  errors  ot 
the  tables,  then  according  to  the  tables  the  moment  would 
happen  after  midnight,  and  as  the  commencement  of  the 
year  is  reckoned  from  the  midnight  which  precedes  the 
solstice  as  determined  by  the  tables^  this  origin  would 
differ  nearly  by  an  entire  day  from  the  true  origin. 

{p)  In  the  JuUan  arrangement  of  the  year^  it  is  supposed 
that  S65+|ssR,  a  revolution  of  the  sun;  consequently, 
though  there  is  not  an  integral  number  of  days  in  one  re* 
Tolution,  still,  four  years  may  be  made  equal  to  four  revo- 
lutions of  the  sun»  and  4  Rs4.865-t»l =8*865+366;  now 
as  the  true  length  of  th  c  ^  car  is  not  865.85,  but  865.24SS64, 
which  is  less  than  the  former  by  li^  15";  before  a  new 
year  has  commenced,  the  sun  has  passed  the  point  in  the 
tclli)tic  where  the  la&L  year  began,  by  a  small  IVactiun 
=  1 1',  15"  X  59',  8"  ;  therefore,  the  Julian  reckoning  and 
the  course  of  the  seasons  fall  behind  the  sun,  and  in  132 
years  this  difference  is  very  nearly  a  day,  hence  in  5.132 
or  396,  which  is  nearly  equal  to  four  centuries,  tlieir 
loss  would  be  three  days  ;  this  is  the  reason  why 
Gregory  proposed  to  omit  the  intercallary  day  at  the 
commencement  of  three  successive  centurieS|  which  would 
be^  in  the  Julian  arrangement  intercallary  years,  and  to 
retain  it  on  the  fourth  centufji  and  two  hours  fifteen 
minutes  is  all  that  remains  uncorrected ;  for  l\\  15*9  the 
annual  error  s  •0077S6i  whidi  in  a  century  is  •7786»  and 
in  four  centuries  it  is  equal  to  8.0944^  of  which  the  ded-* 
roal  part  .09449  which  is  not  corrected».s:  2S  15' ;  now 
this  part  becomes  equal  to  an  entire  day  in  4887  yeaci^ 
and  therefore  it  would  be  corrected  nearly  by  omitting  as 
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IS  ftuggieitcd  in  the  t«it»  a  bittextilc  eveiy  four  tbousMid 

(q)  The  FeniMi  intercalatioii  was  more  correct  than  the 
Julian*  for  Omar  proposed  to  delay  to  the  8Sd  year  the 
intercalation  which  ought  regularly  to  take  place  on  the 
Sfid,  and  by  thia  means  the  Joliao  intercalation  would  be 
altogether  omitted  iit  the  198th  year;  but  it  has  been 
before  observed,  that  the  Julian  intercalation  is  too  much 
by  one  day  in  1 32  years,  tins  metliod  is  therefore  more  exact 
than  that  proposed  by  Gregory,  for  it  differs  from  the  truth 
only  by  one  minute  in  120  years;  (in  fact,  if  wedelci  niuie 
the  scries  ot  continued  fractions  which  express  the  ratio 
between  5''  48'  49"  and  24f\  the  tirst  terms  of  the  series  are 
h  vV)  77»  tVb  »       among  the  terms  of  this  series  the  ratio^' 
which  would  exist  according  to  the  intercalation  proposed 
by  Ghregory,  does  not  occur ;  ^  is  greater  than  the  true  dif* 
ference,  and      less*  therefore^  as  the  fractions  convetge 
towards  the  true  value^  the  correction  proposed  by 
Omar  is  more  accurate  than  Csesar's  or  Gregory's).— 
JSee  Vol.  ^  Book  6>  page  920. 

(r)  The  order  of  the  planets,  according  to  the  andentSy 
.  is  Satnm»  Jupiter^  Mars,  the  Sun,  Venus^  Mercuiy,  Moon; 
now  the  names  of  the  planets  are  imposed  on  the  days 
^la  Tirrrrnpuiv^  I.  €,  as  the  sun  18  the  fourth  from  Saturn 
inclusively,  he  denominates  tlie  fir&t  day  ot  the  week;  the 
moon  being  the  fourth  from  the  sun,  denominates  the 
second  day  of  the  week,  and  so  on.    An  astrological  rea- 
son has  also  been  assigned;  for  ns  the  planets  were  sup- 
posed to  preside  over  each  hour  ot  the  day,  and  as  the  planet 
gave  its  name  to  that  day,  over  the  first  hour  of  which  it 
presided,  if  the  sun  would  have  the  first  hour  it  would  have 
also  the  8th»  the  15th,  and  in  general  all  those  of  the  form 
I  -|-7fi ;  Venus  would  preside  over  the  second  hour,  and  in 
general  all  those  of  the  form  7^+4 ;  Mercury  over  all  those 
of  the  form  7fi«|"8 ;  the  moon  over  those  of  thefoim  7ii+4; 
Saturn  over  those  of  the  form  7fi+5;  Jupiter  over  those  of 
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the  form  7iH-6;  Mars  over  those  of  the  form  Vn-f-VsT.lii+i}* 
The  general  formula  is  7if4-<i=S4}»-f  1,  therefore  a — Is 
Sim— 7  J»  if  7  fi4-0=:  1 ;  *ts:0 ;  as  t ;  the  first  day  belongs 
to  the  sun;  7ii+AB2Ay  ^boM  be  eqnal  lo  8f  therelbre 
84s»— 7tts4t  therefore  the  noon  presides  cnrer  the  second 
day;  if  7n+as;79;  as78— 7.10,  therefore  as&S,  and 
the  ibttrth  day  will  be  that  of  Mtveuiy;  and  aftrr  the 
seven  planets  are  exhausted,  the  days  wiH  return  in  the 
same  ordci  &s  belore  ;  for  let  7«-fa  =  169,  therefore 
a=  169 — 7.24  =  1,  thei  ctore  the  eighth  day  belongs  also  to 
the  sua  as  well  as  the  iirst* 


CHAPTER  IV. 

Calling  M  the  dtumal  aMtion  of  the  mooD*  ^  the 
diurnal  motion  of  the  sun,  (M — ^^)-  will  be  the  relative 
motion  with  which  the  moon  regains  the  sun^  ■%  We  shall 

have  M— |i ;  1°  •  I  S60 :  » as  we  know  very  nearly 

the  duration  of  a  ^rnodlc  revoltttion,  we  know  the  number 

of  synodic  revoluticmsiQ  agiven  interval  Nj  hence,  if  a  re- 

=  N,  therefore 


^-^^«80(Pslff*-^fi,  which  is  the  relative  motion,  hence 

\nf        /Nx  /        (w     ,  /    "I    \*    .    \  D 


m 

1  + 


n.  360^ 
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'the  revdution  in  longitude  of  the  moon,  in  order  to  de- 
termine P,  the  sidereal  revolution,  we  have  S60^ — p : 

360^ : :  p;  P=— ^  =  p.  (i         (4)*         (  p 

being  the  precession  in  a  tropical  month),  if  M  represent 

the  motion  ot  the  apsis  during  P«  we  have  360° — M:; 

P 

360 ::  P :  F  the  anomaliitic  revolntiiiii,  as  as 

^  ('  "**360"*"(5§I))  — ^*^')  represent  the  motion 

of  the  node^  and  as  it  regrades  we  have  S60+M' ;  360 

P;        P.  ( 1— sg5+(^/  — &c  j  hence  itappears  how 

all  these  diflhrent  periods  may  be  readily  inferred  fimm 

the  synodic  revolution,  which  may  be  accurately  deter- 
mined by  means  of  two  eclipses  separate  by  a  consider* 
able  interval  from  each  other. 

The  orbit  of  the  moon  may  be  proved  to  be  elliptical  in 
the  same  manner  as  the  sun's  orbit  was  shewn  to  be  elliptical. 

(1)  X^t     jy  represent  the  greatest  and  least  apparent 

T>—JY  ^ 

diameters  oi  the  moon,  the  eccentricity  =  j^^^y,  mid  11 

1»  be  the  horiaootal  parallax  when  the  iaooii*s  apparent 

p.  D 

diameter  is     the  parallax  at  the  least  distance 

p.  D' 

and  at  the  greatest  distance  »  therefiare  the  least 

distance  ^d  the  greatest  distance  s^^,,  eon- 

feqnently  the  mean  distance  on  the  hypothesis  tt^at  the 

nrbit  is  ellipticai  s^*  >  ^  represents  the  ra- 

dius of  the  earth,  supposed  spherical ;  but  on  the  suppo- 
sition Uiat  tiie  earth  is  an  ellipsoid^  r  is  the  radius  corres- 

z 
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ponding  to  the  Istltudc,  of  which  the  «qi»ro  of  the  une 
See  Chap.  4. 

From  the  eccentricit;*  the  equation  of  the  centre 
may  be  inferred  by  means  of  the  formula 

(11^5— H.e*).sm.»»*+&c 

See  Notes  to  Book  2,  Chap.  3.   Hence  it  it  eai^  to  shew 
when  it  will  be  a  maximum. 
(0  If  d  be  the  mean  longitude  of  the  moon*  and  0  that 

of  the  sun,  the  mean  anomaly  being  n/,  at  before^  thia  in 
e<}uaiity  is 

S'-B)  sin.  2(  ^  — ©)--.nO  ) ; 

henoe^  aa  4  — 0^0^  <nr  180^t  in  the  oppositions  or  con* 
jonctions  of  the  moon  with  the  sun9  the  argument  in  these 
positions  is  — «/» which  renders  the  evection  negative,  If 
nt  is  <  180,  and  positive  if  n/  is  >  180»  contrary  to  what 
happens  in  the  equation  of  the  centre,  as  is  evident  from 
ail  insjiccUon  of  its  value ;  therefore,  in  both  cases  it  is 
diminished.  I'hc  period  of  the  evection  may  be  inferred 
from  the  rate  of  increase  of  i;s  argument,  which  is 
ll^.SieG  per  day,  its  period  iheietbre  is  jj^.^f-^j;,  or 
dl°.S119.  The  eve-ctlon  may  be  considered  as  an  in- 
equality in  the  equation  of  the  centre,  arising  from  an 
ittctease  of  the  eccentricity  at  the  quadratures,  and  a  dimi- 
nution of  it  at  the  syzygies ;  it  appears  from  its  argument 
fhat  it  depends  on  the  position  of  the  axis  major  of  the 
inoon^s  orfoil^  with  respect  to  the  line  connecting  the  snn 
and  earth.«-&r  Princip.  Math.  lib.  I«  Prop.  66»  Cor.  9. 

{i)  This  inequality  may  therefore  be\represented  by  the 
formula  (35' 48")^  sm.fi(c—0).  Its  period  ts  evidently 
equal  to  14^.7605,  or  half  a  lunar  month.  Mateb  has 
added  to  the  preceding  value  of  the  variation  two  other 
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teimit^ which  are  reqpectivLlj  pro(>ortidiial  lo  tin,8(  c  — 0)i 
sio.  4  ( €  — O ) — See  Notes  to  Vol.  IL  Chap.  4. 

(w)  Tlie  argument  of  this  inequaliiy  is  sin.  mean* 
Anom.  o.  Hence,  in  the  eclipses  it  is  confounded  with 
the  equation  of  the  centre  of  the  sun.  This  equation 
arises  from  the  variation  of  the  sun's  distance  from  the 
earth. — See  Notes  to  Vol.  II.  Chap.  4. 

(d)  During  each  revolution  of  the  moon  the  nodes  ad* 
vance»  and  regrade  alternately  ;  but  the  quantity  of  the 
r^ress  exceeding  that  of  the  adyanee»  the  nodei  daring  a 
levolution  may  be  said  on  the  whole  to  regradei  as  the 
excess  of  the  arc  of  regression  above  the  ara»  during  the 
description  of  which  the  nodes  advance,  is  twice  the  dis* 
tanoe  of  the  node  frata  syzygy,  the  regress  of  the  nodes 
will  increase  in  the  passage  of  the  nodes  from  syzygy  to 
quadrature,  and  again  decrease  in  the  passage  from  quad- 
rature to  ^yy-y^y. 

Let  /,  /'  represent  two  latitudes  of  the  moon  on  succes- 
sive days,  before  and  after  passing  the  node,  X,  A'  the  cor- 
responding longitudesi  and  n  the  longitude  of  the  nodey 
and  I  the  inclination^  we  liave  l-^V :  I :  X— X' :  n — Xs 

(i^-=>l).  ,.,„,e  we  get  „.  and  «  b,  Nap.ers  rule. 

sin.(X — n) s  tan./L  cot*  I,  we  obtain  cot  I  =aui.  (X — H},€oLh 
I  might  also  be  obtained  by  observing  the  moon's  latitude 
on  several  days  near  to  its  maximum^  for  the  greatest  lati- 
tude is  evidently  =1. 

Since  the  argnment  of  the  greatest  inequality  is  pro^ 
portional  to  the  sine  of  double  the  distance  of  the  sun 
from  the  ascending  node  ui  tiie  lunar  orbit,  its  period 
must  be  ci[ual  to  n  semi-revolution  of  the  sun  with  respect 
to  tlie  nodes  of  the  moon. 

(jw)  It  was  from  the  variation  of  the  moon's  apparent 
diameter  that  Newton  inferred  that  Uie  areas  were  pro- 
portional  to  the  times. — See  Priucip.  Lib.  3,  Prop.  5. 

(jr)  The  lunar  inequalities  have  been  distinguished  into 
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thiM  classes,  aaniely,  tliose  which  afTcct  the  longitudef 
thoie  which  affect  the  latitude,  and  those  which  affect  tlM 
xadint  tvctor  of  the  moon*  The  reason  why  it  waa  wo 
mty  to  ditoofer  theniy  was  because  their  perioda  were  of 
sudi  difoent  dmationa.  With  respect  to  the  inequalities 
which  albct  the  longitude  of  the  moon»  three*  namelj^  the 
evectlon,  variation}  and  annual  equatiooy  have  been  known 
to  the  ancient  astronomers ;  but  there  are  several  oiher% 
the  eustcnce  and  form  of  which  have  been  uidicated  by 
theory,  and  which  may  be  oonsidored  as  so  many  oorrec- 
lions  lo  be  applied  to  the  above  mentioned  inequalities,  in 
order  to  determine  the  j)' .si don  of  liic  moon  with  the  ac- 
curacy required  by  the  precision  of  modern  observations. 
It  is  the  same  with  with  respect  to  the  ine(]ua]itics  which 
afiect  the  latitmle  and  the  radius  vector  ot"  the  moon. 
The  forms  of  tlie  inequalities  are  detcrmmed  by  physical 
astronomy  $  the  coefficients  are  determined  by  observing 
when  they  attain  their  greatest  yalues»  for  then  the  angu^ 
kr  functions  into  which  they  are  multiplied  are  equal  to 
ontty. 

(y)  The  greatest  bfesdlii  of  the  illuminated  part  of  the 
moon's  surface  is  observed  to  vary  as  the  versed  sine  of 
the  moon*s  elongation ;  but  if  the  moon  was  spherical*  the 
illumbated  part  would  vaiy  as  the  verwd  sine  of  the  ex* 

terior  angle  at  the  moon,  which  differs  very  little  from  the 
angle  of  elongation.  Strictly  speaking,  the  illuminated 
portion  varies  as  the  versed  sine  of  the  exterior  angle  at 
the  moon  =E,  (the  anwle  of  elongation)  +(S)  angle  at 
the  sun  ;  this  last  tiuaiuity,  or  its  sine,  which  is  nearly  the 
same  thing,  ssixuK  X  into  the  -a-  of  the  moon's  distance 

into  the  son's  distance  from  the  earth,  =  — ^  •  sin.  E,  where 

r  represenu  the  rad«  of  the  earth,  d  the  distance  of  sun 

from  earth,  but  ^  =  S"A7  the  sun's  parallax,  therefore  Ss= 

S'A7*  sin.£  and  PsA  versed  sroe  (E+8\47«shi.£} ;  now 
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from  Napier's  rules  cos.  £=co8J.  cos.  (  p  — q)  ;  /  and 
Q»  representing  the  same  as  in  the  preceding  note%  in 
conjunction  ^ — 0=0  and  E=/;  therefore  PsA  Ten* 
niie(/+8^-47-  sin./),  nnleet  the  moon  it  in  ite  node^  the 
Ulamimited  part  does  not  vaniih ;  when  £+8^i7.  an*  Es 
90%  P&sA^  A  ba]f  the  diik  »  fllumbateds  in  this  case  £ 
is  less  than  90^»  as  stated  in  the  text^  when  9  — >o  s90« 
£=M>%andPisgreaterthanA;  when  0a:18OyP»A. 
versed  stn.(180*^-^8'47.  sin.  /) ;  and  when  /  vanishes, 
f*  A  at  the  node,  PaeSA;  calling  8  A'  the  apparent  disk 
of  the  earth  as  seen  from  the  moon,  180° — E  is  the  ex- 
terior angle  at  the  earth,  and  P'  the  illuminated  part 
=:A'.  ver.  sin.(180— E)  =  A'.(l+cos.  E),  but  P  =  A.  ver.. 
sin. (S+E)=A.(1 — COS. E),  nearly;  hence,  when  E=0, 
P=0,  and  P'=2A',  and  when  E=180°,  P=:2A,  P'sO. 

It  the  nriQ^lar  motion  of  the  moon  was  exactly  equal 
to  that  of  the  sun,  the  lines  drawn  from  the  earth  to  the 
sun  and  moon  would  preserve  the  same  relaUve  positiooy 
and  the  moon  would  invariably  present  the  same  aspect 
the  qnantity  of  the  sllnminated  suriace  being  always  the 
same. 

(s)  It  appears,  therefore,  that  the  period  of  the  phases  is 
the  time  required  to  describe  four  ri|^t  angles  with  an 
angular  motion,  equal  to  the  difference  between  the  angu- 
lar motion  of  the  sua  and  of  the  moon,  it  is  consequently 
greater  than  the  time  of  tropical  revolution. 

(a)  This  is  the  method  employed  by  Arislarchus  to 
determine  the  distance  of  the  sua  ftoni  the  euilii,  and  is 
the  first  attempt  on  record  to  determine  this  distance. 

(c)  Half  the  angle  of  this  cone  is  equal  la  seniid.  ® — pa- 
rallax 0  ;  therefore,  if  r  be  the  radius  of  the  earth,  s  the 
apparent  semidiameter,  and  the  horis^ntal  parallax  of 
the  son,  the  height  of  this  shadow  reckoned  from  the 

r 

earth's  centre  =  and  tiie  seaiiangle  of  the  sec- 
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NOTES. 


tion  of  the  shadow  ssP+j»— «|  P  repretenting  the  hori- 
zontal parallax  of  the  moon. 

(d)  The  ecliptic  limits,  or  the  greatest  distance  from  the 
iiodti  at  which  an  t;cli|)t>e  can  happen,  is  lieteriiiined  by 
computing  the  moon's  distance  from  the  node,  when  she 
just  touches  the  earth's  shadow  ;  we  might  b^'  a  bimilar 
manner  compute  the  limits  of  a  total  eclipse. 

When  the  angle  at  the  moon  is  90,  the  moon  must 
be.dicfaoComizedy  and  therefore  the  boundary  of  the  iliu- 
mimited  part  is  a  right  line;  and  conversely  when  the 
boundary  is  a  right  line^  the  angle  at  the  moon  is  a  right 
angloy  therefore  in  this  case  the  sun's  distance  from  earth 
is  to  moon's  diitance  from  earth,  u  €•  moon's  parallax : 
sun's  parallax  as  I  :  cos.  elongation* 

The  rad.  of  the  penumbra  P  +  p  +  ^  therefore  we 
might  compute  the  time  of  the  moon's  entering  and  emerg- 
ing from  the  penumbra.  As  the  earth- s  atmosphere  inter* 
cepts  some  of  the  rays  of  light  coming  from  the  sun,  it 
causes  the  shadow  of  the  earth  to  appear  soniewhaL  greater 
tlian  it  would  be  if  there  was  no  atmosphere,  the  parallax 
of  the  moon  ought,  according  to  Mayer,  to  be  increased  its 
sixtieth  part. 

The  ecliptic  limits  for  the  sun  may  be  computed  in  a 
manner  similar  to  that  for  computing  the  ecliptic  limits  of 
the  moon,  and  as  they  are  greater  than  those  of  the  moon, 
there  are  more  solar  eclipses  than  lunar  in  a  year, 
though  more  lunar  eclipses  are  visible  at  any  given 
place. 

(<)  The  ray  of  light  at  its  entrance  into  the  lunar 
atmosphere  is  inflected  towards  the  perpendicular,  and  it 
suflfers  an  equal  deflection  from  the  perpendicular  at  its 
egren  ;  each  of  these  deviations  is  equal  to  the  horizontal 

refraction  of  the  lunar  atmosphere,  so  that  the  entire  in- 
flection of  the  ray  equals  very  nearly  twice  the  horizontal 
refraction.  Hence  the  star  continues  visible  some  time 
after  the  uiooa  has  been  actually  interposed  between  tlie 
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tUr  and  observer;  and  it  is  also,  for  the  same  reason^ieen 
some  time  before  it  ought  to  be  visible,  from  which  it  fblv 
lows^  that  the  duration  of  an  oocvltation  of  a  fixed  star  by 
the  moon  is  less  than  if  there  was  no  lunar  atmosphere  i 
however*  as  the  entire  duration  is  never  lessened  eight  se- 
conds of  timoi  the  beginning  of  the  occoltation  will  not  be 
retarded)  nor  the  end  of  it  accelerated  by'fonr  seconds  of 
time;  if  the  retardation  was  four  seconds  of  tim^  the  ho* 
rizontal  refraction  would  be  two  seconds  of  space,  for  the 
moon  moves  over  2  ot  space  in  -i  oi  time  j  iherelore  as 
the  densities  are  proportional  to  the  horizontal  refractions, 
the  density  of  the  luiinr  atmosphere  is  1000  times  less 
than  the  density  of  the  terrestrial  atmosphere,  which  is  a 
density  much  less  than  what  can  produced  in  the  best 
constructed  air  pumps.  And  as  without  the  pressure  of  the 
terrestrial  atmosphere,  all  the  liquids  which  at  present 
'exist  on  its  surface  would  be  dissipated  into  vapoury  (see 
Chapi  16»  Boole  If) :  the  pressure  of  the  lunar  atmosphere 
being  so  very  ineonsiderablei  it  follows*  that  if  there  was  any 
large  collection  of  water  on  its  sur&ce»  it  would  long  since 
have  been  dissipated.  Beudes^  if  there  was  a  quantity  of 
water  spread  over  the  lunar  surfacei  whenever  the  circle 
of  light  and  darkness  passed  through  it,  it  woukl  exhibit 
a  regular  curve. 

{/)  Bouguer  found  that  K  the  lif^ht  of  the  sun,  when 
elevated  31°  above  the  horizon,  and  introduced  into  a  dark- 
ened clinniber,  be  made  to  pass  through  a  concave  mirror, 
it  would  be  dilated  into  a  space  of  108  lines  of  diameter,  or 
weakened  11 664- times,  and  in  this  state  it  was  equivalent  to 
the  light  of  a  candle  16  inches  distant.  The  light  of  the 
moon  when  full,  and  at  the  same  elevation  above  the  hori- 
zon, was  found  to  be  dilated  into  a  sjiace  of  eight  lines  of 
diameter,  or  weakened  64  times,  which  is  equivalent  to 
the  light  of  the  same  candle  when  it  is  distant  fifty  feet. 
Thns  the  light  of  the  son  when  enfeebled  11664  ttmea^ 
was  still  448  tunes  stronger  than  the  light  of  the  moon 
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when  rendtfred  weaker  only  64r  times.  Hence  the  ratio 
of  the  on«  one  ta  the  other  is  about  that  of  1  to  26800a 
Other  ob«mtbiif  made  ihe  ratio  that  of  1  to  800,000, 
it  fieiy  nearly  the  mean  of  several  obiervatioiia.  A 
difiefent  enimatkm  ia  given  in  Smith's  Optics.— &r 
Young's  Analysis,  p.  80S. 

{g)  The  part  of  the  moon  in  which  this  light  is  virible 
eorre^nds  exactly  to  the  part  of  the  moon  which  is  not 
illuminated  by  ihe  sun  ;  which  is  exactly  equal  to  the  part 
of  the  earth  which  wt^uUi  appear  to  a  spectator  on  the 
nioou  illuminated  by  the  sun. 

(//)  If  the  axis  of  rotation  of  the  moon  was  in  the  plane 
of  the  moon's  orbit,  every  part  of  the  moon  would  be  sue- 
ossiively  presented  to  the  earthy  though  the  moon  revolved 
on  her  axis  in  the  time  of  her  revolution  about  the  earth ; 
an  that  the  perpendicularity  of  the  axis  of  rotation  to  the 
plane  of  the  orbit  is  a  condition*  whidi  must  be  combined 
with  the  equality  of  the  times  of  rotation  and  revolution^ 
in  order  tiwt  the  same  fiioe  may  be  always  presented  to 
us.  If  the  axis  of  rotation  was  exactly  perpendicular  to 
the  plane  of  tlie  moon'^  orbit,  the  libration  in  longitude 
would  be  n  maximum  at  the  point  where  the  equation  of 
the  centre  was  greatest,  (see  page  303).  From  apogee 
to  this  point  parts  of  the  western  edge  of  the  moon 
come  into  view,  and  from  this  point  to  perigee  these  parts 
are  gradually  restored ;  the  contrary  takes  place  in  the 
other  half  of  the  orbit.  The  libration  of  a  spot  towards 
the  centre  of  ^  lunar  disk,  is  much  more  sensible  than 
Ihe  libntion  of  a  spot  near  to  the  border. 

It  appears  from  what  is  stated  in  the  text,  that  there  are 
ibar  kinds  of  librationsof  the  moon;  three  apparent,  one 
reaL 

(0  The  axis  of  rotation  remains  parallel  to  itself,  mak- 
ing with  the  plane  of  the  ecliptic  an  angle  of  88^'*,  and 
therefore  witli  the  plane  of  its  orbit,  which  is  inclined  to 
ib^t  of  the  ecliptic  in  an  angle  of  5%  10',  an  angle  of 
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nt  Us  jofreatest  latitude.  The  descending  node  of  tlie 
lunar  orbit  coincides  with  the  ucending  node  of  the 
moon's  equator.  The  axis  of  the  earth  being  inclin- 
ed to  the  plane  of  the  ecliptic  at  an  angle  of  66°,  SS',  the 
earth  must  exhibit  to  a  spectator  at  the  inoi  appear- 
ances similar  to  those  which  the  moon  pretenta  to 
11%  t.  e*  at  the  time  of  the  summer  solstice  a  portion  of 
its  disk  about  the  north  pole  of  23%  extent^  would  be 
▼isible,  which  woald  contract  aooordmg  as  the  earth  ap- 
proached to  the  eqninoK,  after  which  a  like  extent  of  its 
southern  disk  would  be  soccesslyely  dereloped  till  the 
moment  of  the  winter  solstice.  This  spectator  would 
therefore  suppose  that  tiiere  existed  in  the  earth  a  motion 
of  libration. 

(k)  It  may  be  objected  to  this  explanation,  that  in  con- 
sequence of  the  great  rarity  of  the  lunar  atmosphere,  no 
explosion  would  be  visible  i  but  in  answer  it  is  sufficient 
to  observe,  that  there  are  seVeral  substances  which  deve^ 
lope  during  their  ignition  the  oxygen  gas,  which  is  re» 
quired  in  order  that  they  may  bum. 
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(/)  /  and  L  denoting  the  liclioccntric  longitudes  of  the 
planet  and  earth,  X  the  geocentric  longitude  of  the  planet, 
we  have 

r.  cos, /— cos. Xs cos.  L»  and  r.  sin. I — p,  sin.  Xssin.  Ijt 


therefore^ 


$M  VOTES, 

)■.  sin.  I — s'li.  (IX 

tan* ^ COS. /^cos. L*        cot*A  ^ 

(r.eoi./'-HMM.L)  (r.cos.     — cos.L£^L)H-(r*sin./ — siiuL) 
(nttiu  Jl--tiii«  L*  i^L)  -i-  (n  coi.  L-hxm.  L}* 

equal  by  eoncmofttiiig  to 

p ^r.  cos.(I^)}.rf/+  {i-^, eoi,(L^Q}.rfL. 

(n  o(ML  / — COS.  L}*  * 


but  as  the  mean  motions  which  are  proportional 
to  dLf  dlf  are  inversely  as  the  periodic  time%  .we 

have  dLidllxA  I  I,  unity  denoting  the  radius  of  the 

3  I 

earth's  orbiti  therefore  dlt^dLr^^  if  r  cos  /— coTX 
be  put  equal  to  we  shall  have  dX=P^(r*-i-r(} — 

(r+y*^)*  MS*  (1^—^)*    J  >n  inferior  conjunction  or  oppo- 

1  5 

sitionL— /  — 0,  therefore  (iA  =  P*.  r.(r+r^ — 1 — r^).di=: 

F*.r.(r— 1)(1 — r^).dif  which  is  always  negative,  hence 

the  motion  of  the  planet  is  always  retrograde  in  superior 

conjunction  L— >/=180v  therefore  cos.         — 1«  hence  X 

must  be  positive,  therefore  the  motion  is  direct;  when  dX  ssO» 

the  planet  appears  stationary  from  the  earth,  and  then 

1 

wc  have  cos.  L — /=  5  •   If  m,  w'  represent  the  daily 

motions  in  longitude,  we  have  Lsm^,  Ism'/,  and  L — /= 

(« — ni')tf  t  being  the  time  when  the  longitude  was  the 
same,  2.  c.  tiie  time  oi  s)r'zygj',  therefore  as  t  in  this  coses 
L— / 

^  the  planet  will  be  retrograde  while  it  describes 

L — I  L— ^ 

8  m.  7,  and  direct  while  it  describes  S60*— Sw.— — -7> 

m — J»  ai — 1» 
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hence  it  appears,  that  the  greater  the  difference  faelwm 
m  and  m\  the  less  the  arc  of  retragradation.  The  preceding 
inveitigation  goes  on  the  aupposition  that  ihe  orbits  ace 
citvalar,  whidi  is  not  the  ease^  therefore  it  ia  that  the  are 
of  regreaiiooy  and  also  the  duration^  are  not  always  of  the 
same  magnitodei 

(m)  The  illuminated  portion  of  a  planet  varies  as  th» 
Tened  sine  of  the  exterior  at  the  planet,  i.  as  I  -|-cos.^ 
where  f  is  the  angle  at  tlie  planed  when  f  is  a  maximoniy 

t.  e,  when  sin.^s^  the  planet  is  most  gibbous,  which  is 

evidently  in  quadrature  for  a  superior  planet,  in  superior 
conjunction  and  opposition  (pz=:0,  therefore  the  whole  disk 
is  illuminated;  for  an  inferior  planet,  </>  =  180  in  inlcriur 
conjunction,  hence  in  this  position  l-fcos.  ^=0,  and  tlie 
disk  is  invisiible. 

(w)  M  and  m  representing  the  angular  velocities  of  the 
earthy  t  the  time  between  two  conjunctions,  vs  e  Imve 

L  (m— M)  =  350,  m=  — ,  and  M=  -p-,  therefore  ^  —  :±r 

^j./=I,  and  /  = 

(»}  It  is  the  parallax  of  Venus  which  is  obtained  by  this 
method  $  however  as  its  ratio  to  the  parallax  of  the  sun  is 
known  from  having  the  ratio  of  the  distances,  which  latter 
is  given  from  the  observed  periods  of  the  sun  and  Venus^ 
we  obtam  the  parallax  of  the  sun;  the  transit  of  an  in- 
ferior planet  over  the  disk  of  the  sun  is  a  phenomenon  of 
exactly  the  same  kind  as  that  of  a  solar  eclipse,  and  may 
be  calculated  in  precisely  the  same  way.  TTie  parallax  of 
the  sun  may  be  also  inferred  from  theory.— Book  4, 
Chap.  5,  Vol.  2. 

(o)  It  was  orinrinaliy  proposed  to  observe  the  difference 
between  tlie  times  of  total  ingress  of  Venus,  as  seen  from 
two  different  places  on  the  earth ;  this  requires  that  the 
dii^enoe  of  longitudes  of  the  two  places  should  be  knowA 


accurately;  besides  it  bupposes  that  the  spectators  are 
either  accurately,  or  very  nearly  in  the  plane  ol  the  orbit 
of  Venus;  to  avoid  thh  it  was  suggested,  that  by  Gompnr- 
ing  the  difference  of  duration  of  the  transits,  as  seen  from 
the  di£fore&t  place%  we  might  determine  the  fMursllax* 
From  an  approximate  knowledge  of  the  tun's  paraJlax»  we 
ci^  compate  the  dilferenoe  of  duation  at  any  phuotf  com- 
pared with  what  it  woald  be  as  seen  from  the  centre  of 
the  earth.   Hencey  comparing  the  difihrence  of  doration 
at  two  distant  places,  at  one  of  which  the  duration  is  short- 
ened, arid  at  ihe  olhcv  Icnj^^Lhened,  we  get  a  double  eifect 
of  parallax.    It  is,  therefoi  e,  a  matter  of  considerable  im- 
portance to  select  i)laco.s  where  the  effects  of  the  increase 
of  the  duration,  or  of  its  diminution,  is  greatest,  and  it  is 
clear  that  with  respect  to  the.  first,  the  duration  is  most 
lengthened  when  tlie  commencement  is  near  snn-set,  and 
the  end  near  to  sun-rise ;  but  in  order  to  secure  this  it  is 
isvident»  that  the  place  must  have  a  my  considerable 
northern  latitude ;  the  duration  would  be  evidently  most 
shortened  when  the  commencement  was  near  sun-rise»  and 
the  termination  near  sun-set;  henee»  as  the  duration  is 
only  six  bonrs,  and  as  the  time  of  the  occurrence  of  the 
last  transit  was  in  June,  it  was  necessary  that  the  place 
should  be  to  the  south  of  the  equator,  where  the  days 
were  then  shorter  than  the  nights;  in  places  where  the 
complement  of  latitude  was  less  than  the  sun's  declination, 
the  sun  would  not  set,  consequently  in  such  places  the  en- 
tire transit  isvisible,and  the  «un*s  elcvalion  being  then  incon- 
siderable, the  effect  of  the  parallax  would  be  very  great; 
and  also  as  Venus  is  depressed,  the  duration  is  increased* 

(p)  The  law  here  adverted  to  is  that  which  connects 
the  periods  and  disCances,  namely,  that  the  squares  of  the 
periods  are  as  the  cubes  of  the  distances* 

{q)  Calling  X  the  number  of  revolutions  made  by  the 
earth,  and  ^  the  number  made  by  Venus  in  the  interval 
between  two  conjunctions^  we  must  have  «F=j/P',  P,  F 
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being  tlie  periods  of  Uie  earth  uDd  planet,  bence  we  uiufct 
have -=-p-,  and  by  subititating  for  P^,  P,  we  find^  by 

means  of  the  principle  of  continued  fractions;  that  the 
numbers  expressing  this  ratio  are  -f-^f  rijy  tVA»  I' 
does  not  necessarily  follow  that  a  transit  will  happen  nt 
these  intenrali^  for  it  is  likewise  requisite  that  the  least 
dittanoe  <^  the  son  and  Venus  must  be  less  than  the  sum 
of  their  seini-diameteni  and  at  the  nodes  of  Venns's  ocbii 
regradc^  we  cannot  be  ascertained  of  this  without  compu* 
talion. 

(r)  The  rotation  of  Mercury  is  not  stated  in  the  texli 
however  Schroeter  thonght  that  certain  periodical  in* 

equalities  observed  near  the  horns  of  his  disk  seeiiicJ  to 
indicate  a  revolution  in  21'  ,  5',  30  on  an  axis,  which 
coincided  very  nearly  with  tlie  plane  oi  his  orbit.  It 
was  by  a  continued  observation  of  the  /lortis  of  Venus 
that  he  ascertained  its  rotation.  The  asperities  of  this 
planet»  and  the  different  situations  of  the  shades  which 
they  project  from  the  side  opposed  to  the  sun,  change 
the  &>rm  of  the  horns  in  the  course  of  31/ 29"; 
this  can  only  be  explained  by  the  circumstance  of  its  ro- 
tation,  and  that  the  horns  resume  always  the  same  form  at 
the  end  of  a  revolution.  The  oompressions  of  Venus  and 
Mercury  ought  not»  if  the  time  of  their  rotation  be  nearly 
the  same  as  that  of  the  earth»  sensibly  to  differ  from  that  of 
the  earth,  however  the  observed  compression  of  Venus  is 
nearly  insensible, 

Schroeterobserved  wlieii  the  planet  wasdichotonii^ed,  that 
a  bright  spot  moved  very  nearly  in  the  line  of  the  horns, 
hence  lie  inferred,  that  the  motion  was  very  nearly  perpen- 
dicular to  the  ecliptic ;  however,  some  uncertainty  rests  on 
this  matter.  Hence  it  appears,  that  since  the  mean  length 
of  a  revolution  is  nearly  the  same  for  Mercury,  Venus,  and 
the  Earth,  there  must  be  a  much  greater  variation  in  the 
length  of  tlie  days,  and  also  in  the  seasons  for  Venus  and 
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Mercury,  as  the  inclination  of  their  cqiintor  to  their  eclijnicy 
is  considerably  greater;  indeed  their  torrid  zone  must  em- 
brace very  nearly  150  or  1 80°;  in  fact,  as  thetUQ  ranges  to 
within  15**  of  one  pole^  the  cold  and  darkness  experienced 
at  the  other  must  be  very  great*  It  was  to  a  mountain, 
situated  near  to  the  southern  horn  of  Venus*  that  Schroeter 
directed  his  observations ;  strictly  speaking  the  line  of  the 
horns  should  be  always  a  diameter,  and  those  of  a  cres- 
cent should  be  very  pointed ;  however,  Schroeter  remark- 
ed, that  this  was  not  always  the  case  with  respect  to 
Venusi  the  horn  of  the  northern  extremity  was  always 
pointed,  but  the  southern  horn  appeared  sometimes  ob- 
tuse, or  blunted,  which  indicates  the  existence  of  a  moun* 
tain,  which  covers  a  part  with  its  shade. 

To  find  the  position  of  a  planet  when  briirhtest,  let  r, 
and  ^  denote  the  distances  of  the  sun  and  earth,  the  sun  and 
planet,  tlie  earth  nnd  i)]anet,  and  ^  the  angle  at  the  pla- 
net, the  quantity  oi'  ligiit  i  eccived  at  the  earth  will  vary 

as  — co^X  =  ^ — g^iji  »  and  1  +  cos.  X  = 

* — ,  consequently  the  quantity  of  light  will  vary 

as     ^1       9  therefore  differentiating  this  we  obtain 

0=j[>»+4/>»'— {^^— »*)S  =— 2r=tVsF+r%henoe 
we  obtab  the  value  of  cos.  x* 


CHAPTER  VI. 

{$)  The  motions  of  Mars  are  subject  to  more  variations 
than  those  of  any  other  planet,  which  circumstance  in- 
duced Kepler  to  direct  his  observations  more  particularly 
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to  this  planet.  The  position  when  stationary,  and  also 
the  duration  ofhh  direct  and  retrograde  motion,  is  com- 
puted in  the  same  manner  as  for  an  inferior  planet  The 
cause  of  the  differences  which  are  observed  in  the  quan- 
tity and  duration  of  the  retrogrationa^  ariaesirom  the  ellip- 
ticity  of  the  orbit. 

(0  The  briiUanqr  of  a  fixed  star  when  approachmg  this 
planet  was  observed  to  become  senaibly  fiunt»  hence  it  was 
inferred,  that  Mars  was  environed  by  a  dense  atmosphere^ 
which  was  the  eanse  of  this  faintness.  Besides^  from  a 
continued  observation  of  the  spots,  particiiUrly  two^  which 
are  near  to  the  poles,  there  was  observed  a  periodical  in- 
crease and  diminution,  according  as  they  are  exposed  to 
the  action  of  the  sun's  rays  in  n  more  or  less  oblique  man- 
ner J  from  this  circumstance  it  hais  been  conjectured,  that 
they  are  like  the  coUectious  about  our  polar  regions  of 
the  earth. 

(u)  The  inclination  being  very  nearly  the  same  as  the  in- 
clination of  the  earth's  axis  to  the  ecliptic,  the  variations 
of  seasons  must  be  also  nearly  the  same. 


CHAPTER  Vn. 


(v)  Thb  daration  of  Jupiter's  rotation  is  the  shortest, 
and  his  magnitude  and  mass  are  the  greatest  of  any  of  the 
planets.  This  great  rapidity  of  rotation  may  compensate 

for  the  greater  weight  which  bodies  experience  at  the  sur- 

face  of  this  planet,  (see  Vol.  2,  Chap.  8,  page  143);  in  fact, 
a  pouU  Oil  the  surl'ace  of  Jupiter  moves  twenty-six  times 
faster  than  a  point  on  the  earth's  surface. 
Inconsequence  of  tlie  iuclination  being  so  inconsider- 
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aUe*  it  foUowi^  that  thero  it  no  great  Tartety  in  the  sea- 
ions* 

(tt)  If  the  commencement  and  termination  of  an  eclipse 

be  accurately  observed,  tben  the  middle  oi  ihe  eclipse  is 
found,  whicli  is  nearly  the  time  when  Jupiter  is  in  oppo- 
sition witli  respect  to  the  satellite;  let  the  time  of  another 
opposition,  separated  by  a  considerable  interval  from  the 
first,  be  found  in  the  same  manner,  calling  r  thU  interval, 
and  A  the  number  of  oppositions  which  have  oocnrred  in 

T,  we  have  T  the  time  of  a  synodic  revolution  hence, 

if  F  be  the  periodic  time  of  Jupiter^  we  shall'  have  P»  the 

period  of  the  satellite,  =pcjlx*  Notes  to  Chap.  9^ 
Books. 

It  has  been  also  inferred,  from  the  circumstance  of 

the  greatest  elongations  of  the  satellites,  when  measured 
with  a  micrometer  at  their. mean  di»tances  from  the  earth, 
being  always  the  same,  that  the  orbits  are  Q.  P.  circular, 
and  it  is  in  this  manner  that  the  distances  are  found  in 
terms  of  the  radius  of  Jupiter's  equator;  however,  as  in 
a  comparison  of  a  great  number  of  observations,  we  must 
modify  a  little  the  laws  of  circular  motion  for  the  orbit  of 
the  third  satellite;  it  follows,  that  this  orbit  is  elliptical. — 
See  Chap.  10^  Book  2. 

Calling  Jupiter*s  geocentric  longitude  X,  the  lon- 
gitude of  the  satellite^  as  seen  from  Jupiter,  and  B  tlie  longi- 
tude of  the  sun,  the  angle  at  the  earth  is  equal  to  X— 0, 
that  at  Jupiter,     — A,  and  r :  1  : :  sin.  (X — o ) :  sin.  (/ — X). 

(t/)  From  this  circumstance  oi  their  alternately  surpassing 
each  other  in  splendour,  it  is  probable  that  certain  parts 
of  their  surface  reflect  more  light  than  others,  and  then 
the  epochs  of  the  maximum  or  minimum  of  illumination 
ought  to  happen  when  the  very  same  parte  of  the  satelUtea 
are  turned  towards  us;  from  a  comparison  of  these  returns 
with  the  positions  of  the  satellites  relatirely  to*  Jupiter 
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NOTES.  ^89* 

he  ascertained  that  they  alwa}'s  present  the  tame  face  to 
this  pkuet,  hence  he  iaferred,  that  they  revolve  on  thetr ' 
axes  in  the  time  of  their  revolation  about  Jupiter. 

Naming  T  tbm  durations  of  the  longest  and  shortest' 
eolipteof  tbeesMaetaUiti^  end  r  the  radnis  of  Jupkit^t 

r.t 

equator,  we  have  T  :  /  ::  r  :  -7^  half  the  chord  of  the- 
aio  deHiribed  in  tfae  ahedeH''  edipte^  oooMqnentljF  d  itt. 

dktence  from  the  centre  of  Jupiter  sr.  V  1  —  ^ ;  but 

r:  S$O  rZT  :  L,  (a  synodic  revolution  of  die  ^leUitey) 

vrs* — ij— ,  hence  d=i^'  I— ?fa  >  and  celling. 

n  the  longitude  of  the  satellite,  and  I  that  of  Jupiter,  we 
have  in  the  right  angled  spherical  triangle,  of  which  the 
hjpotbentue  it  a—/,  and  d  a  tide  about  the  right  angle 

/      360°  ^T*  /*\ 

iia*<2=/sio.  1^  j=:sia.(» — /).  ^n,  H,  (N  being 

the  indhiadon  which  consequently  can  be  fcnnd)*  n  U 
found  by  observing  the  pomlion  of  Jupiter  when  the  dura- 
tion of  the  eclipse  is  the  greatest  possible,  for  the  heli<^ 

centric  lutigitude  of  Jupiter  and  of  his  node  are  in  this 
case  precisely  the  same. 


COAPTER  Tin. 

(«)  The  chreuler  ring  nnist  always  appear  as  an  elUjpee^  as 
the  eye  of  the  spectator  invariably  looks  at  it  obliqneljy 

being  never  raised  90**  above  the  plane  of  the  ring,  ther^ 
fore  the  major  axis  of  the  ellipse  is  to  the  minor  as  radios 
to  the  sine  of  the  angle  ^,  at  which  the  line  drawn  from 
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the  earth  to  the  centre  of  the  ring,  is  inclined  to  its  plane, 
consequently  if  A  represent  the  geocentric  longitude  of  Sa- 
turn, the  longitude  of  the  earth  as  seen  from  Saturn  =180 
4- Ay  and  if  the  longitude  of  the  ring's  node  sn,  B  beiag  the 
geocentric  latitude  of  Satorn*  and  cooiequently  — B  the 
latitude  of  the  earth  as  leen  from  the  planeC»  we  caQ>  from 
knowing  180+X-^  B^  and  also  o  the  indination  of  the 
plane  of  the  ring  to  the  ecHptiCy  compute     and  thus  ob- 
tain the  ratio  of  the  axes  of  the  ellipse  ssin.  ^ss^in.  y.  cos. 
B.  sinl  (fi — X) + sin.  B.  cos.    if  sin.  ^ =0,  i.  e.  if  the  earth  is  ' 
in  the  plane  of  the  ring,  we  shall  have  sin,  {71 — X)=  tan.  B. 
cot.  I ,  in  this  case  llie  thickness  of  the  ring  is  turned  towards 
us,  wliicli  being  inconsiderable  is  therefore  invisible;  tliisoc- 
curss  twice  during  each  revolution  of  Saturn,  i.e.  every  fif- 
teen years ;  if  the  plane  of  the  ring  passes  through  the  sun 
it  will  disappear,  because  its  thickness  is  then  only  illumi* 
nated  |  naming  <ft'  the  elevation  of  the  sun  above  the  plane 
of  the  ring,  H  k  the  heliocentric  longitude  and  latitude  of 
Satuniy  we  have  tin,xf  =  sin.  tp>\  cos.  A.  sm.(H — N) — cos.  u. 
sin.  Ay  and  therefore  sin  (H«-N)=coL9.  tan*  A,  when  ^'s:0^ 
t.  e,  when  the  ring  disappears.  When  ^  f'  hawe  the  same 
sign,  the  earth  will  see  the  illuminated  part»  and  the  ring 
will  be  visible;  when  they  have  contrary  signs  the  ring 
will  be  invisible,  ibr  the  ring  will  torn  one'  of  its  laces 
towards  the  earth,  and  the  other  towards  the  sun  ;  but  as  X 
and  I  I  never  differ  by  .5°,  which  is  described  by  Saturn  la 
five  months  nearly,  this  diflcrence  of  sifrn  cannot  last  lunger; 
it  is  in  this  interval  that  the  phenomena  of  the  appear- 
ances and  disappearances  occur^  Saturn  being  near  to  his 
nodes,  similar  phenomena  occur  at  the  following  node; 
if  the  ring  disappears  a  short  time  before  Saturn  becomes 
stationaiy»  the  earth  will  meet  it  soon  agains  since  Saturn  be- 
comes retrograde  after  the  second  occurrence^  the  ring 
will  again  become  vbible  as  sin.  ^  and  sin.    then  have  the 
same  sign,  shortly  after  sin.  ^'vanishes,  the  plane  of  the  ring 
passing  through  the  sun,  uud     afterwards  un.  ^'  changes 
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its  ngOf  when  the  ring  continues  to  be  invisible  until  a  short 
time  after  the  planet  becomes  direct,  when  sin.  f  vaniiheiy 
and  eoniequently  the  plane  of  the  ring  passes  throiigh  the 
earthy  afterwards  as  sin*  f  changes  its  sign»  it  will  be  the  same 
as.  sin.      and  consequently  the  ring  will  be  Tisifaje  for 
fifteoi  years ;  if  when  the  plane  of  the  ring  passes  through 
the  sun,  the.  angular  distance  of  the  earth  from  the  ascend- 
ing node  of  the  ring,  as  seen  from  the  sun,  is  greater  than 
90,  and  less  than  180,  there  will  be  only  one  disappear- 
ance, which  commences  wlien  the  sun  parses  through  the 
plane  of  the  ring,  and  ends  when  the  earth  meets  it,  con- 
sequentl/it  will  last  less  than  three  months  ;  if  tlie  preced- 
ing angle  is  >  180  and  <  270,  the  eartli  meets  the  plane 
shortly  before  tiiis  plane  passes  through  tlie  sun,  after  this, 
sin.    sin.     will  have  tlie  same  sign,  consequently  the  ring 
will  be  visible,  consequently  in  this  case  as  well  as  the  pre- 
ceding«  the  invisibility  lasts  three  months;  if  this  angle  be 
>  870  and  <S60»  there  will  be  two  disappearances^  name* 
Ijy  when  the  earth  meets  the  plane  of  the  ring  a  little  be- 
fore it  passes  thronj^  the  sun,  after  this  the  earth  again 
meets  the  plane  of  the  ring,  consequently  there  will  be  a' 
second  disappearance.   If  this  angle  be  between  0  and  90t 
there  are  two  disappearsaces  also,  namely,  when  the  earth 
meets  the  ring  belbi  c  opposition  ;  secondly,  when  the  ring 
passes  through  the  sun  after  opposition,  after  the  second  i  e- 
appearatice,  the  ring  bocomes  visible  for  fifteen  year*.  The 
most  favourable  circumstnnces  for  seeing  the  ring  are  when, 
the  plane  passes  through  tiie  sun  and  earth  at  the  same  time, 
the  earth  being  in  conjunction ;  then  the  earth  is  always 
on  the  illuminated  side  of  the  ring,  which  only  ceases  to 
be  visible  in  consequence  of  the  plane  passing  through  the 
son^  if  the  plane  passes  through  the  earth  and  sun  at  the 
same  time»  the  planet  being  in  opposition,  the  circum- 
stances for  seeing  the  ring  are  the  most  unfavourable,  in 
this  case  the  ring  is  invisible  nine  months^  four  months 
before  the  passage  of  the  plane  through  the  snn»  and 
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five  months  after.  If  s'ln.tp  be  positive,  we  see  the  nof- 
them  Uce  of  the  ring ;  the  semi-ellip«e,  which  will  bt 
visible,  will  be  below  the  centre  of  Satnni^aiidllwothtilMdf 
will  be  behind  the  pisnet  ,*  if  sin.  ^  be  negative  we  see  die 
lialf  dim  the  centre.  The  indiiiatioD  of  the  ihiglo  the 
ediptk^  or  the  eogk  v  ss  the  engle  st  tfie  mth  H*  the 
e^gle  which  a  yinul  ray  fironi  the  emfa  makes  with  the 
horder  of  the  rin|^  this  iast  angle  s  8<y^»  the  first  aqgle 
s  the  geoesDtric  latitude  of  Sstom  -  the  angle  whlsh 
the  minor  semi-axis  subtends. 

8iB«^=~,  therefore  according  as  the  earth  ascends 

above  the  pisne  of  the  ring,  the  ellipse  increases,  when 
6=:asin.^=:^  diameter  of  Satcrn,  its  extremities  coin- 
cides with  those  of  its  disk,  in  this  case  evidently  sin.  f  ^ft. 

if  n — X  =90,  ^  s  sin.  f  =s  sin.  tx*  cos.g  —  cos.  v.  sin.  g  s 

sin*  (i^— ^)»  therefore  fszv — gy  and  since  n =90+^9  we 
have  the  place  of  the  ascending  node.  As  the  pbenmnena  of 
the  disappearances  recur  afker  a  complete  rmlntion  of  Sa- 
tnm,  it  lbllowi»  that  these  two  positions  of  the  ring  always 
correspond  to  the  same  points  of  the  orbit  of  Satnm»  and 
consequently  the  plane  remams  always  parallel  to  itself, 
therefore  Its  Inclination  to  the  edlplfc  is  invariable ,  or  if  we 
substitute  for  tan.  A  its  value  tan.  V.  sin.  (H — N')f  1'  and 
being  the  inclination  and  longitude  of  the  node  of  the 
orbit  of  iSaturni  we  have 

sin.(H— N}scot  v.  tan.  i/*  sin.  (H— N')p 
tberefore, 

sin.  (H^N)   sm.  H«  eoe.N'^cos.  H.  sin^N 
tan. r/.  cot (H-NO=Bin.  H.cos.  N'~cos.H.sin.K' 

tan.  H.  cos.N — ^sin.  N 
^  tan.H.cos.JN'— sio.N'' 

therefore^ 
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-y   tan.  t/»  cot«  V.  tin.  — ■Id.  N  , 

hence  we  find  H,  wbkh  is  veiy  nearly  constant  When 
the  plane  of  the  ring  pasNS  through  the  sun,  the  helio- 
eantric  loogknd*  of  Satorn  on  the  orbit  a;N»  %•  theplaee 
of  the  nodes  of  the  fing  on  the  orbit  is  detemdnedy  or 
vfeevenot  whieh  isfeond  tobe  the  Mme  alwaTs  i  let  N,  be 
this  longitude  fednosd  to  the  eeiiptic»  the  angle  et  the- son 
between  red.  of  earth  end  eortate  distance  of  Saturn  ss 
N,+180 — 0,  the  angle  at  the  earth  subtended  by  curtate 
diitance  =  0 — ^,  rad.  of  earth  =  a,  we  have  curtate  dis- 
tance =  l'in^"'g^]i7)"  *  '^"^  iidins  Tsetor  of  Saturn 

custate  distance     ,        .  ^  .    ,         ,  _ 

s  (a  8s  the  geoosntnc  lat^gitnde  of 

Saturn). 

The  apparent  headtb  of  the  ring  is  equal  to  the  distance 
of  its  interior  border  from  the  aurfiMe  of  Saturn,  as  is  in- 
deed evident  from  what  has  been  already  observed,  and  it 
revolves  in  a  time  equal  to  the  periodic  time  of  a  satellite 
whose  distance  firooi  Sntvm  woitkl  be  the  same  ns  thai 
of  the  ring. 


CHAPTER  IX. 


(a)  In  determining  the  elements  of  the  planetary  orbits, 
a  great  number  of  observations  is  supposed  to  be  made  about 
the  time  of  opposition  or  conjunction,  and  also  the  periodic 
times  of  the  planets  are  supposed  to  be  known;  but  as 
this  last  element  is  most  aceontely  determined  by 
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of  a  great  number  of  complete  levolutions,  and  as  the 
motion  of  this  planet  is  so  slow  as  to  preclude  the  po&si« 
bility  of  observing  more  than  one  opposition  in  eighty  years, 
a  coniiderable  time  must  elapse  before  the  elements  of 
Uranus  can  be  known  with  the  same  accuracy  as  those  of 
the  other  planets.  However,  as  will  be  shewn  in  the  third 
Chapter  of  the  second  Book*  the  very  extreme  slowness  of 
the  observations  enables  us  to  moke  a  tolerably  accnrate 
approsdmation  to  a  knowledge  of  the  elements. 

In  the  consequence  of  the  ^,  perpendicularity  of  the 
planes  of  the  orbits  of  the  satelliles  of  Uranus  to  that  of 
their  primary,  they  must  experience  considerable  disturb- 
ance from  the  nctioii  of  tiie  sun  ;  indeed  the  invest. i-^ation 
of  the  sun's  action  would  be  a  new  case  in  the  jiroblem  of 
the  three  bodies,  fur  in  nrcneral  the  inclinalions  are  as- 
sumed to  be  iucoasiderabie. — See  Vol.  ii.  p.  51. 


CHAPTER  X. 


[b)  These  planets  are  so  small  that  they  belong  to  that 
class  of  stars  which  are  termed  telescopic,  the  volume  of 
all  the  four  taken  together  docs  not  surpass  the  magnitude 
of  the  moon,  therefore,  though  nature  has  elevated  them 
above  the  rank  of  satellites,  as  far  as  their  magnitude  is 
ooncemedy  they  are  below  these  bodies.  These  circum- 
stances of  theur  extreme  smallness,  and  of  their  being  at 
the  same  distance  very  nearly  from  the  sun,  have  induced 
philosophers  to  think  that  they  are  the  fragments  of  one 
planet  divided  into  parts ;  indeed  an  explosion  with  a  ve* 
loclty  twenty  times  greater  than  that  of  a  cannon  ball, 
would  be  builicient  to  moke  these  detached  Iragmcnts  de- 
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icribe  orbits  similar  to  those  described  by  these  planetB  $ 
ittch  an  hypothetaa  explains  why  the  excentricities  and  in- 
clinations of  these  planets  are  so  connderable,  and  also 
wh J  they  are  moved  in  such  various  directions^  and  with 
such  difibrent  velocities.— iSm  VoL  IL  p.  250. 

The  elements  of  these  planets  cannot  be  known  with 
the  same  precision  as  tho«e  of  the  otlier  planets,  for  as 

not  more  than  five  revolutions  of  them  have  been  ob- 
served, their  periodic  time,  a  most  important  clement, 
cannot  be  determined  with  great  accuracy.  The  best 
method  for  determining  the  elements  of  these  stars  is  that 
given  by  M.  Guuss  in  his  Jheoria  motus  corporum  eceUstiumt 
biit  when  their  proximity  to  Jupiter,  the  perturbations 
which  result  from  their  mutual  attractions,  and  their  great 
eccentricities  and  inclinations,  are  taken  into  account  we 
cannot  expect  to  have  as  yet  a  very  accurate  knowledge 
of  these  elements. 


CHAPTER  XL 

An  epicycle  is  ;i  curve  produced  by  the  combination 
of  two  circular  motions.  The  circles  described  by  the 
centres  were  called  deferents.  The  epicycle  ot  a  superior 
planet  was  supposed  to  be  described  in  the  time  between 
two  conjunctions  or  oppositions.  The  ^icycle  of  an  in- 
ferior was  described  in  the  time  between  two  inferior  con- 
junctions. The  deferent  of  the  superior  planets  were  sup- 
posed to  be  described  in  the  time  of  a  planet's  revolution 
about  the  sun;  tltose  of  inferior  planets  in  the  time  of  the 
earth's  revolution.  In  a  position  of  an  inferior  planet  on 
the  Ptdemaic  system,  if  lines  be  drawn  from  the  planet  to 
the  earth  and  centre  of  the  deferent,  the  angle  at  this  centre 
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will  be  equal  to  the  angle  which  an  inferior  pianetbasgained 
on  the  earth  since  last  inferior  conjimetioiH  hence  if  the  rad* 
of  the  defereot  it  to  the  inL  c^tho  epkgroicb  as  the  disM 
taaoe  of  the  tim  fioni  curtfa^  to  the  distance  of  the  avii^ 
from  pianet,  the  angle  at  the  earth  is  equal  to  the  an^. 
of  -eloiigatiQii  in  the  true  igrtteiiiy  and  if  tlie  xad.  of  dcfr- 
rent  be  eamned  equal  to  dbe  dirtance  pi  the  nm  from  the 
earth,  (which  we  are  pemitted  to  do  on  FIoIoid/s  aya- 
teai}«  we  have  then  the  inferior  pbuMta  moving  about  the 
lUOf  which  is  itadf  carried  in  a  year  about  the  earth ; 
in  like  manner,  if  lines  be  drawn  from  the  place  of  supe- 
rior planet  to  earth,  and  to  centre  ot  deferent,  the  angle 
at  the  centre  will  correspond  to  the  angle  gained  by  the 
earth  on  the  planet,  and  if  those  disunces  are  propor- 
.    tional  to  the  distances  of  the  earth  and  planet  from  the 
sun,  the  angle  made  by  lines  drawn  from  earth  to  sun  and 
planet,  will  be  equal  to  the  elongation,  for  the  rad.  of  the 
epicycle  may  be  shewn  to  be  parallel  to  the  moveable  rad. 
of  the  sun;  it  is  evident  also^  that  if  the  i*ad.  of  the  defe- 
rent be  equal  to  the  distance  of  the  planet  from  sun»  the 
rad.  of  the  epic^de  is  equal  the  distance  of  the  sun  from 
the  earth. 


CHAPTER  XUL 

(a)  Considering  the  great  perfection  of  Astronomical 
inatromenlh  and  the  predsioii  witb  whidi  observatiflns 
have  been  raade>  it  is  supposed  that  if  die  parallax  waa 

equal  to  S*  of  the  decimal  division  of  the  cindst,  or  I''  cf 
the  sen^ssimal,  it  might  be  observed ;  if  the  parallax  was 
equal  to  9^  l",  the  diameter  of  the  earM  cfbil  wooU 
hardly  subtend  au  angle  equal  to  the  thickneis  of  a 
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^lidof's  thread  at  the  atar.  Varioua  nathodt  have  been 
suggested  for  detennintng  the  diataooea  of  the  fixed  sCarii 
of  whieh  the  moat  aacceaafbl  appeara  to  be  that  which  waa 
first  suggesled  by  Galileo^  and  sebaeqnendy  improTed  on 

by  Herschell,  of  which  the  principle  consists  in  determin- 
ing tl»€  angle,  or  variations  in  tlie  angle,  which  two  stars 
very  near  to  each  other  appear  lo  subtend  al  ojiposite  sea- 
sons of  tiie  yem'. — See  PliUosophical  TransacUoas  tor  the 
vear  17i>4. 

Another  method  was  from  the  consideration  of  the 
quantity  of  light  iu  the  stars  compared  with  the  light  of 
Uie  sun  s  in  this  way  M.  Mitchell  concluded,  that  the 
patalUut  of  a  atar  of  the  aeoond  magnitude  b  not  more 
than  the  j-th  of  a  accond^  and  of  a  atar  of  the  fiAh  or  ihtth 
magnitude  not  more  than  ^  or  ^th  of  a  aecond.  The 
attempts  to  diacmrer  the  parallax  of  the  atars  by  direct  ob- 
aenratlonc,  have  not  been  attended  with  any  success  (irevt- 
ously  to  tlie  time  of  Doctor  Brinkley,  Professor  in  Trinity 
College,  Dublin.  His  obseivalions  which  were  made 
with  the  gi  tatcst  care,  s^eem  to  indicate  the  existence  of 
parallax  in  a  Lyra;  ainouniiug  to  2",  52.  See  Philo- 
sophical Transactions  for  the  years  1812  and  1813. 

{b)  On  the  hypothesis,  that  Sirius  was  of  the  same  mag* 
naittde  as  the  sun^  Huyghens  found  by  diminishing  the 
aperture  of  a  telescope^  ao  that  the  aun  when  aeen  through 
it  miglit  appear  of  the  same  apparent  mi^itode  as  Sirius, 
that  the  diameter  of  the  aun  waa  diminiahed  in  the  ratio 
of  1  :  87664,  hence  Siriw  is  87664  timea.  more  distant 
than  the  aun. 

The  smallest  apparent  diameter  of  an  opaque  body 

which  is  visible  is  about  4-0",  but  if  the  body  be  luminous 
perse,  tlie  limit  of  visibility  will  be  so  much  less  as  the 
light  of  the  botly  is  stronger,  and  as  the  stars  wlilj  a  dia- 
meter less  than  1"  have  a  splendour  so  great  that  some  of 
them  are  visible  immediately  after  aun-set»  there  cannot  be 
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any  doubt  but  that  they  have  a  light  of  their  owd  like  the 
sun  I  their  extreme  smalhiess  it  proved  from  their 
ccindUating,  which  shews  that  the  least  molecule  floating 
in  the  air  is  sufficient  to  intercept  their  light. 

When  a  fixed  star  is  eclipsed  by  the  moon  it  ought  to 
disappear  by  degrees^  ifit  had  a  sensible  appnrentdiameter, 
conformably  to  the  moon*s  mean  motion,  which  is  such 
thai  it  describes  its  apparent  tliameter,  which  is  about  30' 
in  an  lH)ur,  consequently  in  two  seconds  of  time  it  ought 
to  describe  one  second  of  space. 

(c)  A  third  explanation  of  these  pht  iionieiia  has  been 
suggested ;  this  supposes  that  the  figures  of  these  stars  is 
very  compressed,  which  makes  them  to  appear  much  less 
flattened  in  some  aspects  than  in  others. 

{d)  The  milky  way  environs  the  sphere  very  nearly  in 
thephine  of  a  great  circle,  which  by  half  of  its  breadth 
intersects  the  equator  at  the  100^'  and  277'^  degree,  its 
inclination  to  the  equator  is  equal  to  60S  the  breadth  is 
from  9  to  18  degrees;  it  is  narrowest  near  the  poles 
of  the  equator,  between  the  constellations  Cassiopca  and 
Perseus,  and  its  f^reatest  breadth  is  iti  liic  })l:ine  ui  Uic 
equator.  ihu  milky  way  is  divided  into  several  dcpart- 
iiiciits,  by  a  space  void  of  stars,  in  the  middle  of  the 
breadth,  chiefly  from  25t"  of  right  ascen^ion,  and  10  of 
soiuli  cki  linntion  to  310  of  right  ascension,  and  45"  of 
northern  declination.  Uershel  could  distinguisli  the  stars 
of  which  this  milky  way  was  composed,  which  were  so 
near  to  each  other,  that  in  telescopes  of  inferior  magnify- 
ing power  their  light  was  confounded ;  according  as  the 
direction  of  the  telescope  deviated  from  the  milky  way, 
the  number  of  these  sUrs  diminished.  Having  counted 
the  stars  in  difierent  parU  of  this  way,  he  found  that  on 
a  medium  estimate,  a  fccgment  15*  Ion;:,',  and  two  degrees 
wide,  contained  50,000  stars,  of  sufficient  magnitude  lo 
be  distinguished  tlirough  his  powerful  tde^coi)c;  ..on  liie 
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supposition  that  the  breadili  of  the  niiiky  way  is  H-^ ;  it 
ffjilows,  that  it  contains  more  than  ei<^ht  millions  of  stai;», 
without  reckoning  those,  whicii  even  with  this  great  teles* 
cope  cannot  be  distinguished;  with  respect  to  the  arrange- 
ment and  nature  of  the  stars  whieh  constitute  ti  c  milky 
way,  some  obserratioos  wiU  be  suggested  in  tlie  Notes 
to  Chap.  VI.  of  the  find  Volume. 

(e)  The  declination  of  an  object  is  best  obtained  by  ob« 
serving  iu  distance  when  on  the  meridian  from  the  horison 
or  2enitli»  for  this  distance  added  or  subtracted  from  the 
distance  of  the  zenith  from  the  pole,  gives  the  distance  of 
the  object  from  the  pole,  and  consequently  the  declina- 
tion; il  the  object  has  apparent  magnitude,  the  altitudes 
or  zenith  distances  of  its  upper  and  lower  limbs  should  be 
observed,  and  then  half  their  sum  should  be  taken  as  the 
altitude  of  the  centre;  this  method  requires  that  the  ex- 
act zenith  distance,  corrected  by  refraction  and  parallax 
should  be  known,  which  is  best  obtained  in  the  manner" 
indicated  in  the  notes  to  the  first  chapter. — See  also  Notes, 
to  Chap.  XIV.  If  the  star  does  not  exist  in  the  meri* 
dian,  then  in  order  to  determine  the  declination,  it  is 
necessary  to  know  the  zenith  distance  of  the  star,  that  of 
the  pole  and  either  the  azimuth  or  honr  nngic  from  noon. 
Indeed,  ol  liie  live  precediii^  iniiLcb  any  three  being 
given,  the  other  two  may  be  fouiul  by  the  solution  of  a 
spherical  triangle.  Tliis  general  problem  contains  twenty 
dififerent  cases,  of  which  the  most  useful  are  given  in  the 
Treatises  of  Astronomy.  However,  there  is  an  obvious 
advantage  in  determining  the  declination  by  means  of  an 
observation  made  in  the  meridian,  for  in  this  case  pa- 
rallax and  refraction  only  afiect  the  declination,  but  do 
not  at  all  alter  the  right  ascension. 

With  respect  to  the  right  ascension,  its  determination 
is  more  difficult  than  the  declination,  as  the  first  point  of 
Aries,  from  which  it  is  reckoned,  is  not  fixed  in  the  hea- 
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vens.  The  difference  of  the  right  ascension  of  two  stan  is 
obtained  by  observing  the  time  intAnrening  between  their 
passagea  over  the  meridian ;  thii  ocmverted  into  time  at 
the  rate  of  15**  for  an  hour,  givea  the  dllfemieeb  Hence, 
as  this  difference  ii  easily  ob«erved»  if  we  had  the  vigfit 
ascension  of  some  one  star,  tliat  of  all  others  might  be 
determined ;  the  method  which  Flamstead  proposed  was 
as  follows : 

He  noted  when  the  mn  had  equal  ileclinations,  some 
time  after  the  vernal  and  before  the  autumnal  equinox  ;  in 
these  positions  the  distances  of  the  sun  from  the  respective 
equinoxes  must  be  the  same,  call  this  distance  and  Jet 
D»  D'+py  repreient  tlie  differences  of  right  ascensions  of 
the  sun  and  some  star  in  these  two  positions,  then  we  have 
D-|.]y-|-j>-l-8  Es  lao,  hence  we  obtain  E,  and  conse* 
<|uently  the  right  ascension  of  the  star ;  jp  is  the  correo* 
tion  to  be  made  to  the  right  ascension^  in  consequence  of 
precession  and  displacement  of  ecliptic,  which  will  be 
afterwards  noted. 

It  is  easy  to  compute  the  arif^ular  distance  ot"  two 
stars,  of  which  we  know  the  right  ascensions  and  de- 
clinntions,  for  if  dy  d\  represent  the  polar  distances  of 
ihc  stars,  and  A  the  angle  made  by  dy  d'  at  the  poles, 
whiclk  is  measured  by  their  difference  of  right  ascensiony 
and  D  the  arc  of  a  great  circle  which  measures  their  an- 
gular distance,  we  have  by  the  formulas  of  spherical  trigo- 
nometry»  cos.  D=sin.  d.  sin.  dt*  oos.  A+oos.  if.  cos.  cT, 
Let  X  represent  the  longitude,  j3  the  latitude^  p  the 
right  ascenuon»  S  the  declination  of  a  star;  p  its  angle 
of  position ;  v  the  arc  of  a  great  circle  intercepted  be- 
tween the  star  and  equinoaial  point;  ^  the  angle  con- 
tained between  this  arc  and  equator,  and  c  the  obliquity  of 
ecliptic;  then  cos.  0  =  tan.  p.  coV^\  tt;  cos.  {<p — f)  = 
tang.  A  cot"'.  ir;  sin.  <^=rsiii.  ^.  sin  n-;  sin.  /3  =  siii.     — c). 

%M  t    '         s     COS.        *).  tan.  fi 

sm.  r.   rlence  we  obtain  tan.  A  =      "*!L'j  ^  »»d 
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sin. /3=»in.^^--x8in.  §5  hence  we  cau  obtain  A  and  i3 

when  f  h  known. 

The  reyene  foraiulfle  for  finding  p  and  S  from  knowing 
X  and  ]3,  may  be  obtained  by  merely  changing  /3  into  8» 
and  X  into     and  by  making  c  negative;  6  representing 

the  arc  of  the  circle  of  declination  paesiug  through  the 

star,  intercepted  between  equator  and  ecliptic ;  we  have 

sin  0=:tan.  p.  cot"^  v,  and  cos.  (S— O)=cot,      cot  v,  **. 

COS.       ^)  tan.  p  ,  ,  , 

cot**.  p=  ^ur~5  (note  V  =  the  angle  at  which 

circle  of  declination  passing  through  the  star»  is  inclined 
to  ecliptic)  COS.  &  cos.  p.  =  cos.  X.  cos.  B  ;    tan,  p  s 

cos.(d+f)*  tanX      ,  .        sin,     sin.  (^+%)  ^ 

^  T— and  sin.d  =         ,*     .         t  tan. 

006.  ^  BUI»  ^  ' 

may  become  negative  in  several  cases^  in  the  first  quadxant» 

If  8UI.X  isless  than  tan.  i .  tan.  ^  for  by  substituting  for  the 

'          .            COS.  f«Bin.X      sin.  s.  tan.0 
preceding  value  of  tan.  ^=      ^  x  cos.X 

this,  may  happen  when  X  is  small  and  /3  great,  t.  e. 
if  the  star  is  in  the  circle  of  latitude  near  to  the  pole 
of  the  ecliptic;  in  the  2nd  quadrant  tan.  p  is  negative,  un- 
less that  sin.  X  is  less  than  tan.  c.  tan.  p ;  in  the  3rd 
quadrant  tan.  p  is  positive,  and  in  the  4-th  quadrant — 
except  when  sin.  X  is  less  than  tan.  c.  tan.  /3 ;  p  is  always 
in  the  same  quadrant  asX  ;  p  is  n^attve  or  in  the  4th  qua« 
rant  irX  =  o;  unless  j3=either  o,  or  is  — ;  in  the  first  case. 
|)=so9 1.  e,  the  star  is  in  the  equinoxial  pointy  in  the  second 
case  it  is  in  the  first  quadrant;  if  Xs  90,  and  tan.  /3> 
than  sin  X.  cot  sscot**.  f.  e,  if  /3  is  greater  than  66^  SSf^ 
in  Uib  case  tan.  p  s  —  co.  and  the  star  is  in  the  solstitial 
Golure  between  the  two  poles. 

(e)  A  8  the  distance  between  the  poleof  the  equator  and  the 
pole  of  the  ecliptic  =  the  obliquity  of  the  ecliptic  which  is 
very  nearly  constant,  it  follows  that  the  axis  of  the  equator 
describes,  inconsequence  of  this  precession,  aconeabout  the 
pole  of  the  ecliptic  In  order  to  obtain  the  variation  in  right 
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ascension  and  declination ;  supposing    and  t  constaDt,  we 

.  „  .  .  J  va.  ^  sin.  c.  cof»Q.  COB.  X 
shall  have  bjaiiierenuaung^^  =  

,  </  p  „  /  cos*  t  —  sin.  f.  tan.  B.  sin«  X\  _ 
»~'rfT=«»-  co..*X   ""^ 

we  have  from  comparing  the  two  values  of  p  ob- 
tained by  subbiiluting, 

  /cos.  £  —  sin.  f.  tan.  H.  sin.  A\ 

COS.  pi  — t:  1 

V  cos.  A  / 

ss  COS.  t  cos.  0  +  sin.  c  sin.  ^.  sin.  p 

cos.  /3 

by  substituting  this  value  and  from  the  equation  cos.  p. 
cos*  Asoos.  X.  COS.  /3,  these  will  assume  the  form.  d.^=dX. 
sin  (.  cmps  dp^d\(coB,  E-{-sin.  e.  tan.  S.  sin.  p.)  Note, 
as  the  equinoxes  regrade  uniformly*  X  is  constant,  and 
it  appears  that  the  right  ascension  cannot  diminish  except 
when  the  star  b  in  the  southern  hemisphere^  or  when  it 
is  in  the  Srd  or  4th  quadrants^  tan.  S.  sin.  p.  beincr  greater 
than  cot  c ;  and  as  near  to  the  pole  tan.  £  approaches 
to  c/:,  the  variation  of  l  ight  ascension  may  become  then 
indefinitely  great  . 

The  preceding  formulaj  are  sufficiently  exact,  when  the 
effects  of  precession  are  computed  for  an  interval  winch  is 
near  to  the  epocli,  for  which  we  have  determined  the  ar- 
guments €,  S,  |>.  But  as  £  changes  continually  within  cer- 
tain limits  as  shall  be  observed  in  Chapter  XIII,  Vol  ii, 
and  as  dX  likewise^  is  not  always  the  same,  the  preceding 
expressions  are  only  correct  for  a  short  iiiierval  of  time. 

Bradley,  in  his  endeavour  to  ascertain  whether  the  par- 
allax of  the  6xed  stars  was  of  a  sensible  quantity,  ob- 
served that  for  the  space  of  nine  years  the  declination  of 
the  stars  increased,  and  that  It  diminished  by  the  same 
quantity  the  nine  following  years ;  so  that  all  was 
re-established  after  eighteen  years.  He  likewise  observed, 
that  the  greatest  difference  of  declination  was  18",  and 
that  the  latitude  was  not  affected;  hence  he  inlerred,  tliat 
the  pole  of  the  equator  approached  the  pole  of  the  eclip- 
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tic  for  the  first  nine  yearsy  and  that  it  receded  from  it 
by  the  same  quantity  the  following  nine  yean.  He  ob- 
served, likewise,  that  this  motion  was  connected  with  an 

irregularity  of*  the  j)recessiori  of  the  equinoxes,  which 
obeyed  precisely  the  same  period  ;  hence  it  follows  that 
the  motion  of  the  poles  of  the  equator,  does  not  take 
place  m  the  solstitial  colure,  or  in  other  words,  that  the 
poles  neither  describe  right  lines  nor  the  arc  of  a  great 
circle  of  the  sphere,  but  a  curve  or  small  circle  intersecting 
the  solstitial  colure ;  \'as  the  true  motion  of  the  pole  talces 
place  in  the  periphery  of  an  ellipse  of  which  the  centre 
retrogrades  on  the  periphery  of  the  circle  described  by 
the  mean  place  of  the  pole^  its  locus  will  be  a  species  of 
epicycle.  In  the  superior  part  the  direction  of  the  mo- 
tion of  the  pole  is  the  same  as  that  of  the  epicycle,  •/  the 
actual  motion  being  quicker  than  the  mean  motion,  the 
true  pole  precedes  the  mean  ;  it  is  the  contrary  in  the 
lower  part  of  the  ellipse,  and  as  the  mean  motion  is  con- 
siderably greater  than  the  motion  in  tlie  ellipse,  it  pre- 
dominates over  it;  the  motion  in  the  epicycle  is  still 
retrograde.  From  a  comparison  of  observations  of  the 
nutation  with  the  nodes  of  the  moon,  it  appears  that  the 
right  ascension  of  the  true  pole,  reckoned  from  the  mean 
pole  precedes  by  90<*«  the  longitude  of  the  ascending  node 
of  the  moon  I  t.  f  •  p  =5  90*  -f-  Q.  then  dt  the  variation 
of  obliquity  =  ^,  Pf  the  cosine  of  o  to  a  radius  = 
68f  f.  e,de^9^i  65.  cos«  O.  To  determine  the  varia- 
tion in  longitude,  it  is  to  be  remarked  that  the  angle 
formed  by  lines  drawn  to  the  true  and  mean  poles  of  the 
equator,  from  the  pole  of  the  ecliptic  =  distance  of  true 
pole  from  the  axis  major,  divided  by  sine  of  the  distance 

between  poles  of  the  equator  and  ecliptic  as *  Vin'*"' 

sec  notes  to  Chap.  XIII,  Vol,  2,  in  order  to  determine  the 
effects  of  nutation  ou  the  right  ascension  and  declination, 
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naming  ^  and  p'  the  right  ascensions  and  deolinatioo  when 
the  k>Dgitude  beoomee  X  +  d\,  and  theobUquiigr  becomes 
€  +  dtf  then  by  formok  given  in  page  341 1  we  huvt, 

tin,  ^=sin.  (c+^}*  coB,0sin.  (A+<2  X)+cos.  (i-|-dc)stn,0 

sin.  fi  4-  ^^O+sin.  ^X4-<iX).  cos.  («  +  r/£)» 
tan.^'=-tan.  ii.  ^  cos.  (X+^iA)  

then  by  omitting  all  terms  after  the  first  we  obtain, 
^  ^  d+d X.  stn.  f.  COS.  p  4-  lie .  sin.  ^ ;  p'sp'\'d\,  (cos.  c 
+  sin.  c.  sb.  tan.^)— <f  €.  cos.  p,  tan*  B ;  substituting  for 
d\  <lf,  their  values  previously  found*  and  making  9% 
SStsh  i  18%  0  8.  sin.  esg,  we  obtain  the  nutation  in  right 
ascension  or  the  value  of  p — which  is  the  same  thing, 
=  —  /J.  sin.  ^  cul  £  —  tan.  8.  (//.  cos.  SI'  cos.p-|-^  sin.  Q 
sin,  p)  the  first  term  being  independent  ut  the  stars  place,  is 
the  same  for  them  all;  assuming  //.  tan.  cos.  ^)=^;^  (cot.  t 
Hh  sin  p.  tan.  B).  tan.  B\  then  the  nutation  in  right  ascen- 
sion =  — g,  (cot.  e  +  sin.  p.  tan.  sin.  (/?'  +  Sly)  hence 
it  is  easy  to  perceive  that  for  the  same  star  the  nutation  in 
right  ascension  Is  a  max*,  when  O  -f  =  90  {  by  mak- 
ing the  substitutions  already  indicated,  the  nutation  in  de* 
dination  or  north  polar  distance^  which  is  Che  same  thing, 

becomes—^,  cos.  p.  (sin*  Q  —  A. ,  tan.  p.  cos*  O) ,  let  — 

—  .  tan.  p  s  tan.  B,  and  then  ^  .  sm*  (B  +  O) 

SB  the  nutation  in  north  polar  distance ;  it  is  easy  to  per* 
ceive  that  this  becomes  a  max°',  when  O      B  =  90*>* 

Beside  the  nutation  just  examined,  the  pole  of  the  equ»> 
tor  is  subject  to  a  similar  inequality  arisuig  from  the  dis- 
turbing action  of  the  sun,  it  is  much  fed>ler  than  that  of 
the  moon,  however,  it  is  not  altogether  Insensible,  and 
is  always  introduced  in  the  tables.  In  consequence  of  this 
actiefk  the  true  pole  describes  a  circle  about  the  mean 
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pole  aeeordit^  to  the  order  of  ngns;  its  period  is  half  a 
year,  and  the  true  pole  is  alwajs  90  bsfore  the  son ;  iiw 
deedy  if  extreme  accaracy  was  required,  it  is  theoretically 
true  that  in  the  course  of  half  a  month,  the  pole  is  die* 
tnrbed  from  the  inequality  in  the  moon's  action;  how- 
ever, this  last  is  nltogcthcr  insensible ;  now  as  the  true 
pole  woiilil,  in  consequence  of  cnc/i  of  these  actions,  if 
they  obtained  separately,  combined  with  the  motion  of 
the  pole  arisinf^  from  precession,  describe  an  epicycloid, 
the  curve  actually  described,  will  be  that  which  results 
from  the  combined  action  of  all  these  motions  $  however, 
as  they  are  separately  extremely  small,  if  we  estimate  the 
eflfect  of  each  by  itself,  and  then  take  the  sum,  the  total 
effect  may  be  considered  very  nearly  as  =  to  the  sum  of 
all  the  partial  results. 

With  respect  to  the  aberration  of  light,  which  is  the 
third  correction  to  be  applied  in  order  to  obtain  the  true 
place  of  a  star,  see  Notes  to  Chapter  II.  Book  II. 

Besides  the  three  apparent  iiiuiions  of  the  fixed  stars, 
which  are  adverted  to  in  this  chapter,  namely  the  preces- 
sion, the  nutation,  antl  the  abberration,  there  is  a  fourth, 
wliicli  though  obscurely  indicated  by  observation,  is  com- 
pletely establbhed  by  theory,  namely  the  diminution  of 
tlie  obliquity  of  the  ecliptic.  See  Notes  to  Chapter  XIIL 
Volume  2nd. 


CHAPTER  XIII. 

( f)  In  order  to  a  clearer  understanding  of  the  articles 
treated  of  in  the  text,  it  will  be  necessary  to  establish 
a  few  principles  relating  to  the  radius  of  curvature  and 
expressions  for  a  d^ree  of  the  meridian,  &c.,  for  this 
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pvrpose  let  a,  b  denote  the  lemt-axes  of  an  ellipse,  p  the 

principal  ieau-paraineter:s— ,  n  the  normal  and  p  the 

radiui  of  meridional  curvature,  X  the  latitude,  x  y  the  co* 

oiiliuates  of  any  point,  and  f  its  subnoniial;  then  as  n^zs, 

ft* 

^  +  A  a«  »  =  ^  and  a^y  =  ^ .  (a*  — j*),  we 
shall  obtain  by  observing  that  n  sin.  X        7i.  cos  X  =  l> 

Ji.*  ain.*  X    ^ .  fa*  —  ^*    ^  *  M  *'      concinaling,  «•. 

(ft*,  sin.*  X  4-  a*,  cos.*  X)  =  b\  and 

 .  f?.a* 

"  "  V««.cos.«X+6*.sin.«"X  *'  =  7-  =  -F" 

by  snbsUtuting  we  obtain  p  =  .  ^  •^'^^      ,  | 

hence  we  obtam  Z>  =r  — j—.          \  ,  -pk — %~;t\  tt 

VI  [a-.  COS.-  A  -f-      sin.*  A)  ^  ^ 

pressing  the  number  of  degrees  iu  an  arc  =  to  the  radius.) 

Making  b  ~  a—c^  and  neglecting  the  square  and  higher 

Powersoft;  we  obtain  m  D  ss  (a*— c).  (o^ — 2  a  e* 

«n.'X)-i=a  +  «„..A)=a(l-^_ 

co«.  8Xj  ;  V  at  the  equator  mj}=  a —  Sr,  and  at  the 

pole  m  D  =  a  -f  r,  at  the  parallel  45,  m  D  is  an  arithmetic 

mean  between  m  D  at  the  equator,  and  m  D  at  tlie  poles, 

for  at  45®  m  Z)=5  a—  | ;  If  ZX  be  a  d^ree  to  the  latitude 

c      S  c 

X',  we  have  miy  =  a — -j-  cos.  2  X'  j  hence 

"  3.  (co8.tf  X— COB.  S  XO  « 

o  {D'—D) 

duced  respectively  intoc  =  — ^ — ,v  A,,  . — 77— '  " 
'         '  3.  SU1.  (X+X  )  sm.  (X — AJ  a 
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=3irSK  rX+A)  sin.  (A'-XT  » ^"^^  ' 

'~3sirr"*A~*  increment  or  the  degree  at  any 

latitude  A',  above  ttie  degree  at  the  equator  U  as  sin  ^X'j 
likewise  as  ly—D  eo  sin.  (X'+X)  sin.  (X'— X)  If  D'  D  are 
two  contiguous  degrees,  so  that,  X'=sX+     then  If — D= 

S  c 

—  sin.  (2X+i*^).  sin.  1°  ;%*as  the  difference  of  contiguous 

defpreet  is  t :  /  to  sin.  (2  X + 1 )  it  is  a  maximum  wlten  S  X+ 
1=90,  ue,  when  the  middle  latitude  is  45^   The  semi- 
diameter*  to  any  latitude  \=r*  =j:  -{  y  =:n*  sin.  *A  + 
f   sin.  *Xf^~c^  _ 


— — — g-j^  •        by  expanding  this  expression 

and  ueglectiog  c%  we  obtain  r  s:  a  (1  —  Z^^^**  X.) 

The  ctrcmnference  of  the  elliptic  meridian  may  be  found 
by  multiplying  the  mean  degree^  i.  e,  the  degree  in  tlie 
parallel  of  45^  by  S60^   By  the  series  expressing  the 

rectification  of  the  ellipse,  it  may  be  found  still  more  ac- 
curately. 

Ill  an  ellipsoid  of  revoluiion,  the  normal  terminated  in 
the  minor  axis  is  equal  to  o',  the  rad.  of  curvature  of  a 
degree  perpendicular  to  the  nuridian,  for  as  in  this  hy- 
pothesis the  direction  of  gravity  always  passes  through  the 
axis  af  the  earth,  the  direction  of  a  plumb  line  which  is 
perpendicular  to  the  meridian,  and  indefinitely  near  to  it 
on  the  east  and  west  sides,  will  intersect  the  axis  in  the 
same  point,  which  point  is  *.*  the  centre  of  curvature  of  the 
arc;  as  this  normal  is  greater  than  the  rad.  of  meridional 
curvature,  a  degree  perpendicular  to  the  meridian  is 
greater  than  a  degree  of  the  meridian ; 

^a*  cos.'  X+6^  sin.*  A 
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 COS.  X   sin.  X  

^«».  COS.*  A+^*.  siij.«  A  ^~  Va\  cos/  A-j-     *.ai.^  A 

a* — 6*> 

/.  at  r*»**+^-  we  obtain  by  subatitntuig  €*  for  —3 — 

the  centre  between  r  anil  a.  we  have  tan.  h  =  — tan.  A* 

if  /  represent  the  angle  between  a  and  a  line  drawn  to  the 
extremity  of  the  produced  ordinate,  we  have 

5^tan.»  A 

tan. /=  IL  tall.  A,  v  sin.*  /  =  ^ 


1+^*  ian.*A» 


hence  by  puttins  1 — e*  for  -y  we  obtain  —  z — r-r-c — 

'  *^      ®  fl*  1 — c"*.  sill.*  A 

=  sin.*  l^and'.r  =  (1^0*  sin.*  hence  as /diflfers  very 
little  from  A,  it  follows  as  before  that  the  inerements  of  the 
rad.  are  very  nearly  as  the  squares  of  the  sines  of  A.  w  the 
angle  between  n  and  rsX— jl»    substituting  for  tan.  h  its 

tail.  A — tan.  A 

value  ^tan.  A»  weobtahitan.irs — m'r: — tt" 

a*  l-t-w*  tan.*  A 


—  7~mTr:  \»  likewise  it  follows  that 

—  (a*+o*)  tan.  A 

as  we  have  always  tan.  X  +  tan.  k  :  tan.  X— -tan.  A :: 
sin.  (A+A)  :  sin.  (X^h)  i:a*  +  b*  :  «»— ^/  it  may  be 
shewn  that  7r=X— A  is  a  max*  when  (X+/i)=90®;  it  is 

evident  also  from  other  considerations  iliat  tiio  point 
where  Uie  angle  between  the  r  nntl  n  i»  a  max'",  must  be  at 
the  extremity  of  the  etj^ual  conjugate  diameters:  if  the 
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▼slue  of which  is  given  above,  be  di0ereiit{8tccl,  we  ob- 
tain after  all  reductions  j  <ir  as  =s  —  n  (>— ^)»"'^^. 

(1— sin.*  A)} 

now  dszi^dx  (l+  =  —  dir.  cos"  X 

V  =    i!~^^^^xv7 ;  hence  we  derive  p  s  as 

(I  #*8lD,*A}t  rfA 

ssa+e  sin.*  X ;  m,  (A — D)ssS  cos.*  X;  hence  we  can  de- 
termine r,  a,  &c.   A  representing  the  same  as  before,  a 

dej»ree  of  longitude  =  A  cos.  X.    If  R  denotes  the  rad.  of 

cui  valuie  ol  any  sect.,  perpendicular  to  the  tangent  plane, 
at  the  earth's  surface,  it  wuulci  nui  be  difficult  to  show  that 

it  was  equal  to  — -FJL — ^--^  ffbeins  the  ansle 

^  p,  sin.*  d+p'  cosTr         *  * 

^hich  the  cutting  plane  makes  with  the  meridian;  hence 
it  follows  that  when  9  is  45*'»  R  is  an  harmonic  mean  be* 
tween  p  and  |»'.«>See  PuistatU,  torn.  I.  p.  S88. 

It  follows  from  the  expression  cos.  p,  that  a  degree  of  lon- 
gitude at  the  equator  is  the  first  of  two  mean  proportionals 
between  first  and  last  degrees  of  faititode,  for  D  at  the 
equator  is  to  D  at  the  poles,  as  a>  :  b\  the  general  ratio 
being  that  of 

(«»  sin.*  X+5»  cos,*  X)^  :  (a*  sin.*  X'H-6*.  cos.*  X')* 
The  compression  is  oKytained  more  accurately  by  com- 
paring a  meridional  degree  with  a  degree  of  a  perpendicu- 
lar to  the  meridian,  than  from  a  comparisoii  of  two  meri- 
dional degrees  with  each  other. — See  Puistant 

The  following  is  a  brief  outline  of  the  melhod  fur  de« 
termining  the  length  of  any  arch  ot  die  meridian  :  two 
points  are  assumed  nearly  at  the  distance  of  the  required 
arch,  these  two  points  are  then  connected  by  a  series  of 
triangles,  the  angles  of  which  are  determined  by  means  of 
stations  taken  on  the  tops  of  hiU%  or  other  elevated  posi- 
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tiom;  the  aogles  of  tbe  triaDgles  and  also  Ihe  azimuths  of 
the  sides,  at  the  points  where  the  series  commences  and 
ends,  are  to  be  measured.   By  this  means  the  species  of 

all  these  triangles  are  given,  and  also  tbe  bearings  of  their 
sides,  with  respect  to  the  meridian  of  the  first  station. 
The  lengths  of  the  sides  of  the  triangles  are  known  by 
measuring  a  base  on  a  level  ground,  and  connecting  it 
with  ihe  sides  of  one  of  tbe  triangles.  In  these  computa- 
tions the  process  is  on  the  sapposition  that  the  triangles 
are  plane ;  however  the  error  from  this  hypothesis  is  cor« 
rected  by  l&nowing  the  spherical  excess  which  is  given 
from  knowing  the  area. — See  Puissan^t  Geodaiquet  iom* 
L  p; 

(£)  In  like  manner  the  terrestrial  equator  may  be  de- 
fined to  be  the  planer  formed  by  all  the  points  of  the  ter- 
restrial surfi^e,  the  verticals  of  which  are  parallel  to  the 

plane  of  the  celestial  equator,  or  which  is  the  same  thing, 
which  are  perpendicular  to  the  axis  oi  roLaUon  of  the 
heavenly'  sphere;  consequently  unless  the  earth  be  a  solid 
of  revolution,  the  terrestrial  equator  will  be  a  curve  of 
double  curvature  ;  if  it  be  a  solid  of  revolution,  the  terres- 
trial equator  is  a  great  circle  of  the  sphere. — {see  p.  102.) 
in  like  manner,  the  poles  of  the  earth  are  those  points  of 
Its  surface^  whose  verticals  are  parallel  to  ihe  axis  of  rota- 
tion ;  so  that  these  points  are  not  necessarily  diametrically 
opposed  to  each  other,  except  the  earth  be  a  solid  of  revo- 
lution. However,  though  when  the  earth  is  not  a  solid 
of  revolntlon,  neither  the  equator  nor  meridians  are  plane 
curves,  still  the  corresponding  celestial  equator  and  ce- 
lestial meridians  may  be  considered  as  great  circles,  for 
the  verticals  when  indcliuitely  prolonged  may  be  con- 
ceived as  terminaiing  in  the  celestial  sphere,  in  different 
points  of  tbe  same  great  circle. — See  PuissanfU,  torn*  II. 
Book  6lh. 

Conformably  to  the  above  definitions,  the  terrestrial  pa- 
rallels will  be  formed  by  points,  of  which  the  verticals 
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meet  the  celestial  sphere  under  the  same  parallelf  so  that 
all  pomts  of  the  same  fMUvlIel  will  have  the  same  stars  io 
the  zenith ;  however^  unless  the  earth  be  a  solid  of  revo- 
lution these  points  will  not  form  a  cirdc^  or  even  exbt  in 
the  same  plane.  The  latitude  of  all  the  points  of  these 
parallels  is  the  same. — {See  p.  1 II.)  N.  6.  It  is  evident 
that  die  leiigLh  ot"  degrees  oi  ihc  icrrestiial  parallels  de- 
crease in  proceeding  from  the  equator  to  the  pole,  in  the 
ratio  oftlio  cosine  of  latitude.  From  some  measurements 
made  by  Biot  and  Arrogo,  it  would  appear  that  the  pa- 
rallel to  the  equator  at  the  southern  extremity  of  the  me- 
ridian measured  by  them,  is  sensibly  elliptic. 

(k)  ds  denoting  the  first  side  of  this  line,  the  second 
sidet  &C.  These  sides  may  be.  considered  as  equal,  at 
least  if  quantities  indefinitely  small  of  the  third  and  higher 
orders  be  neglected,  for  let  t  denote  the  angle  which  the 
prolongation  af  the  first  side  (which  is  evidently  equal  to 
the  first  side)  makes  with  the  second,  (i  beinfr  a  quantity 
indefinitely  small  of  ihe  first  order,}  then  iis  Llic  prolon- 
gation of  the  first  side  is  evidently  equal  to  it,  we  have 

ds^^ds.  cos.  issds — ^ds^  tads  is  of  the  same  or- 
der as  i  i  hence  it  follows  that  in  a  geodesique  line  its 
differential  is  constant,  likewise  the  normal  comprised  be- 
tween the  prolongation  of  the  first  side  and  the  terrestrial 
surfiice  is  of  the  second  order,  for  it  =  di.  sin.  i,  or  simply 
u  ds*  and  since  this  geodesic,  line  is  equal  to  the  right 
line^  it  necessarily  follows^  that  it  is  the  shortest  which  can 
be  traced  on  the  earth  between  any  two  points,  it  there- 
fore measures  the  Itinerary  distances  of  places;  its  curva- 
ture likewise  exists  in  a  plane  at  right  angles  to  the  horizon, 
as  is  evident  from  the  manner  in  which  it  has  been  traced. 
It  is  evident  from  what  precedes  that  the  difference  between 
the  length  of  this  line  and  tliat  of  the  corrospomling  arc  of 
the  terrestrial  meridian  may  be  neglected.  Another  pro- 
perty of  the  geodesic  line  is,  that  the  sines  of  the  angles 


Digitized  by  Gopgle 


NOTES. 


made  by  the  perpendicular  with  the  respective  meridians 
are  inversely  as  the  ordinates  of  the  point  of  conooune. 

It  la  ctesr  that  when  the  earth  is  a  solid  of  revolation, 
all  the  normals  to  the  snrface  of  this  solid  meet  the  axis 
of  rotatSoDf  consequently  those  which  pass  through  the 
points  of  the  generating  curve  are  necessarily  in  Ute  plane 
of  this  curve,  and  *.*  in  that  of  the  celestial  meridian. 
(/)  Calling  a  b  the  equatorial  and  polar  semtdtameters, 
q'  the  coD-espondiiig  radii,  /  /'  tiie  two  tangcnu,  ijcc. 
€  tlie  arc  of  the  evolute,  tlieii  a  —  p+t,  ^=(>' — t^^     a — 6 

(/•)  In  determining  the  position  of  places  in  a  region  of 
considerable  extent,  it  is  necessary  first  to  traverse  it  with 
a  meridian  line,  from  one  extremity  to  the  other,  on  this 
a  certain  number  of  points  are  selected,  through  which 
perpendicalarB  to  the  meridian  are  drawn.  The  meridian 
and  its  perpendiculars  to  this  manner  constitute  a  system 
of  cervilinear  coordinates,  to  which  the  different  pmnts  of 
the  earth's  surface  may  be  transferred.  The  great  advan- 
tage of  this  method  is,  that  when  the  extent  of  the  region 
is  not  very  considerable,  these  perpendiculars  may  be  con- 
sidered as  great  circles,  cJ  i'-tiinces  measured  oil  them 
are  the  shortest  between  two  givea  poiiits. 

(/)  The  method  indicated  in  the  notes  to  page  212  is 
perhaps  the  best  and  simplest  of  all,  however  it  cannot  be 
always  applied;  in  that  case^  other  methods  have  been 
devised,  all  of  which  may  be  reduced  to  the  solution  of 
certain  cases  of  obtuse  angled  spherical  triangles.  Such 
as  from  having  two  altitudes  of  the  sun,  and  the  time  be- 
tween, or  from  observing  the  zenith  distances  of  a  hea- 
venly body  when  near  the  xenith,  the  latitude  is  determined ; 
the  method  which  employs  two  altitudes  of  the  sun  has  the 
advantage  of  enabling  us  continually  to  approximate  to  the 
true  value. 

(m)  In  fact  ti  c  longitude  and  latitudf  only  G^ive  llie  pro- 
jection of  a  place  on  the  eartli's  surface,  but  cl  )  not  define 
its  position  in  space ;  in  order  to  determine  this  we  must 
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know  the  derctkm  of  the  pline  aboat  tlie  level  of  the  lea. 
A  determination  of  the  heights  of  the  miost  remarkable 
places  in  Europe  would,  cohibined  with  a  knowledge  of 
their  longitude  and  latitude,  be  H  moi'e  complete  way  of 

levelling  than  by  tiigonomdi  ical  opei  alions,  uiul  would 
perfectly  point  out  the  directions  of  chains  of  nujuntains, 
andnlso  the  falls  of  rivers,  &c.,  and  thus  give  a  most  accurate 
notion  of  the  form  of  the  earth.  As  illustrative  of  the  utility 
of  these  kind  of  observations,  it  may  be  remarked  that  a 
comparison  of  the  heights  of  the  barometer  in  the  Euxine 
and  Caspian  Seas,  evince  that  the  level  of  the  latter  is 
considerably  lower  than  the  former. 

(»)  The  reputing  circle  is  an  invaloable  instrument  to 
the  practltbl  astronomer,  it  supplies  the  piece  of  a  mural 
quadrant,  and  also  of  a  transit  Instrument;  betides  it  is 
capable  of  almdt  indefinite  exactness,  and  from  the  dmalt- 
ness  oi  its  sue  it  may  easily  be  transported  IVuin  one  place 
to  another. 

{o)  In  general  the  retardation  of  time  is  proportional  to 
tlie  angle  contained  betw^een  the  meridians  of  the  two 
places,  hence  a{^ars  the  reason  of  what  has  been  already 
advetrted  to^  namely,  that  if  while  one  observer  be  fixed, 
another  proceeds  round  the  earth,  he  will  on  his  arrival 
at  the  place  from  whence  he  set  oat,  have  eiUier  gained  or 
lost  a  day,  according  as  he  went,  eastward  or  westward. 

(p)  The  chronometers  now  in  use,  being  fiimlshed  with 
compensator^^  which  secnre  them  from  the  eflfectl  arising 
from  changes  of  temperature,  ind  also  from  the  inevlcabla 
efTecu  of  the  ai^itation  which  they  experience  during  a  long 
voyage,  give  the  lime  with  extreme  accuracy. 

The  time  II  at  the  place  of  observation  is  easily 
obtained  when  the  latitude  of  the  place  or  vessel,  Z  the 
zenith  distance  or  altitude  of  the  star,  and  its  declina- 
tion ore  given,  for  it  is  easy  to  show  that 

£  £ 
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Sin.  lis:^ Sin.  8ui.  {Z+D^P.)  • 

«    ^  2  2 

Sin.  P.  Sin.  Z). 
•S^e  Notes,  p  304-,  292.  But  as  the  chronometer  indicates 
7nran  time  we  must  apply  the  ecjuation  of  time  in  order  to 
obtain  the  mean  time  at  the  place  of  observation.  This 
method  attumes  that  the  time  indicated  by  the  chrooome- 
ter  is  exact,  which  is  not  the  rase ;  however  its  rate  of 
going  and  small  inequalities  may  be  aacertained  by  com* 
parbg  it  with  the  time  pointed  out  by  observing  the  alti- 
tudes of  the  sun  or  start  as  often  as  possible. 

As  lunar  eclipses  are  of  comparatively  rare  occurrence^ 
they  are  not  of  very  great  use  in  finding  the  longitude  at 
sea ;  this  objection  does  not  apply  to  eclipses  of  Jupiter's 
satellites,  as  eclipses  of  the  first  satellite  recur  every  tliird 
hour ;  however  the  difficulty  of  riglitly  adjusting  a  telescope 
on  board  u  ship  is  such^  that  it  is  now  very  rarely  used^ 
except  when  the  observer  can  land. 

The  problem  for  determining  the  true  distances  of  the 
centres  of  the  sun  and  moon,  from  knowing  the  observed 
valuet  of  the  heights  of  the  sun  and  moon,  and  firom 
having  the  observed  distances  of  the  centres,  is  one  which 
has  occupied  astronomers  who  applied  themselves  to  the 
perfecting  nautical  instruments^  the  best  methods  are 
those  given  by  Maslceylyne  and  Borda.— &r  Nautical 
Almanack. 

Besides  the  methods  suggested  in  the  text,  it  has  been 
proposed  to  determine  the  diflerence  of  longitudes  of  two 
places,  by  means  of  signals,  such  as  an  explosion,  which 
may  be  seen  at  the  same  time  from  the  two  places ;  and  if 
the  places  are  too  distant  to  observe  the  same  signal,  a 
series  of  such  signals  are  made,  and  noted  in  places  inters 
mediate  between  those  whose  difference  of  longitude  is  re- 
qmred,^See  Lardner^s  Trigonometry,  169. 

When  the  difference  of  longitude  of  two  places,  and 
their  respective  latitudes  are  known,  their  distance  in  an 
arc  of  a  great  circle^  Is  easily  determuied,  for  calling  X,  X' 
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the  respective  latltudee,  and  D  the  difference  of  longitudes, 

COS.  a  the  mutual  distance  =:  cos.  X.  cos.  W  sin.  D+sin.  X. 
sin.  X'.  Tliis  is  on  the  hypothesis  that  the  earth  is  q.  p. 
circuhir  j  if  it  be  supposed  to  be  an  ellipsoid  of  rcvoluiton, 
the  direction  of  verticals  from  the  two  places  do  not  meet 
in  the  same  point  of  the  axis,  and  v  do  not  make  a  solid 
ongle  i  in  that  case  wc  deduce  the  angles  which  rad.  from 
centre  of  ellipsoid  to  the  two  places  malce  with  the  axi% 
and  tiie  inclinations  of  the  planes  of  these  angles  to  each 
other  is  also  giTeo,  henoe  the  angle  which  the  rad*  vectors 
malce  with  each  other  may  he  determined^  and  hence  the 
mutual  distance  of  the  places,  the  distance  of  each  place 
from  the  centre  being  known* 

{q)  This  inttrnment  is  a  common  barometer,  except  that 
the  open  branch,  which  communicates  with  the  external 
air  in  the  barometi  i ,  comnuniicatob  with  a  closed  vessel  in 
wliich  the  gas  or  vapoui  is  placed,  of  wliich  the  elastic 
force  is  required.  As  the  height  of  (he  n^crcury  in  the 
barometer,  of  which  the  open  branch  connnunicatcs  with 
the  atmosphere,  gives  a  measure  of  ibe  elastic  force  of  the 
air  at  the  point  where  the  fluid  is  in  contact  with  the  mer- 
cury,  the  same  will  be  true  when  the  aperture  is  closed, 
for  it  is  evident  that.the  state  of  the  air  is  not  affected  by 
thb  circumstance;  henoe  if  g  represents  the  force  of  gra- 
vity, p  the  density  of  the  mercury  in  the  barometer,  and  k 
the  difference  of  heights  of  the  mercury  in  the  two  tubes, 
we  have  an  equilibrium  between  gph  and  the  elastic  force 
of  the  air,  which  we  will  denominate  by  E;  now  as  E  is 
always  the  same  when  the  density  arid  temperature  of  the 
air  are  the  same,  if  the  nKinometer  be  transported  from 
one  place  to  another,  takuig  care  that  the  state  of  the  n?r 
contained  in  it  does  not  undergo  any  change*  gpA  must 
also  remain  unchanged  ;  hence  if  g  varies,  h  must  vary  in 
the  inverse  ratio,  provided  that  p  is  constant 

(r)  The  length  of  the  ideal  pendulum,  which  is  isochro* 
nous  with  the  observed  pendulum,  =  the  distance  be- 
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tween  the  point  of  suapensioa  and  a  point  in  it  caUeil  lb« 
centre  of  oscillation. 

{s)  See  Notes  to  Chap.  11.  Book  IV.  Namin^r  /  ihq 
length  of  the  pendulum,  t  the  time  of  vibration^  iind  g  thf 
force  of  gravity,  it  will  be  proTcd  in  the  4th  Book,  Chap. 

IL  that  t=W'A^/ when  the  arch  of  vibration  Is  very 

small,  hence  as  /  increases  towards  the  equator,  <f  must 
tiiminitih,  for  if  tbe  time  of  vibratioii  increases,  the  nuinber 
of  vibratioiia  performed  in  T  muat  diminish,  and  coniar 

T 

quently  the  clock  must  lose  for  /         What  is  advanced 

n 

in  this  Note  sulffices  to  show  that  tike  gravity  decreases  as 
we  approach  the  equator.  A  foller  invest^ation.  of  this 
sttlject  will  be  given  in  the  Notes  to  Chap.  II.  Book  IV. 
of  this  volume  and  in  Notes  to  Chap*  VI.  Book  I.  ofnesu 
volume. 

{i)  Indeed  it  is  natural  to  suppose  that  the  intensity  of 
gravity  is  less  affected  by  local  variations  than  its  direc- 
tion, for  the  inequalities  on  tlie  surface  of  the  earth,  and 
the  very  irregular  manner  in  which  the  rocks  are  distri-. 
buted,  necessarily  cause  considerable  deviations  in  the  di- 
rections of  the  plumb  line,  and  are  most  probably  tbo 
causes  of  the  discrepancies  which  are  observed  in  tlie  memr 
lurement  of  oontiguoas  arcs  of  the  meridian,  which,  arv 
extremely  near  to  each  other,  which  must  cqnseqnentljs 
cause  the  results  as  to  the  elliptidty,,&G.  of  the  eartl^  tp 
differ  considerably  from  each  othc^« 

(n)  If  (g)  be  the  inteniky  of  gravity  at  thejevel  of  th% 
sea,  und.g  the  intensity  at  the  top  of  the  mountain^  whos^ 

height  is    r  being  the  radios  of  the  earti),  iii^ 

=5  1  +  —  neglecting  the  square  of  A,  /.  if  f  be  the  leqgt^ 
of  the  pendulum  on  tbe  top  of  the  mountain^  I  the  length 
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Althefeveloftlidseas  ^4-  Ste  Notes  to  Chap. 

III.  Vol.  II. 

(x)  It  docs  not  appear  that  iiie  new  system  of  weigiit» 
and  measures  explained  io  tbe  text,  has  been  adopted  with 
that  generality  which  wa»  anticipated  by  the  illustrioua 
author;  on  the  contrary,  a  Committee  of  tbe  Houae  eC 
Commons^  which  was  appointed  to  revise  and  examine 
the  standard  weights  and  measores  of  Great  Britain,  ap^ 
peered  to  think  the  only  practical  advantage  of  having; 
a  quantity  commensurate  to  any  original  quantity  exist- 
ing, or  which  might  be  supposed  to  exist  in  nature,  con- 
sisted in  its  aJTordinf;  soiac  111  tie  cncouriiijement  to  its 
universal  adoption  by  oilier  nations  ;  but  this  advantage 
would  by  no  means  compensate  Tor  thu  great  incon- 
veniencies  which  must  necessarily  result  front  a  departure, 
from  a  univcr^;i!ly  established  standard;  nor  would tbe« 
adoption  of  tlie  decimal  scale  in  weights  and  measuree. 
have  any  very  marked  advantages  over  the  present  snb^ 
divisions;  on  the  GOQtrary,t  es  thu standard: mcasnra  coa* 
sisted  of  twelve  inches,  we  can  esuprese^a  i^reatcr  number 
of  subdivisions  of  it  without  fractions,,  than  in.  any  other- 
scale. — See  Note  in  next  page;  and  as  to  the  weights 
and  die  measurement  of  capacities,  the  continual  divissioa 
by  two,  enabk  us  lo  make  up  any  givea  quantity  with;  thei' 
suiuHest  number  of  standard  weights,  and  .*.  in  this  respect, 
has  an  advanti^e  over  the  decimal  scale.— 4^^^  ijotes^t^^. 
next  page. 

The  Committee  above  mentioiiecl  suggested.  Uwt  the. 
atandnfd  measure  should  be  th»\  standaiyi  evented, 
Bird  in  1.760,.  which  ie  ia  the  cuslodj^'  oC  thfii  deck,  of. 
the  House  of  CQmmoQs;  ijkeiriseip.the:erepBto£itiiheilift^ 
lost^.  its  length  could  be  easily  ascerlalnad»,  as. they;  ham. 
declared  its  proportion  to  that  of  a  pendulum  vibrating, 
scQoiidb  of  mean  time  at  the  latitude  oi  Lu«dun,.  in  a  va^- 
cuo,  and  at  the  level  of  the  sea  to  be  that  of  30  to  59, 
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1S9S.  They  have  also  declared  that  a  bran  weight  equal 
to  half  the  brass  weight  of  two  pounds  gravlcaltng  ia  ahr, 
at  the  temperature  of  6Sy  the  barometer  being  30,  which 
is  kept  in  the  House  of  Commons,  should  be  the  imperial 
standard  troy  pound,  or  the  unit  of  weight ;  if  lost  they 
have  also  determined  its  relation  to  a  cubic  inch  ol  dis- 
tilled water  weighed  by  brass  weights  in  a  vacuum  at  the 
teraperatui  e  of  62  of  Fahrenheit,  to  he  as  5700  to  252,724. 
The  standard  measure  of  capacity  for  li(juids  and  dry 
goods  not  heaped,  is  a  gallon  cotitaiiiiiig  ten  pounds  avoir- 
dupois weight  of  distilled  water  weighed  In  air  at  the 
temperature  of  62°,  and  the  standard  measure  for  goods 
sold  by  heaped  measure  shall  be  a  bushel  containiug 
dj^ty  pounds  avoirdupois  of  water  as  aforesaid* 

(y)  With  respect  to  the  dilTerent  scales  of  notadoo,  it  Is 
plain  that  if  mere  simpUci^  of  arithmeUcal  operations  be 
considered,  the  number  2  Is  preferable  to  any  other;  but 
there  is  always  another  point  to  be  considered,  nnmcly, 
the  facility  nud  ease  of  arithmetical  expressions,  nnd  in 
ill  is  paint  of  view  the  binary'  scale  would  be  exU  cmely 
embarrassing,  as  it  requires  such  a  multiplicity  of  figures 
to  express  any  considerable  number.  The  senary,  al  the 
same  time  that  it  would  secure  most  of  the  advantages  of 
the  Binary  scale,  would  not  be  liable  to  this  last  objection,  at 
leastin  so  great  adcgree,  it  has  this  peculiar  advantage,  that 
diere  would  be  a  connderably  greater  number  of  finite 
fractions  in  this  scale  than  in  the  denary ;  however  as  the 
operations  proceed  rather  slow  it  was  never  brought  into 
use.  The  duodenary  combines  all  the  advantages  of  the 
senary  scale,  and  is  free  from  this  objection  ;  Uic  only  in- 
convenience attending  it,  ib  tlie  trouble  of  requiring  us  to 
remember  two  additional  characters  ;  but  though  it  is 
stated  in  the  text  that  this  is  a  great  objection  to  its  use, 
in  point  of  fact  it  is  not  considered  so,  as  we  find  by  expe- 
rience that  our  multiplication  table  is  carried  on  as  fiur  as 
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12  multiplied  by  12»  thongfay  strictly  ipeakin^  it  ought  to 
terminate  with  the  product  cC  9  into  9. 

In  fine  the  great  objection  a||;ainst  the  French  system  i% 
that  it  depends  upon  an  accurate  measure  of  a  quadrant  of 

the  meridian,  at  the  same  time  ii;at  no  such  measure  has 
'  hitherto  been  obtained,  besides  the  meridians  differ  so 
widely  among  themselves  that  it  is  likely  that  no  accurate 
mean  length  of  the  pendulum  will  ever  be  obtained. 

The  idea  of  verifying  a  standard  by  some  other  means 
than  by  a  comparison  with  some  actually  existing  stan- 
dard, though  suggested  a  great  while  ago^  was  never  com- 
pletely acted  out  until  the  new  system  of  weights  and 
measures  was  introduced  into  France. 


CHAPTEH  XIV. 

(a)  Oonceive  a  vertical  to  be  elevated  from  the  level  of 
low  water  by  a  quantity  equal  to  the  height  of  the  high 
water*  and  if  a  circle  be  described  on  this  linci  the  tide 
will  rise  or  fall  through  equal  arches  on  equal  times;  hence 
if  we  assume  any  arc»  reckoning  from  the  lowest  point»  to 
represent  the  interval  from  the  instant  of  low  water,  the 
versed  sine  of  the  arc  will  represent  the  height  to  which 
the  water  will  have  risen ;  hence  it  is  evident  that  near 
the  higli  or  low  water,  the  diilerences  ofdepthia  IVoiu  those 
of  high  or  low  water,  areas  squares  of  the  times. 

The  causes  which  protluce  a  cliiFercnce  in  the  height  of 
the  tides,  arise  either  from  the  circumstances  of  the  sun's 
action  sometimes  conspiring  with,  and  at  other  times  op* 
posing  the  moon's  action,  from  the  variations  in  the  re- 
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flpective  dutitioeB  of  diese  lnmtiiari«s,  imd  also  flvm  tlie 
decUnationfl  not  being  always  the  same  s  the  efects  arising 
from  these  causes  faiflaeooe  the  interal  tietireeti  two  toe* 

<res9!ve  high  waters,  as  well  as  the  heights. — See  Mechani- 
que  Celeste,  Tome  2,  Chap.  3,  and  also  the  Notes  to 
Chap.  4,  Vol.     of  this  work« 


CHAPTER  XV. 

(a)  A  bottle  when  filled  with  air  is  beaTter  than  after 
the  air  is  extracted  i  the  pressure  of  the  atmosphere  on 
every  square  inch  of  the  earth's  surface  is  14  lbs.,  for  a 

cubic  inch  of  mercury  is  nearly  8  ounces,  v  ,76+8,238 
ounces  =  15  lbs.  nearly;  it  appctns  from  this,  that  the 
pressure  to  which  the  bodies  of  animals  and  vegetables 
are  subjected  is  very  considemhle,  and  couid  not  in  fact 
be  sustained  but  for  the  elasticity  of  the  air,  which  being 
always  :  C  /  to  the  compressing  force,  enables  the  small 
quantity  of  air  contained  in  their  bodies  to  counteractthe 
violent  pressure  of  the  atmosphere  i  hence  it  might  easily 
be  shewn  that  the  pressure  on  the  entire  convex  surince  of 
the  earth = 10,686,000,000  hundreds  of  millions  of  pounda. 

{b)  If  g  represent  the  ibrce  of  gravity,  k  the  vertical 
height  of  the  barometer  above  the  surfiice  of  the  mercury, 
whtch  is- exposed  to  the  external  air,  p  the  density  of  the 
mercury,  the  pressure  on  the  exterior  surlucc  of  the  mer- 
cury, and  •/  the  =  and  contrary  pressure  of  the  air  =  g. 
p.  A. 

The  numlicrs  mciuiuned  in  page  136  exhibit  the  ratio 
of  the  specific  gravity  of  air  to  that  of  mercury;  which 
numbers  also  mdicate  the  I  <  of  the  height  of  the  homo* 
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gcncoiMi  atmosphere  to  the  beiglit  of  the  nwrcury  in  tb^ 

ivarometer  ;  fir  let  h'  represent  this  height,  m'  represents- 
5ng  the  specific  gravity  or  density  ol  ilie  air,  we  huve  ink 
—  vi'h'  ;  coDseijueiuly,  .is  we  ascend  from  the  surface  of 
the  earth,  //and  •/  //  diminishes;  the  heigiit  of  tlie  liomo^ 
geneous  atmospiicre,  f.  c.  of  aii  aUiio^phere  which  is  the 
tame  density  as  the  air  at  any  elevation  above  the  eartVe 
aurface^  is  a  constant  qnantity»  if  die  effects  arising  Arom 
the  action  of  heat  and  cold  are  not  taken  into  account^ 

ioxh'  =.  h — 7,  but  as  — r  measures  the  air's  deutiity  and 
at'  m* 

pressure^  it  wiil  vary  as     ,  v      is  constant^  hence  h  at 

any  station  is  not  a^ected  by  any  diflference  in  the  wciglit 
-of  the  air. 

(c)  Let  z  represent  the  vet  licai  height,  m*  the  den* 
sity,  g*  the  gravity,  p  the  pressure  or  elastic  force  of 
the  air,  x  the  temperaturei  we  have  adp  =  m'g^dz^  A 


dv 

—  CO  —  V  log*  p  QQ  <B  %  and  if  z  be  taken  In 
arithmetical  progression^  the  Kaperiafr  logartdim  cf  — 

is  in  arithmetical  progression,  and  v  —     in  geometric 

progressiont  and  aa  the  densities  are  as  the  eompressiivf 
lbrces»  t •  as  the  heights  of  the  mercury  in  dm  bafom^ 
ter,  in  the  same  circumstances  these  lieights  will  decrease 

in  geometrical  (irogremton  (a  expresses  the  ratio  of  tho 
elastic  force  to  the  density,  when  the  ieiiii>ciature  is  zero, 
and  is  evidently  the  same  for  the  same  elastic  fluid,  but  ifr 
different  for  each)  and  v  i^* ^»  ^'  arc  the  columns  of  the 
mercury  at  the  surface,  and  at  any  elevation  z  from  the 
surfacef  K  representing  the  constant  coefficient  to  be 
determined  by  experiment,  we  have  xsA^lcg.  4— log.  V) 

s  K,  log.  ~,  hence  K  will  be  had  if  z      delei mined 
m 

F  F 
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trigonomeUicatly  id  any  ease,  where  h' m  previoasly 
ascertained. 

( / )  The  intervals  between  which  it  has  been  ascertained 

from  experiment  that  thiss  dilatation  obtains,  is  from  zero 
to  lOO'^  ol  ihc  centigrade  thermometer,  und  ii  \^  even  u  ue 
for  those  aeritonn  substances  which  are  produceil  by  va- 
porization, provided  that  Lliey  are  not  charged  with  any 
liquidity,  iience  00375  being  represented  by  a,  and  tlie 
increase  of  temperature  by     we  have  p  =  am'.{  1  +ar). 

{g)  The  aqueous  vapours  are  necessarily  less  dense 
than  the  air  in  which  they  float,  and  from  their  being 
mixed  in  the  air,  it  is  enabled  to  sustain  with  a  less  den* 
sily  a  column  of  mercury,  of  the  same  height^  v  this  va- 
pour weighs  less  than  dry  air,  perfectly  free  from  humi- 
dity, of  the  same  elastic  force.  See  Note  (i;)  of  this 
Chapter. 

(//}  r  roni  these  weights  the  ratio  ul  the  specific  gravity, 
and      the  constant  coefficient  may  be  dctiucLc!,  wliich 
ought  to  agree  with  the  coefficient  deduced  a  priori  from 
a  comparison  of  the  same  height  as  furnished  by  baro- 
metrical and  trigonometrical  observations,  but  these  dis- 
agree ;  and  as  this  disagreement  cannot  be  accounted  for 
by  introducing  the  consideration  of  hnmidity,  the  variation 
of  the  force  of  gravity  as  we  ascend  from  the  earth  must  be 
taken  into  account;  this  diminution  of  the  force  of  gravity 
will  be  taken  into  account,  if  in  the  equation  ad^  =  wf^* 

dx 


dz,  we  substitute  ,      ^   ibr      then  we  have 


- ,  which  gives  by  integrating,  log.  p  s 


a.{i-t-ax)     .+7+  ^»  '  «  supposed  to  be  constant, 
and  *.*  if  TT  be  tiie  value  of  p,  when  2  =  0;  log. 
-^a=  X  — hence  when  z  is  known,  and 

p  fl.(l+ar) 

the  heights  in  the  barometer  observed,  we  can  determine 
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K;  by  means  of  this  equation,  combined  with  the  value 
of 71,  given  in  Note  (c),  we  can  determine  the  laws  of 
density  and  elastic  force  of  the  air  for  a  given  stale  of 
equilibrium  of  the  atmosphere.  Now  in  order  to  apply 
this  forinuia  to  the  meniuration  of  heights  we  have  «  = 

rngh,  p  =  m^h'  (i  +  ^7/^'  \       7%  being  the  tempe- 

raturet  of  the  mercury  at  the  two  stations-;  in  order  to  ab- 
breviate, let  ^  represent  the  height  of  the  barometer  at  the 

second  place  of  observation  multiplied  into  1 — , 
then  we  have  i  ,  V  log- ^  =  log.A  +  « 

+      ;  let    I'  be  the  respective  temperatures 

of  the  air»  which  differ  from  Ty  T\  as  a  given  difference 
of  temperature^  is  not  so  rapidly  communicated  to 
the  mercury  as  to  the  external  air»  9  s 

a=,004=— L-»  V  axsz2.  ^{"tP  »  hence  substi- 
«  250  1000 

tuting  these  values  we  get  «=  -^.^1  +  HlMli    ^  log. 

+  8  log.  ^1  +  -^j  ;  ^  is  the  coefficient  I8836»  men. 

tioned  in  the  text,  it  is  obtained  by  nn  equation  of  condi- 
tion which  is  given  from  knowing  s,  //,  h\  /,  and  r  the 
radius  of  the  earth  %  this  value  is  for  the  latitude  45»  for 

any  other  -JLss  18856  (l»0O2837  cos.  In  lh«  de- 


termination ofz,  as     occurs  in  tlie  second  member,  where 

r 

it  is  an  extremely  small  fraction,  we  1st  compute  z  on  the 
supposition  that  this  fraction  is  wanting,  we  then  substitute 

the  value  of  determined  in  ihi:^  supposition,  and  as  ii  is 
extremely  small,  the  result  differs  inconsiderably  from  the 


troth.  Beflidct  the  correetione  menUoned  In  the  VM^mhai 
extreme  wcnTtuey  is  required  we  must  take  into  eooount  the 

convexity  of  the  mercury  in  the  upper  part  of  the  tHbe^ 
aiitl  also  the  effect  of  capillary  attraction.  With  respect 
to  the  cause  of  tlie  variatlun  of  tlie  lengtli  in  the  barome- 
tric colunin,  various  theories  have  been  suggested,  none 
however  completely  satisfactory.  In  the  Notes  to  Chap- 
ter X.  Vol.  II.  we  shall  enter  ioto  tome  details  respecting 
llie  periods^  &&  of  these  variations. 

By  very  precise  experiraente  made  with  the  hygrometer, 
it  has  been  aseertoined  that  the  power  of  the  air  to  retain 
roolstare  is  doubled  at  every  inerease  of  temperature  of  the 
centrigrade  .  tliermoitoeter  by  15  degrees^  or  in  other 
words,  white  the  temperature  increases  in  an  arithmetical 
progression,  the  quantity  of  moisture  which  the  air  is  ca- 
pable of  holding  iu  soliuioii  iiiti cases  in  a  geometrical 
ratio;  these  indications  of  the  hygrou)etei  do  not  point 
out  tlje  absolute  degrees,  but  only  its  relative  dryness  wiU» 
respect  to  the  ball  of  the  liygrometer. 

It  has  been  computed,  that  if  the  atmosphere  would 
pass  from  it»  point  of  saturation  in  dampness,  to  a  state  in 
which  the  air  would  be  completely  destitute  of  humidityy 
the  whole  qoantily  of  water  discharged  would  not  consti* 
tute  a  sheet  of  water  five  inches  in  depth. 

(f)  The  natural  colour  of  the  air  is  blue;  but  in  order 
to  be  apparenty  the  depth  of  the  air  should  be  consider- 
able. This  is  the  reason  why  the  colours  of  very  distant 
objects  are  always  tinged  with  the  blue  of  the  intermediate 
atuiosphere.  In  fact,  a,b  Llie  particles  which  compobc  the 
air  are  extremely  small,  and  at  a  distance  Irom  each  other, 
they  could  not  be  perceived  unless  they  were  united  in  a 
mass ;  conformably  to  this,  it  is  found  that  according  as 
we  ascend  in  the  atmosphere,  the  blue  colour  becomea 
less  briliiaDt,  for  the  brightness  diminiifaee  with  the  den* 
sity  af  the  air  which  reflects  it,  so  that  on  the  summit  of  b 
high  mountain^  or  to  an  aeronaut^  the  sky  appears  black* 


IIOTB0. 


As  no  coloured  substance  discloses  iu  iDberent  ^coldur, 
but  by  separating  the  rays  of  ligh^  in  order  that  ita  flail 
colour  should  be  esbibitod  the  panioJei  (9i  Mgjbt  ntiit 
penetrate  the  atmoftpher^^  find  after  uod^ouigx  aoinia 
change  be  agaiti  emitted.  I|i  the  atmoiplieEe^  besidaa 
the  intemal  dispersion  of  the  blue  raysf  tlie  *  white  light  Js 
reflected  in  various  qnantities  without  any  change*  as  is 
evident  from  the  phenomena  of  polarization.  And  as  the 
white  light,  in  its  transit  through  t!ie  an,  continually  loses 
more  ami  more  oi' the  blue  rays,  it  uiubt,  according  as  it 
advances,  assnme  the  complimentary  colours  of  the  spec- 
trum, and  V  become  successively  yeUow^  oraug^  red.aiid 
criiDbon. 

(k)  It  is  the  reflective  power  of  the  atmosphere^  wkteli 
makes  objects  to  appear  uniformly  enlightened  in  eoertj 
direction }  if  it  had  not  this  power,  the  bright  sides  of  ot> 
jects  would  be  only  visible,  and  their  shadows  would  bf^ 
in  all  probability,  insensible.  The  evening  twilight  Is 
longer  than  the  morning,  because  the  atmosphere  ia  thin 
more  dilated  by  heat 

The  last  ray  which  comes  to  the  spectators  eye  touches 
the  earth  when  it  is  first  emitted  from  the  sun ;  and  se- 
condly, when  it  reaches  the  spectator  afler  being  reflected 
at  the  extreme  verge  of  the  atmosphere. 

In  this  method  allowance  should  be  made  for  the  in- 
flection of  the  ray,  or  for  its  deviation  from  a  rectilinear 
course  by  the  action  of  the  continually  denser  strata.  For 
the  greatest  height  of  the  atmosphere  at  the  equator,  me 
Vol.  IL  Chapter  XIIL 

If  the  density  of  the  air  decreased  in  geometrio  pro* 
gression  at  fifteen  miles  elevation,  the  height  of  the  baro- 
meter wonld  be  only  one  inch  ;  •/  the  greatest  part  of  the 
atmosphere  is  always  within  fifteen,  or  at  farthest  twenty 
miles  of  the  carlh,  and  '.•  though  from  llic  relVaetion  of 
the  sun' s>  lig'it,  and  from  the  duration  of  twilight,  it  has 
been  iideiitd  tUut  the  height  is  irom  forty  to  lorly-dvc 
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mtlet  s  WoUaston  thinkB  that  it  is  limited  to  the  fbrmer 
height;  in  fact,  the  force  of  gravity  on  a  single  particle  is 

then  e(|Ufil  to  the  resistance  which  arises  from  the  repet- 
ling  force  ui  the  particles  of  air  ;  hence  he  likewise  infers, 
that  there  is  a  limit  to  the  divisibility  of  matter. — See 
Philosophical  Transactions,  1822. 

On  the  contrary,  a  stratum  of  air  at.fivc  and  a  half 
miles  depth  from  the  surfiice»  would  have  such  a  density 
that  it  would  never  rite  to  the  surface;  *.*  as  the  mean 
depth  of  the  sea,  as  given  by  the  theory  of  the  tides,  see 
Vol«  II.  Chap.  XII.,  is  twice  that  quantity,  the  conjec- 
ture of  some  philosophers  may  be  truci  that  the  bed  of 
the  ocean  rolls  on  this  subaqueous  air,  which,  though  it 
never  rises  to  the  surface^  may  support  the  combustion 
which  we  know  goes  on  below  the  surface  of  the  earth. 

It  is  easy  to  conipulL  the  tluralion  of  twilight,  when  the 
latitude  and  declinntion  are  known,;  lor  as  it  ap|)ears 
from  repeated  observations,  that  it  lasts  imtil  the  sun  is 
IS^  below  the  horizon,  if /j',  //,  represent  the  hour  angles 
at  the  termination  and  beginning  of  twiligiit,  we  have 

cos.  As: >^tan* /.  tan.  8,^  co8.  A'  = _f!2Ll2l_  —tan. 

cos  L  cos.  0 

I  tan.  B,  v  cos.  i(A'— A)  =  :  sirK^S^  

^        «sm.i(A  +A).  COS.A.  un.i' 

•/  it  is  shortest  when  I  and  SszO,  as  the  greatest  depres- 
sion of  the  sun  ss90^{l+S)t  if  this  quantity  is  less  than  18| 
or  78Z/+$,  twilight  will  last  all  night,  or  rather  the  morn- 
ing twilight  will  immediately  succeed  the  evening'.  Cos. 
A'  is  always  >90  until  /  and  S  are  of  opposite  affections,  uud. 

sin.  /  sin.  >  sin.  18%  or  sin.  I  >  .  ,  •  •  /  >50% 

sm.  2:i  ,  '23  ' 
54;  hence  all  parts  of  the  earth,  of  which  the  lati- 
tude exceeds  5  have  the  days  loncrer  tfian  the  nj::hts 
in  consequence  ot  this  power  ol  the  ajr  to  reflect  light, 
and  at  the  poles  it  lasts  until  the  sun  is  18°  at  the 
other  side  the  equator,  so  that  the  two  twilights,  he- 
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fore  and  after  the  commencemeiit  of  iummer,  last  fifteen 
weeks;  if  c()>.  \h'  —  fi)  =■  —  1>  twilight  las.th  all  night; 
in  this  case,  sin.  18  =co9.  v  ^  =  T2  —  /,  hence, 

the  part  of  the  year  duriiif^  which  twilights  can  last 
all  night  increases  with  /,  and  its  least  value  is  48%  32^ 
To  determine  the  day  in  whicb>  Id  a  given  place,  the  du- 
ration of  twilight  may  be  given  quantity.   Let  kf — h  =:  y 

then  we  have  cos.  h  =  — ^       ^  ,  and  cos.  (h  +  y) 

C0».AC0fl.^ 

=  cos.>i'=  -  «n.lS0  4>  «n.f.  8»n.a  ^  .  ^  ^  ^ 

COS.  L  COS.  0 

,      ,     .                  «          6in«  18^  .  • 

—  Sin*  M*  sin.  y  =  cos.  h  ^  >  V       «  — 

COS.  /.  COS.  O 

sin.  18°  +  Mn«  /»  sin.      — cos*  y)  _    cos.      sin.  . 

sin.  y.  COS.  /.  COS.  9  cos.  A  cos.  S  * 

•/  by  squaring  and  concinnating  we  obtain  (sin.  *S*  (8  sin 
»/.(!—  cos.  y)+cos.  V.  sin.  *7)+«  sin. sin.  18*  sin.  /.(I— . 
coi.  y)  +  sin.  '18  —  cos.  sin.  *y  s  0;  the  solution  of 
this  equation  gives  two  different  values  of  S,  and  as  the 
sun  has  the  same  declination  twice  every  ycai,  tlierc  are 
four  dift'ereiit  da}s  in  which  the  duration  oi  twilight  is 
the  same.  To  find  the  shortest  twilight,  we  have  by  differ 
entiatiog  the  preceding  values  of  cos,     and  cos.  (Z'+y) 

«.ppo«ing  y  .nd  8  to  T«y.  a  =  ^ .tn.*' 

^  +  dy  =  rf8.(*^l+»in.  .  •■•  as  y  is  .up- 

'      COS./.  cos.     Sin.  (^  +  7) 

posed  to  be  a  minimuni»  ify  =s  0>  v  ^'"'.^^"t^^  = 
*^  '  sin.  n 

sin.  Z+sin.  18*.  sin.  B    l...    .    *  _  ^cos.       sin.  »5 

^  r — ,  f  but  810.  A.  =  —  > 

Sin* »  COS.  I,  cos.  o 

and  sin.  (A +7)  — 

Vcos.*/— sin.^^  —  2sin.  1 8°.  bin. /.  sin. ^  —  sin.^iS  , 

COS.  /.  COS.  8 
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sin.(^  +  y)  _ 

Vco8> —  sin,  *g  ^  g  sin.  1 8°.  sin.    sin.  B  —  sin. '  18 

cos*  "i-— COS.  * 

V  equalling  these  two  values  of  ^  squaring 

and  dmding  by  sin.  *18^  cos.  *S  we  obtain  sin.  + 

=  eithef —  sin.  /.  tan.  9®,  or —  sin.  /.  cot.  9",  v  the  short- 
est twiliirht  occurs  four  times  in  the  year,  nnil  always  in 
winter  time,  for  d  is  negative;  but  as  c  cannot  exceed 
23,28,  in  the  second  value  of  if  sin.  I  is  >r  than  tan.  9**. 
sin.  23,28  it  is  impossible,  *.*  this  solution  only  obtains  for 
latitudes  less  than  S°,37'«  but  the  first  is  true  for  all  lati- 
tildes  for  its  maximum  value,  /.  e.  when  /  =  90,  is  sin.  S= 
Ian*  9* ;  diis'woqild  appear  tberoibre  to  determine  8  for  the 
shortest  twilight  under  the  pole ;  however  this  problem  is 
not  applicable  to  Hie  pole,  as  we  can  have  bat  one 
day,  and  consequently  but  one  twiligiit  tmder  the  pole 
during  the  entire  year  ;  in  general  that  several  twilights 
may  occur  successively,  it  ii>  necessary  that  180 — /-j-8> 
108,  /.  e.  that  /  <  72  -f  ^ ;  '.•  conformably  to  this  condi- 
tion, it  results  from  the  first  value  of      that  sin.  B  ^ 

than  tan.  9K  sin.  (72+«)  or  tan.  «  Z        9-  cos.  18 

l-tan.9.sin.  18 

tan  SZtan.  9;  v  ^  »  less  than  724-9,  or  81  \' 1+8^90"; 

this  shews  that  the  firs  root  is  not  applicable  to  ail  the  earth, 

for  all  places  whose  latitude  is  >  than  80*9 

not  set  for  the  day  of  shortest  twilight ;  it  is  evident  that  if 

IsO^SsO,  V  the  shortest  twilight  at  the  equator  is  when 

the  sun  is  in  the  equator.  To  find  the  duration  of  the.  short* 

es;  twilight,  let  the  angles  formed  by  the  vertical  and  circle 

of  declination  at  the  sun  set  and  at  ttie  end  of  twilight  = 

i  and  S  respectively^  then  we  have  cos.  s=       ^-t  cos.  &s 

^  COS.  d 
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mm. sin,  18.  sin,  g    g„b8tt|ating  for  sin.  B  its  Talae 

COS.  18.  C0S.0 

_    .     ,       ,  „      sin. /.(I  ^2.  sin.  ^fyH 

—  tan.  9.  sm.  /,  we  have  cos.  o=  5  = 

COS.      COS.  9 

siibli  COS.  18*  r,      '  ^ 

 — .  ss  COS.     \*  s  =  S,  •/  in  the  vertical  pass- 

ing  til  rough  tlie  sun,  if  an  nrc  =  18®  be  taken,  it  is  easy 
to  prove  that  the  zenith  distance  is  equal  the  arc  of  a 
great  circle,  formed  by  lines  from  the  pole  lo  the  extre* 
mity  of  this  arc*  and  that  the  angle  between  them  =  y, 

V  in  this  isoceles  triangle  webave  cos.  7  ss  z!ZL_pJ!!l_ 

•  •  1 — COS.  7  =  2sin. 'i-ys  -J  =       '  %,  9 

'  ■  COS.  U  COS.  *i 

,       sin.  9 
%•  sin.  iy  =  

■  '       COS.  / 

(o)  A  ray  of  light  is  made  to  pass  throii<Th  a  prism,  out 
of  which  the  air  is  su[)posed  to  be  completely  excluded,  uud 
if  the  sides  of  the  prism  be  perfccily  parallel,  tlie  devia- 
tion  which  the  ray  experiences  must  arise  from  the  refrac- 
tion of  the  external  air;  and  from  knowing  this  devia- 
tion, and  also  the  refracting  angle  of  the  prism,  the  ratio 
of  the  sine  of  incidence  to  the  sine  of  refraction  can  be  de- 
termined for  gases  or  liquids. 

There  is  however  this  difiference»  that  in  caseof  gisaoiu 
substances  the  refracting  angle  of  the  prism  may  be  con* 
siderably  greater  than  for  liquids;  in  the  latter  it  cannot 
exceed  a  certain  limits  which  is  thus  determined,  sine  of 
half  the  angle  of  prism  is  to  radius  as  sine  of  incidence  to 
sine  of  refraction  from  the  Uqoid  into  air. 

It  is  easy  to  shew  that  for  any  ray  refracted  by 
the  prism,  the  sine  of  the  deviation  of  the  ray  is  to 
the  sine  of  refracting  angle  of  the  prism,  an  sine  of  in- 
cidence is  to  the  difference  between  the  sine  of  incidence 
and  the  sine  of  refraction  from  the  prism  into  air.   It  is 

O  Q 
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in  this  manner  that  the  ratio  of  the  sine  of  incidence  tc» 
the  sine  of  refraction  in  determioed  in  page  145  of  the 
text. 

A&  it  is  nearly  impoMible  to  procure  a  perfect  vaeuuniy 
the  lieight  of  the  mercury  in  the  gage  znuit  be  observed, 
and  account  made  of  it  in  the  calculus.  If  we  wbhed  to 
obtain  the  refraction  of  the  air  at  different  densities  it 
would  be  only  necessary  to  note  the  height  of  the  mer- 
cary  in  the  gage  at  the  respective  densities;  or  if  the 
reh  acLions  of  other  gases  were  i  equired,  we  should  ex- 
haust the  prism  as  far  as  possible,  and  then  nliei  noting  the 
height  of  the  mercury  in  the  gflf^e,  inli  uduce  the  gas. 
Caustic  potash  is  generally  introduced  to  absorb  the  aque 
OQs  vapours  which  exist  in  the  nir,  when  its  density  is  so 
reduced  ;  on  the  contrary,  if  the  refractions  of  aqueous 
vapours  were  required,  we  should  charge  the  atmosphere 
with  them,  by  means  of  vessels  of  water  and  of  moistened 
towels.   See  Bio^s  Pkytiquef  torn.  3. 

(p)  The  diversity  of  colours  arises  from  the  particular 
disposition  of  bodies  to  reflect  some  rays  rather  than 
others.  When  this  disposition  is  such  that  the  body  re- 
jflects  every  kind  of  ray  in  the  mixed  state  in  which  it  re- 
ccives  them,  that  body  appeals  white;  v  W'hite  is  not  a 
colour,  but  rather  the  assemblage  of  all  colours;  if  a  body 
has  a  disposition  to  leflect  one  sort  of  rays  more  than 
others,  by  absorbing  all  llie  utliers,  it  will  apj^ear  of  the 
colour  belonging  to  that  species  of  rays.  As  different  bo- 
dies are  fitted  to  reflect  different  kinds  of  rays,  tliey 
roust  appear  of  different  colours;  when  a  body  absorbs 
all  the  light  which  reaches  it,  it  appears  blacky  as  it  tran^ 
mits  so  few  reflected  rays  that  it  is  scarcely  perceivable. 

(9)  The  density  of  the  atmospherical  strata  decrease  in 
aritbmetrical  progression,  when  the  temperature  dimi- 
nishes in  artthmetrtcal  progression;  for  the  density  m 
being  equal  to  the  quantity  oi  matter  divided  by  the 
volume,  if  I  represent  the  volume  previously  to  x  the  in- 
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Ciease  ot  tempcrului  e,  we  have  ;«=  ~ —  ,  (a  repi  tsent- 

ing  0,S75)  =  Q.(l*aj?)  nearly;  v  when  the  increments  of  . 
the  temperature  are  given,  the  densities  decrease  by  an 
arithmetical  progression. 

There  are  two  cantes  of  the  decrease  of  heat,  according 

as  we  ascend  in  the  atmosphere,  namely  ,  our  receding  ivom 
the  earth,  the  principal  source  of  licat,  and  also  from  the 
circura&tance  of  the  air  being  less  compressed,  which 
makes  its  absorbinfj  power  (greater.  But  though  the  !ieat 
thus  decreases  in  a  less  ratio  than  the  distances  increase, 
still  the  rate  of  decrease  is  nearly  uniform  when  the  height 
is  inconsiderable. 

When  the  altitude  exceeds  eleven  degrees  the  inclina- 
tion of  a  ray  of  light  to  the  atmospheric  strata  is  less  ob- 
lique consequently  the  curvature  of  the  portion  of  the 
trajectory  to  be  described  by  the  star  is  less,  and  according' 
as  the  altitude  increases,  it  approaches,  more  and  more  to 
the  reculiaear  dii  cctiuii ;  now  if  liic  strata  ai  lIic  atmos- 
phere were  pai  allel  to  each  other,  and  to  the  earth,  con- 
sidered as  a  plane,  the  refraction  would  be  what  would 
take  place  if  the  ray  passed  from  a  vacuo  into  air  of  the 
same  density  as  that  at  the  earth's  surface ;  the  error,  */ 
arises  from  the  earth  being  supposed  to  be  a  plane, 
when  it  is  in  point  of  fact  spheroidical,  which  shape  is 
communicated  to  tlie  atmospherical  strata.  In  the  former 
case,  the  refraction  would  depend  on  the  total  increase  of 
density  of  the  atmosphere^  i.  e»  on  the  pressure  and  tem- 
perature which  are  indicated  by  the  barometer  and  ther- 
mometer. 

It  may  likewise  be  observed  here,  that  when  liic  eleva- 
tion is  greater  tlian  eleven  detjrees,  the  diHecciitial  equa- 
tion of  tlie  trajectory  described  by  the  ray  ot  light,  namely 
dr  =  (where  r  is  the  radius  from  the  centre  to  any 

point  of  the  trajectory,  and  v  the  angle  between  r  and  a  ver- 
tical at  this  point,  Q  a  function  of  r  depending  on  the  law 
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of  the  decrease  of  densities)  may  be  expressed  ma  Tery 
convergent  series;  but  when  the  trajeetory  is  horisontal^  dr 
and  V  ^S=0 ;  */  if  it  is  near  to  a  horizontal  state,  Q  is  in- 
considerable, V  ^ Q cannot  be  developed  in  a  convergent 
series,  because  the  several  terms  which  compose  it  have  a 
finite  -fr  to  each  other;  but  when  the  point  is  at  a  consi- 
derable distance  from  its  minimum  state,  some  of  the  terms 
eomposing  Q,  are  considerably  greater  than  others»  v  the 
expantion  of  ^  Q  into  a  series  is  possiblei»  and  •/  the  eqiia« 
tion  of  the  trajectory  may  be  obtained  by  ajqiroximatioii. 
— See  Mecbanique  Celeste^  torn*  4,  livre  10. 

(5)  If  It :  1  be  the  ratio  of  sin.  /to  s!n.  M  from  a  Tacuum 
into  air,  we  have,  if  ir  be  the  angles  of  incidence  and  refrac- 
tion, z  the  zenith  distance,  a  the  radius  of  the  earth,  and  k 
llie  height  of  the  homogeneous  atmosphere,  a-\-f:  a  :;  sin. 

•       .          •          .    .       •    •     m.a.  sin.  z  » 
a :  sin  r;  1 :  m :  tin.  r :  8in.f»  v  on.  1=  ; —  ss  at,  stn. 

«,  ^1  —  -i-^  ;  sin.  r=sin.  2^1  —       ;  1  =  r  4-  22  j  •/  sin. 

(r  +  22)  =  sin.  i  |  and  sin.  r  +  cos.  r.  sin.  A  =r  m .  sin.  r, 

V      —  !)•  ^1  or  li',  hence  substituting  for 

sin.  r,  and  sin.  /,  and  also  tor  cos.  r  =  Vi  —  sin.  =: 

yi-sin.  =  \/cos.  *.4-^~i:i=cos. 

u      (1  +      tan.     ).^M  ^:^^J}lhL 
\       a  /  sin.  l'^  cos.  II 

(m  —  1).  sin.  xJl  ^-V 

^        '         ^       aj        («  — 1)*  tan.g 

sin.  1".  cot,  *  (l  +  i..  ton.««) 

■  y  If«  =  80%  /  =  5,  a  =  4(K>0mile^ 

A.  sin.  I**,  cos*  *«  •  ' 

the  secoiul  term  will  not  exceed  10";  this  is  what  arises 
from  the  spltericai  shape  of  the  earth ;  i(a  was  infinite^ 
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ucy  if  the  earth  wasaplana^  it  would  vanish  s  vas&r 
4tt  SO'^of  xenith  diatanoe^  the  error  from  the  tupposittoii  that 
the  density  of  the  atmosphere  is  uniformy  and  the  earth  a 
pUne»  must  be  less  than  Now  from  the  ratio  of  sin.  t : 
sin.  r  from  a  vacuam  into  air,  m  the  coefficient  of  the  refrao- 
tion  may  be  determined  (p.  3^9).  This  coefficient  is  as  the 

refractive  force  of  the  atr»  1.    as  its  density,  or  as  ; 

*.*  to  reduce  the  coei!icient  to  a  given  temperature  and 
pressnre,  it  must  be  divided  by  1  +ar.  {see  page  ^70)^  and 
then  multiplied  by  the  direct  ratio  of  the  pressures,  v  the 

true  coefficient  =      ^  Jt  .     .1  but  if  these  quantities 

are  determined  for  the  latitude  of  45»  thc^  should  be 
multiplted  by  cos.  8^  for  any  other  latitude  yft,^(See  p. 
341.) 

(t)  It  may  be  doubted  whether  the  analysis  given  in  the 
text  is  complete,  for  a  recomposition  of  these  materials 
will  not  give  air  of  the  same  nature  as  the  atmosphere, 
V  some  of  the  elements  or  constituents  must  have  escaped 
during  the  decomposition,  which  is  indeed  probable,  as 
the  air  is  charged  with  emanations  from  the  various  sub* 
stances  with  which  it  comes  in  contact;  we  arecortain^  as 
was  before  observed*  that  the  quantity  of  aqueous  vapour 
is  not  always  the  same }  It  appears  from  this  that,  if  itschief 
constituents  are  always  in  the  same  -rfn,  the  purity  or  in* 
salubrity  of  the  air  must  depend  on  something  besides  this 
proportion.  It  is  conjectured  with  some  degree  of  probabi- 
lity,  that  the  higher  regions  consist  ofi  nflammable  materi- 
als, which  is  the  cause  of  those  appearances  whicli  it  fre- 
quently exhibits,  namely,  of  shooting  stars,  fire-balls,  and 
luminous  arches ;  these  materials  arise  from  the  nume- 
rous emanations  from  volcanoes,  &c.  &c.,  and  as  by* 
drogcn  is  lighter  than  common  air,  and  has  very  little 
affinity  for  its  constituents,  it  ascends  upwards  from  its 
greater  levity^  and  from  the  extent  and  celerity  of  these 
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pbenomena  they  must  neccMorily  take  place  in  the  mott 
elevated  regions  of  the  atinofphere:  tfaia  conjeetare  is 
eonfirmed  by  astronomical  i^liactioDS,  for  the  refraction 
in  these'  elevated  regions  is  greater  than  what  oompa* 
tation  assigns  to  theniy  but  on  the  supposition  that  hydro- 
gen gas  is  one  of  their  chief  constitnentSi  this  discre- 
pancy disappears,  for  the  refraction  of  this  gas  is  greater 
than  that  of  other  substances  in  proportion  to  its  density, 
while  oxygen  gas  is  the  least  refractive  of  tlie  gases. 

Chemists  are  not  agreed  as  to  the  manner  in  which  the 
conFlituents  of  the  atmospljere  exist  in  it ;  some  suppose 
that  tliey  are  chemically  united,  chiefly  from  the  uniform 
manner  in  which  they  are  always  combined,  and  because 
they  are  not  arranged  according  to  their  respective  spe* 
ctfic  gravities;  others  thinli  that  the  particles  of  the  gases 
which  compose  the  atmosphere  neither  attract  nor  repel 
one  another,  and  that  the  weight  on  any  one  particle  of 
the  atmosphere  ariies  solely  from  particles  of  its  own  kind* 
See  Manchester  Memoirs,  p.  558. 

(m)  It  is  easy  to  find  the  stratum  of  air,  of  which  ihe  den- 
sity is  sucli  as  is  described  in  the  text,  for  let  be  the 
capacity  the  bnlloon,  -v  tlio  specific  gravity  of  ihe  stra- 
tum of  air  in  which  tiie  balloon  floats  in  equilibrio,  since 
a  cubic  foot  of  water  weighs  62,48lbs,  cK  (62.48][y  is 
the  weight  of  the  displaced  air,  and  the  whole  weight 

is  tv  4*  (62.48).  c^  -JL ,  when  these  quantities  are  =, 

'  we  can  determine  ^,  and  %*  the  density  of  the  stratum, 
and  consequently  the  height,  from  knowing  the  density  <»f 
the  air  and  hei|^t  of  the  mercury  at  the  earth's.sur&ce. 
(Note,  o  is  the  weight  with  which  the  balloon  is  loaded, 

and  the  hydrogen  gas  which  is  generally  used  is  only 

six  Limcb  lighter  than  common  air.) 

Besides  the  circumstances  mentioned  in  page  151,  it 
was  ascertained,  as  nientuMicd  above,  thai  Llie  elasticity  of 
the  upper  regions  of  the  atmosphere  was  greater  than  near 
4he  earth's  surface,  also  the  diminution  in  the  tempe- 


Digitized  by  Google 


KOTE0. 


575 


ralnre  was  less  than  wbat  was  experienced  in  correipond* 
ing  heights  on  the  earth's  sttr&ce,  and  the  indications  of 
the  hygronometer  shewed  that  the  atmosphere  became 

dryer  according  as  we  ascended;  but  indeed  this  might 
arise  from  the  increased  attraction  of  the  air  lor  moisture 
in  consequence  of  its  less  density. 

(r)  Knowing  the  refractive  power  of  water,  fVoni  note 
page  372,  we  can  determine  it  for  water  reduced  to  vapour 
of  the  same  density  as  the  air»  for  these  refractions  are 
<H*I  totheir  densities;  now  the  density  of  this  vapour 
wonld  give  iu  refraction  greater  than  that  of  air; 
but  as  the  density  of  the  vapoars  which  float  in  the  air 
are  less  than  that  of  air,  the  refraction  of  the  vapour  most 
be  diminished,  and  by  nearly  the  quantity  by  which  it  was 
greater  than  that  of  air.  Biot  made  his  direct  experi- 
ments on  the  refraction  of  air  saturated  with  humidity, 
and  at  high  temperatures.  Note,  there  are  some  except- 
ions to  the  position  that  the  refractions  are  to  the  den- 
sities, for  it  is  not  true  for  the  class  of  inflammable  sub- 
stances. 

Suppose  for  instance,  as  stated  in  page  15S,  that  a 
wind  blew  for  a  long  time  in  the  same  direction,  the  cur- 
vature of  the  inferior  strata  would  be  necessarily  affected 
by  it|  and  *.*  the  refractions  computed  from  it  would  lie 
very  unequal.  The  temperature  may  produce  equally 
anomalous  effects,  as  for  instance^  if  from  the  greater  heat 
of  the  surfiice  of  the  earth,  the  density  of  the  lower  strata 
was  less  than  of  those  more  elevated,  as  is  the  case  in 
the  phtnoniena  observed  frequently  in  Egypt,  which  are 
called  mi)  ages. 

The  effects  of  diurnal  parallax  and  refinction  are  very 
different,  and  may  easily  be  distingui>hed  one  tiom  the 
other;  as  refraction  elevates,  and  parallax  depresses; — the 
first  increases  and  the  second  diminishes  the  duration  of 
the  visibility  of  the  stars  above  the  liorizon*  Each  is 
greatest  at  the  horizon,  but  as  the  refraction  varies  nearly 
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as  the  tangent  of  the  zenith  distance,  nenr  to  the  horison 
it  varies  very  irregularly  and  with  great  rapidity,  and 
near  the  zenith  slowly  and  regularly;  ou  the  contrary, 
near  the  zenith  the  variation  of  the  parallax  is  quickest, 
and  slowest  near  to  the  horizon  s  as  the  refraction  of  the 
son  IS  greater  than  his  parallax,  we  enjoy  his  light  longer 
than  if  these  effects  did  not  exist*  on  the  oontrary,  the  pa- 
rallax of  the  moon  being  greater  than  the«  refiactiont  we 
enjoy  the  light  of  the  moon  for  a  shorter  time  than  with- 
out these  effects.  At  the  liorizon  refraction  diminishes 
the  vertical  and  horizontal  diameters  of  the  sun  and 
moon;  the  diminution  of  the  latter  is  insensible,  but  that 
of  the  former  is  more  than  4' ;  both  are  nearly  insen- 
sible when  the  altitudes  are  more  than  ten  degrees.  Pa« 
rallax  incren^cs  both  diameten^  at  the  horizon  however 
the  quantity  is  insensible ;  on  the  contrary,  at  the  zenith 
the  vertical  diameter  of  the  moon  is  increased  a  sixtieth 
part  .  From  the  horizontal  refraction  of  the  sun  being 
greater  than  the  corresponding  diameteri  we  tee  the 
entire  didt  when  it  is  beneath  the  horizon,  and  a  specta* 
tor  at  the  poles  will  see  the  sun  two  days  sooner  than  if 
it  did  not  exist. 

(*)  Let  A',  A'',  A",  &.C.  represent  the  light  in  the  1st,  2d, 
3d,  &c«  strata  of  air,  as  the  same  quantity,  namely  its 

^  part^  is  supposed  to  be  lost  in  each  of  those  =  strata* 
we  have  X—^^Xf,  X'^—^X^,  viizii.  JfeX, 

tit 

iillii-.  X^X'\  &C.;  henoethe  logarithms  of  the  in« 

tensity  of  light  are  -wX  to  the  thickness  of  the  stratum ;  in 
&ct,  s  denoting  the  intensity  of  light  at  any  stratum  we 
have,  dt  = — At,m,^dr*  +  i-*.dv*  ,  where  m  denotes  the 

density  of  the  stratum  r  iu  ladius,  and  v  the  zenith  dis« 

tance^  %•  ~  s  —Ap.^ dP^Pd^;  now  rdv  is  of  the 
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form  — ^- — when  the  altltucTe  of  tJie  star  is  mater  than 

COS.  P 

18»5        -  .^£±_ ,  andlog.  .  =  -  fJ±±.  Lci  K 

C  €OSb  9   '  ^    -  ^    COS.  V 

be  the  Talne  oTe  in  the  zenith  where  cos.  r  =  1 ;  then  we 
have  log.  €  =r  J^sl^  ^  log*  E  co  (p).  /,  i .     it  is :  :l.to  the 

COS.  D  -      ,  -  .  I  . 

height  of  the  barometer.  '     •    •   *  • 

From  some  observations,  founded  on  the  preceding* 
analysis,  it|wns  inferred,  that  at  tlie  altitude  of  25**  when 
the  sky  is  most  serene,  the  sun  loses  ^  of  its  light,  and  at 
an  elevation  of  1 5°  it  loses  \  of  its  light. 

The  oontinuai  agitation  of  the  atmosphere  produces 
momentary  condensations  and  dilatations  in  the  particles 
composing  tt^  which  causes  the  direction  of  the  lumi- 
nous rays  to  vary  contintially  from  the  diversity  of  refrac- 
tions which  they  occasion.— Sre  Notes  to  page  362. 

(fl)  In  note  (c)  to  page  317,  it  was  stated  that  the 
height  of  the  shadow  was  =  — —        , ;  but  if  the  efl^t 

sin.  (s — /)) 

of  refraction  be  taken  into  account,  this  expression  should 

be  r ;  in  like  manner,  the  semidiameter  of 

sin.  (5+272— 

the  section  of  the  shadow  ssp  4-  P — t^%R\  in  the  first 
expression,  iff  denote  the  distance  of  the  centre  of  the 
sun  from  any  point  in  its  disk^  it  will  determine  the  dis- 
tance at  which  this  point  commences  to  be  seen  \  if  #  =  0, 
we  have  the  distance  at  which  the  centre  of  the  sun  be- 
comes visible  by  the  refraction  at  the  earth's  surfing  or  if 
t  becomes  negative,  we  have  the  distance  at  which 
points  of  the  disk  at  the  other  side  of  the  centre  become 
visible;  in  like  luanncr,  by  determining  the  value  of  s 
from  the  equation  p  +  P — s  —  2^=0,  we  could  deter- 
mine the  quantity  of  ihe  sun's  disk  visible  by  refraction 
to  a  spectator  at  the  moon,  for  any  given  distance  from 

H  H 
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the  earth  by  computbg  F  for  this  distance,  and  then  de- 
temining  s  from  the  equation  P+J^  —  «<—  SR  =  0; 
from  a  oompiitation  made  under  the  most  unfavourable 
drcumstanceib  it  might  be  shewn  that  |  of  the  aolar  disk 
is  TuiUe  by  meant  of  the  earth's  atmosphere. 

Anothttp  efiect  of  vefiwstioQ  wasy  that  m  conseqaenee  of 
kf  the  son  and  moon  were  both  so  elevated  in  a  total 
edipsey  as  to  be  both  visible  at  the  same  time. 


BOOK  THE  SECOND. 


CHAPTER  L 


Ths  argttmeiito  for  the  earth^t  rotatum*  which  are  de« 
tailad  in  this  and  the  thifd  chapter,  may  be  reduced  to 
the  five  Ibllowhigr — let,  the  internal  probability;  2d, 

the  hnpossibility  of  the  contrary ;  3cl,  the  analogy  of  the 
other  planets  ;  4th,  the  compression  of  the  earth,  and  the 
diminished  lengths  of  isochronous  pendulums  as  we  ap- 
proach the  equntor  (which  may  be  termed  the  physical 
proofs  of  this  motion) ;  5th,  the  deviation  of  iailing  bo- 
dies to  the  east  of  the  tower  from  which  they  are  let  falh 
As  ehewing  the  far  greater  probability  of  the  earth's  rota- 
tion lhan  that  of  the  celettial  bodies  in  a  contrary  direo* 
tioOy  let  us  investigate  the  relatire  vdodties  of  the  earth 
and  fixed  star  in  the  two  hypotheses ;  the  distance  of  the 
nearest  fixed  star  is  at  least  900,000  radii  of  the  eartVs 
orbit  {iee  Notes,  page  dS7)»  its  cireomferenoe^  which  is  at 
least  six  times  greater,  is  described  in  twenty-four  hoors; 
hence,  it  is^easy  to  shew  that  its  velocity  is  at  least  6570 
times  greater  than  that  of  light ;  *.*  the  star  describes 
more  than  270  milions  of  leagues,  or  more  than  twice  the 
diameter  of  the  earth's  orbit  in  a  second  ;  and  this  velo* 
city  must  be  still  greater,  for  the  more  distant  stars^  such 
as  those  which  compose  the  miii^  way;  on  the  con* 
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rary,  supposing  the  earth  to  revolve,  a  point  on  the 
equator  describes  5400  leagues  in  24  hours,  or  in  one 
second  the  sixtieth  part  of  a  league^  which  is  a  vcIo< 
city  a  little  greater  than  that  of  soandy  and  at  least  4600 
iDtlUoDfl  of  times  less  than  the  preceding.  Besides  the 
motion  to  which^  on  the  hypothesis  of  the  earth's  immobi- 
lity, all  celestial  bodies  must  be  subjected  in  order  to  ex- 
plain the  precession  of  the  equinozesy  they  must  be  in 
like  manner  subjected  to  another,  in  order  to  account  for 
the  nutation.  Likwise,  as  all  actions  are  accompanied 
with  a  contrary  reaction,  if  the  earth  exerts  a  force  to  re- 
tain the  celestial  bodies  in  their  diurnol  paths,  nn  =  aiitl 
contrary  force  must  be  exerted  by  them  on  the  earth. 
And  as  the"  circles  described  by  the  stars  arc  iiol  con- 
centric, but  rather  have  their  centres  all  existing  in  the 
axis  of  the  earth,  the  central  force  should  be  different  for 
each  body  i  and  as  they  all  roToUe  Jn  the  ^me  time^  the 
forces  whatever  it  is»  ^ould  be  greater  for  the  more  re> 
mote  objects,  contrary  to  what  is  obierved  in  other  cases 
of  nature* 

As  an  inhabitant  of  Jupiter  would  suppose  the  heavens  to 
revolve  in  the  time  of  Jupiter*s  rotation,  so  likewise  an  in- 
habitant of  JSaturn  would  come  to  the  same  cuucluiion 
for  his  planet,  but  one  is  inconsistent  with  the  other.  It 
is  evident  from  the  measurement  ot  degrees,  which  was 
explained  in  the  XIV.  Chapter,  that  the  earth  is  flat- 
tened at  the  poles;  for  a  grenter  space  must  be  traversed 
in  the  direction  of  the  meridian  near  tlie  poles  than  at  the 
equator,  in  order  to  have  the  same  inclination  of  two 
plummets. 

If  the  earth  be  considered  an  ellipsoid,  it  is  easy  to  prove 
that  the  attraction,  or  weight  of  a  body,  increases  as  we 

jirooeed  from  the  equator  to  the  poles,  proportionally  to 

the  square  of  the  sine  of  the  ialitudcs  {sec  Vol.  II.  Chap- 
tci  and  if  the  earth  revolves  on  its  lessti  axis, 

the  centrifugal  force,  which  is  always  perpendicular  to  tills 
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axisy  makes  an  angle  which  is  continually  more  oblique, 
with  the  direction  of  gravity ;  and  it  is  ea^  to  shew  that 
the  part  of  this  force  which  is  efficacious  varies  very  nearly 

as  the  square  of  the  cosine  of  latitude;  «/  the  difference 
between  the  centrifugal  iurcc  in  ecjualcn-  and  aiij  paialitiL 
is  -ffl  to  tlie  square  of  the  sine  of  the  laiiliide  ;  •/  in  con- 
secjiicnce  of  those  two  causes,  the  increase  of  weight  from 
.the  equator  to  the  poles  must  be  -f^I  to  tlie  square  oi  the 
sine  of  the  latitude ;  and  the  acceleration  of  falling  bodies 
roust  increase  in  the  same  proportion,  which  is  confirme^l 
by  experiments  made  with  pendulums.— &e  Notes  to 
Chapter  II.  Book  III. 


CHAPTER  IL 

(a)  If  light  was  progressive  and  not  instantaneoos»  the 
last  ray  which  issues  from  the  satellite^  at  the  commence- 
ment  of  the  eclipse,  or  the  first  which  we  see  at  the  tei> 
mination  of  an  eclipse,  should  strike  our  eye  sooner  in 
opposition)  and  later  in  conjunction,  thain'  if  the  eclipse 
occurred  when  the  planet  was  at  its  mean  distance  from 
Us.  It  llie  earth  was  in  repo>o,  u  sjicctator  on  its  surface 
would  sec  a  star  in  the  direction  of  a  ray  of  light  is- 
suing from  the  star  ;  but  if  the  earth  be  in  molion, 
it  is  clear  that  in  order  to  see  the  star,  his  telescope 
must  be  inclined  to  the  direction  of  the  first  ray  of 
light*  If  the  ray  and  spectator  were  in  motion  in  the  re- 
spective directions  of  the  light  coming  from  the  stari  and  of ' 
the  direction  of  the  earth's  motionf  the  sensation  or  im- 
pression on  the  eye  will  be  the  same^  as  if  the  spectator 
was  supposed  to  be  at  rest,  and  there  was  impressed  on  the 
ray,  besides  iu  own  motion,  that  with  which  the  q|>ectator 
is  actuated  in  a  contrary  direction,  he  would  then  see  the 
star  in  the  direction  of  the  diagonal  of  a  parallelogram,  of 
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which  the  two  pFevioasiy  mentioned  motimis  oonstitnted 
the  Btdesy  and  the  angle  which  this  makes  with  the  primi- 
tive direction  of  the  ray  of  light  Is  the  aberration  i  %*  if 
I  :  /tc  be  the  ratio  of  the  velocity  of  the  earth  to  that  of 

light,  TT  the  angle  of  aberration,  ^  the  angle  of  the  earth's 

way^  we  havesin,  ws^-^^^l^,  /t  it  determined  by  the 

eclipses  of  Jupiter's  satellites,  and  consequently  for  re- 
flected light  i  however  we  shall  see  hereafter  in  Vol.  II. 
Chapter  XII.,  that  the  %'alue  is  precisely  the  some  for 
the  direct  light  of  the  stars.  Light  traverses  the  dia- 
meter of  the  earth's  orbit  in  16',  S6^  V;  In  this  time  the 
earth  describes  an  ardh  s  40"»  8»  */  TelociQr  of  li^  is  to 
that  of  the  earth  as  the  diameter  of  a  cirde  to  an  arc  of  40*9 
8f  or  as  2  to  that  number  which  expresses  40*,  5,  in  parti 

of  the  radius,  v  —  =       ^*  ^  =  sin.  20".25,  and  wzs 

20",  26,  sin.  ^,  *.*  it  is  a  maxironm  when  ^  is  90  or  270.  As 
the  diameter  of  the  earth  is  23000  less  Llian  that  of  iu  orbit, 
a  point  on  the  equator  describes  in  a  day  a  circle  whose 

radius  =  1  ;  and  in  365,25  days  it  describes  a  circle  23000 

times  {greater,  •/  as  the  velocities  are  dii  LCtly  as  the  spaces 

and  invei  Bely  as  the  time^  the  velocity  of  the  annual  mo- 

.  2300000       ^«  •  •      •      ji  • 

tionn  ■  ^^^^  ,  or  68  tunes  greater  than  that  of  the  diur- 

a65z5 

nal  motion)  and  the  diurnal  aberration  at  the  equator  and 

20* 

at  its  maximum  is  — at  most,  t  •  e,  less  than  a  third  of  a 

65 

second;  and  for  any  parallel  of. latitude      the  coeffi- 

20" 

cient  ,  must  be  multiplied  by  cos.  x* 

6S 

(c)  The  aberration  of  a  fixed  star  takes  place  in  a  plane 
which  passes  through  the  star  and  the  tangent  to  the 
earth's  orbit,  and  u  always  In  the  direction  of  those  parts 
towards  which  the  earth  moves,  v  if  the  angle  of  the 

earth*8  way  be  acute,  the  star  will  appear  elevated. 

In  the  quadratures  of  the  stars  with  the  sun,  relatively 
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to  the  eartli,  the  aberration  is  made  entirely  in  the  plane 
of  a  cirde  of  latitude  passing  through  the  star,  so  that  the 
longitude  is  not  at  all  affected ;  in  the  first  quadrature  the 
apparent  latitude  is  fi—SO^*  sin.  /3»  in  the  last  quadrature 
it  is  /3+S0^«  sin.  jS,  and  their  difference  is  40''.  sin.  j3 ;  in 
the  syzygies  on  the  contrary,  the  plane  of  the  circle 
of  aberration  is  at  right  angles  to  the  plane  of  the  circle  of 
latitude,  and  •/  tiic  latitude  iis  not  at  all  allected,  whereas 
the  longitude  is  most  affected  in  those  cases;  hence  it  ap- 
pears that  tliu  phenomena  of  aberration  do  not  arise  from 
•  the  annual  parallax, —  Sec  Notes  to  page  234,  If  a  piano 
be  conceived  to  pass  through  the  star  parallel  to  the  plane 
of  the  earth's  orbit,  and  if  a  line  be  drawn  from  the  star 
parallel  to  a  tangent  at  the  earthy  which  may  be  to  the 
stars'  distance  as  the  Telocity  of  the' earth  to  that  of  light, 
tha  star  will  always  uppwt  at  the  extremity  of  such  line, 
and  it  will  appear  to  trace  the  curve  described  by  the  ex- 
tremity of  thb  line,  but  as  this  line  is  44-1  to  the  velocity 
of  the  earth,  and  •/  to  the  perpendicular  let  fall  from 
empty  focus  on  a  tangent  to  the  earth's  orbit,  it  will  ap- 
pear to  describe  a  curve  similar  to  that  traced  by  the  in- 
tersection of  the  perpendicular  witli  tangent,  whicii  curve 
is  known  to  be  a  circle,  n  star  viewed  directly,  or  in  pole 
of  ecliptic,  will  describe  a  circle;  between  the  pole  and 
plane  of  ecliptic  it  describes  an  ellipse ;  and  when  in  plane 
of  ecliptic  it  describes  an  arc  of  a  circle  ;  the  true  place  of 
the  star  divides  the  diameter  of  the  circle^  as  the  diameter 
of  earth's  orbit  is  divided  by  the  sun.  As  the  axes  majores 
of  the  ellipses  whidi  the  stars  appear  to  describe  are  the 
same  for  them  all ;  the  veiodty  of  the  light  as  it  emanates 
from  them  must  be  the  same. 

If  X  be  the  longitude  <^-a  star,  /3  its  latitude,  O  the 
longitude  of  the  sun,  the  aberration  in  longitude  ia 

_  a.co8.(o— X)^  and  the  aberraUon  in  laUtude  =  a. 

COS.  p 

sin.  (Q  —  X).  sin.  j3 ;  the  aberration  in  right  ascension  s 
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NOTES. 


bm  COS.  (p  — X) — f.cos.  (p  +  X)         ,       .    .  , 

 is-  2  e  — i  9  tbc  aberration  lu  cU- 

cos*  o 

clination  =  sin,  h.  sin.  (\o— X) — r.  sin.  (f>-f  X) — 8".  cos. 
/i.  COS.  3  {see  Cagiioli,  1529  ;)  liencc  wc  see  that  the  aber- 
ration in  longitude  for  a  given  star  is  a  maximum  when 
0  — X  is  0,  or  180°»  ID  which  case  the  aberration  in  lati- 
tude vanishes,  -.-  cannot  arise  from  the  parallax  of  the 
annual  orb.  In  general  the  longitudes  increase  if  O  — X 
is  between  90^  and  270|  and  diminish  in  the  first  and  last 
quadrants ;  the  latitudes,  whether  northern  or  southem» 
diminish  or  increase  according  as  0 —  X  is  Z  or  >  than 
180.  The  greatest  difference  between  the  latitudes  of  a 
star  arising  from  aberialion  =  2a  sin.  /8,  ihe  L;rc;itest 
difference  of  longitude  =  2«.  sec.  \\  this  increases  to 
infmity  for  siars  situated  near  tlie  pole  oftlie  ecliptic. 

The  coefficient  of  aberration  might  be  deterntined,  a 
priori^  suppose  the  change  of  declination  in  a  star  existing 
in  t!ic  solstitial  colure  'produced  by  aberration,  be  ob- 
served; in  this  case  sin.  p  s  I,  cos.  ss  0,  0  =  0  at  the 
vernal  and  180  at  the  autumnal  equinox,  v  aberra- 
tion at  the  vernal  equinox  sBff«  dn*  (8— f),  and  at  the  au- 
tumnal, the  aberration  =  ^a.  sin.  {I — c),  v  the  entire 

difierenoe  D  s  tfa.  sin.  — c),  and  a  ss  — J^^c — r-  • 

^  2.  sm.  (6—0 

With  respect  to  the  coefficient  a,  as  the  motton  of  the  ray 
of  light  is  acceleraited  by  the  action  of  the  transparent  bo- 
dies»  namely,  the  atmosphere^  the  object  glass  of  the  tele-' 
scope  and  humours  of  the  eye,  which  it  must  traverse  before 
it  readies  the  retiui,  it  follows  that  the  value  of  a  is  not  the 
velocity  of  the  ray  when  it  enters  our  atmosphere,  but 
rather  the  velocity  of  the  ray  when  it  reaches  the  retina. 
However,  be  the  tjuantity  of  this  acceleration  ever  so 
great,  since  from  the  most  accurate  obseiMiiion  it  a})pears 
that  the  q\inntit\j  of  aberration  is  not  iiici  cascd  in  conse- 
quence of  the  increased  velocity  of  the  lay,  it  follows  that 
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these  bodies  roust  also  impart  to  light  a  velocity  in  the 
direction  of  the  earth's  motion  -H-l  to  the  increase  of  velo- 
city which  they  produce. — See  note  (6),  Chap.  IL  Book  I. 

The  motion  of  the  planet  about  the  earth  in  the  time  in 

which  light  comes  irom  tlit  planet  to  thecartii  is  the  wljole 
aberration ;  •/  if  1  :  r  represent  the  ratio  of  the  sun's  dis- 
tance from  the  earth  to  tfie  planet's  distance  from  earth,  we 
have  R',7".  r  for  the  time  light  takes  to  come  from  planet  to 
earth,  and  if  m  be  the  diurnal  motion  of  the  planet  we 

have  the  aberration  of  the  planet  s       7"-       .  for  the 

suD  the  ai>erration  is  nearly  constant,  in  order  to  get  the 
true  place  we  should  add  i(3^\  S5  to  the  place,  as  given  in 
the  tables. 

As  it  is  very  probable  that  our  planetary  sjrstem  has  a 
motion  in  space,  there  must  result  from  it  an  aberration 

in  the  fixed  stars,  which  depends  on  their  situation  with 
respect  to  llie  path  described  by  the  i,)steiij ;  however  as 
the  direction  of  this  translation,  and  also  its  velocity  are 
unknown,  the  aberration  wiiich  results  from  it  is  con- 
founded with  that  arising  from  the  proper  motions  of  the 
stars,  8o  that  the  coefficient  a  does  not  arise  solely  from  the 
velocity  of  light,  combined  with  the  motion  of  the  earth. 

Since  the  distances  and  magnitudes  of  all  the  bodies 
composing  the  planetaiy  system  are  determined  relatively 
to  the  distance  of  the  earth  from  the  sunt  it  is  of  the  last 
consequence  that  thb  base  should  be  determined  as  accu- 
rately as  possible;  this  is  the  reason  why  the  problem  of 
finding  the  distance  of  the  sun  from  the  earth  has  occu- 
pied so  much  of  the  attention  of  astronomers. 

Iftheaanuul  parallax  amouiited  to  6",  in  a  triangle  of 
which  the  vertix  is  the  angle  at  the  star  =  to  3",  and 
wliose  subtense  is  half  the  dianiclcr  of  the  earth's  orbit, 
the  distance  of  the  star  will  be  expressed  by  212,207,  the 
radius  of  the  earth's  orbit  being  unity  ;  and  as  the  radius 
is  24»,096  times  the  semidiameter  of  the  earthy  the  dis« 

1 1 
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lance  uf  the  btar  from  tlic  earth  =  511. 3339572  terrcB" 
trial  radii»  f.     more  than  five  trillions  of  leagues. 


CHAPTER  UL 


{a)  As  tlie  to}>  and  bottom  of  the  tower  arc  supposed  to 
describe,  during  the  fall,  similar  arcs,  and  as  the  body 
when  it  arrives  at  the  ground  is  as  thr  from  its  first  posi- 
tion, as  the  top  of  the  tower  is  from  its  first  position*  (If 
the  experiment  be  tupposed  to  be  instituted  at  the  equa- 
tor* and  in  a  vacuo)  we  have  from  similar  triangles^  diva- 
dendo^  the  deviation  to  the  east  =  to  the  height  of  the 
tower  mnltiplied  into  the  arc  described  by  the  bottom, 
and  divided  by  the  radius  of  the  equator,  but  as  the  earth 
revolves  uniformly,  the  arc  described  varies  as  the  time, 
t.  e,  as  the  square  root  of  the  height,  *.*  the  deviation  va« 

ries  as  h  x  //^ ,  i .     as     ,  in  any  latitude  ^  the  arc  de- 
scribed is  to  the  arc  described  at  the  equator  as  cos.  ^  :  1 
— Mechanique  CeleBte  Itvre  10,  chap.  5* 
(5)  See  Notes  to  Chapter  I. 

(c)  This  is  called  the  motion  of  translation ;  it  supposes 
that  each  element  of  the  earth  has  a  motion  s  and  pa- 
rallel to  that  of  the  centre,  nnd  consequently  that  the  re- 
sultant of  all  the  motions  is  equal  to  the  sum  of  the  mo- 
tions of  the  elements.  And  as  all  the  particles  or  elements 
are  equally  affected  by  this  motion  of  translation,  it  cnnnot 
affbcL  the  rotation  of  the  whole  about  ua  axis.  The  double 
motion  of  the  earth  may  result  from  one  sole  impulse.  The 
axis  of  the  earth^s  rotation  is  not  strictly  spealcing  always 
parallel  to  itself,  for  the  phenomena  of  precession  and  nu- 
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talion  arise  from  alow  motions  in  the  equator,  which  neces* 
aarily  implies  a  motion  in  the  axis.*— &e  Note  (d)  to  page 

(d)  On  the  supposition  that  the  earth  was  immoveable^ 
the  change  of  seasons  and  difihrent  lengths  of  days  were 
produced  by  the  sun,  ascending  or  descending  from  one 

tropic  to  anotliei  ;  on  the  hypothesis  of  the  earth  rcvolv- 
iiig  on  its  axis,  it  presents  itself  tn  the  sun  under  different 
aspects  in  difierent  parts  of  its  orbit;  in  both  cases,  tlie 
diiiercnt  lengths  of  tlie  day  and  of  the  seasons,  depend  on 
the  latitude  of  the  place  and  declination  of  either  the  sun 
or  earth ;  one  of  those  being  s:  and  of  a  contrary  deno* 
roination  with  the  ot!)er. 

(e)  The  orbits  being  supposed  to  be  circular,  or  the 
velocity  being  that  of  a  planet  at  its  mean  dbtance»  we 

have  -At-  =      >  but  p*  is  as  r\  •/  t;*  cc  — ,  or  v  co  --ii  • 
r  r  Vr 

{J)  Vov  in  this  cai>e  the  motion  being  directed  cither 
from  or  towards  the  earth,  it  is  evident  the  planet  will 
appear  reiallvely  to  tlie  earth  to  be  stationary. 

(g)  If  lines  be  supposed  to  be  drawn  from  difierent  points 
of  the  earth's  orbit  to  a  star  situated  in  the  pole  of  the 
ediptici  they  will  constitute  a  conical  surface,  of  which 
the  summit  is  thf  star,  and  the  base  the  orbit  of  the  earth, 
and  the  production  of  this  surface  beyond  the  summiCf 
will  form  another  cone  opposite  to  the  first,  the  interseo* 
tion  of  which  with  the  celestial  sphere  will  be  an  ellipse, 
in  the  circumference  of  which  the  star  will  always  appear 
diametrically  opposite  to  the  earth,  in  the  continuation  of  a 
ray  drawn  from  it  to  the  summit  of  the  cuiic,  this  circum- 
stance sufiiciently  distinguishes  the  effect  of  annual  paral- 
lax from  that  of  aberration,  which  affects  the  a})parent 
position  of  the  star  perpendicularly  to  the  radius  of  the 
earth's  orbit  and  not  in  its  direction ;  the  centre  of  the 
ellipse  is  the  true  place  of  the  star,  its  greater  axis  =  the 
imrallax,  and  the  minor  s  the  parallax  x  into  the  sine 
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sine  of  the  stars  latitude,  aiid  it  exisU  in  the  plane  of  a 
circle  of  latitude  passing  through  the  pole  ;  this  ellipie  ii 
therefore  different  rrom  that  which  is  described  in  conie- 
quence  of  aberratlpnj  however  though  the  twocaoies  act 
at  once,  it  would  not  be  difficult  to  proye  that  a  star  under 
the  influence  of  both  would  still  appear  to  describe  an 
lipse  about  iu  true  place. 

Let  €  =  rad.  of  the  earth^s  orbit»  h  the  distance  of  star 
from  plane  of  the  ecliptic;  Oftif  the  curate  distances  of 
the  star  from  the  s>un,  and  earth ;  /i,  j3',  the  heliocentric 
and  geocentric  latitudes  of  the  star,  o  the  distance  of  earth 
from  syzygiest  e  distance  of  star  from  sun;  tan.  /3  = 

^  =:  jw,  and  a' »  a* +c*  ^tae,  cos.  al ^,  let  -^sii,  -^^Jiy 

b  n 
then  tan,     =  --7  =  'a  (neclectinff  a* 

a'    Vi 4.21,.  cos.  ^  * 

which  is  inconsiderable)  ;«,(J  — n,  cos,  a),  •.-tan,  (/3 — 
nifi.  COS.  a  .      Q        _  m.n.  cos.  a 

l-i-wr.(l — M.  COS.  o)  l+m* 

cos.  a.  sin.  /3.  cos.  jS,  v  m  coc.  j3  s  ^ ,  and  jpsfi.  cos.  0» 

^  —  /3'  the  parallax  in  latitude  =  p.  cos.  a.  sin.  j3;  note 
^>  is  the  semidiameter  of  the  orbit  of  the  earth  as  seen 
from  the  star,  and  it  is  =  to  the  annual  parallax.  The 
tangent  of  the  angle  formed  by  lines  drawn  from  projec- 
tion of  star  on  the  plane  of  the  ecliptic  to  sun  and  earth, 


or  the  parallax  in  longitude 


c.  sin.  a 


a-^c.  COS.  a 


 P'      "  ,  f.    the  parallax  in  longitude  =  A'= 

COS.  p+p.  COS.  o 

p,  sin.  a.  sec.  /3.  very  nearly;  consequently,  X':  ^ — fi^ll 
tan.  a  :  sin.  /3.  cos.  fill  2  tan.  o  :  sin.  2/3,  hence  we  can 
determine  the  one  from  the  other ;  ^--jS'  vanishes  in  the 
quadratures*  1.  e.  when  a  a  s90  or  370;  it  is  a  maximum  in 
the  syzygies;  in  this  particular  it  diifi^rs  from  the  aberra- 
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lion;  its  maximum  being sin.  /3,  it  is  greatest  near  to 
the  pole  of  the  ecliptic,  /3 — /3,  is  positive,  or  tlie  apparent 
ladlude  is  lest  than  the  true  from  the  last  quadrature 
through  conjunction  to  the  firjit  quadrature  $  in  the  other 
half  of  the  orbit  it  b  negative^  or  the  apparent  latitude  is 
greater  than  tmc,  X'  vanishes  in  the  syzygies,  and  it  is  a 
mazimnm  and  =  p,  sec.  ^  in  the  quadratures^  it  */  in- 
creates  with  the  latitude^  and  from  ooijunction  to  oppo- 
sition it  u  positive^  or  the  apparent  latitude  is  greater 
than  true,  and  from  opposition  to  conjunction  it  is  less 
than  true;  the  apparent  latitude  in  opposition  —  m,{l  — n 
COS.  a),  and  la  a  niinimuiu  j  it  i:>  =:m.(l4-'<«  <t)  con* 
junction,  when  it  is  a  niaximum. 

If  A  be  the  difTerence  between  the  longitude  of  a 
star  in  the  90th  and  270th  degrees  of  distance  trom  con- 
junction, we  have  a  =  Sp,  sec.  fi^  \*  p  =  —  •  cos.  /3. ' 

If  j>  =  20"  =  a,  the  same  tables  would  serve  for  paral- 
lax and  abenration»  if  they  are  computed  for  the  aberra- 
tion it  is  only  necessary  to  add  90*  to  the  sun's  place. 


CHAPTER  IV. 

(a)  The  locus  of  a  planet  and  consequently  its  orbit» 
which  ii  compoaed  of  all  its  points,  is  determined  by  the 
magnitude  of  the  radius  vector  and  by  the  angle  which  it 
makes  with  some  Ibe  fixed  in  spacer  such  is  that  drawn  to 

the  first  point  of  Aries.  With  respect  to  the  direction  of  the 
radius  vector,  iliis  is  fuuiid  by  obsfrving  the  planet  in  op- 
position or  conjunction ;  for  in  tins  case,  on  account  of  the 
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irrationality  which  exiiU  between  the  period  of  the  earth 
mad  planeti  they  oecur  in  dilRsrent  points  of  the  orbiCy 
eoofleqiientlyy  we  can  by  means  of  oppositions  and  con- 
joBction%  find  all  the  pomts  of  the  orbit^  and  also  the 
epochi  when  the  planets  are  in  those  positions;  hence» 
may  be  obtained  the  law  which  exists  between  the  helio^ 
centrick  longitude  and  time,  from  which  may  be  derived 
the  u  lie  longitude;  and  as  the  jitincipal  inequalities  are 
destroyed  at  the  terminnlion  of  each  revolution,  this  law 
may  be  developed  in  a  series,  proceeding  according  to 
the  sines  of  angles  to  the  time  and  their  multiples; 
the  coefilcients  of  this  series  may  be  determined  by  obser- 
vations made  under  the  most  favourable  circumstances. 
-  (b)  See  Notes  to  page  12. 

(e)  In  order  to  determine  the  magnitude  of  the  radius 
vector^  the  observations  made  at  quadratures  are  the  most 
useful,  for  the  radius  being  then  perpendicular  to  the 
visible  ray,  it  appears  under  the  greatest  angle  $  and  as 
the  quadratures  occur  in  every  point  of  the  orbit,  the  law 
between  ihc  tiuic  and  radius  vector,  and  •/  between  this 
iasL  and  the  longitude  can  be  determined,  •/  the  orbit  can 
be  completely  constructed ;  in  case  of  an  inferior  planet, 
the  greatest  elongations  are  employed  in  place  of  the  qua- 
dratures to  determine  the  radii  vectores. 

{<i)  Let  i//  be  the  arc  described  about  the  8U0»  r  the 
distance  of  planet  from  sun*  then  the  angular  velocity 

ss       is  observed  to  be  equal  to  -A.  ,     f'*fi4'  —  twice  the 

sector  described  in  an  indefinitely  short  period  of  time 
s  A. 

To  completely  determine  the  orbit  of  a  planet,  1st,  the 
plane  in  which  it  moves — Sdly,  the  nature  of  the  curve 

described — 3dly,  the  position  of  this  curve  in  the  plane  of 

its  orbit,  aad  4thly,  the  law  according  to  which  llns  curve 
is  described,  must  be  determined  :  the  law  is  given  by  the 
appUcatiuu  of  Kepler'«  2d  law,  ilut  position  by  Uiat  of  iia 
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greater  axis;  the  species  of  the  curve  by  Kepier*t  Ist 
law;  the  particular  form  by  the  excentrieity,  the  nui^ni* 
tutU  of  the  8xi%  by  the  revolation  or  mean  notion — 
which  hut,  at  detertnined  by  a  cpmparison  of  ancieiit  aad 
modern  observations  is  the  best  Icnown  of  all  the  de- 
ments. 

(/)  The  period  may  be  foond  by  noting  the  time  be- 
tween two  returns  of  the  planet  to  the  same  node,  and 
this  interval  being  divided  by  the  iiuiiibci  of  revolutions, 
will  f^ive  the  period  with  respect  to  tlie  node;  but  as  this 
node  regrades,  the  period  thus  deduced  will  be  less  than 
the  true  period  ;  however  P  may  be  easily  computed  from 
knowing  the  quantity  of  regression  a,  for  if  n  be  the 
number  of  revolutions,  we  have  ft  360 — a  :S60::  observed 
time :  P.   The  period  may  be  also  found  from  the  for- 

mula  given  in  Notes,  page  323,  for  P  =   ^'^^  ;  (t  be- 

hig  the  time  between  two  conjanctions  and  oppositions). 
The  axis  miyor  or  mean  distance  can  be  determined  by 
means  of  Kepler's  third  law ;  the  earth's  orbit  and  period 
being  accurately  Icnown  already.   To  determine  the  ex* 

centricity,  let  the  heliocentric  positions  of  the  planet,  when 
the  equation  of  the  centre  is  observed  to  be  a  maximum, 
f.  ^.  when  the  planet  is  moviri<;  with  its  menn  angular 
velocity,  be  determined;  the  mean  places  of  tiie  planet 
at  these  epochs  can  be  determined,  and  they  always  lie 
between  the  perihelion  and  the  true  places ;  *.*  the  angle 
at  the  sun  formed  by  lines  drawn  to  the  true  places  are 
given  by  observation^  and  the  time  between  the  two  ob- 
servations gives  the  angle  at  the  snn  formed  by  lines 
drawn  to  the  mean  places  i  the  diffisrence  between  these 
angles  ss  twice  the  greatest  equation;  as  the  points  when 
the  true  and  mean  motions  are  the  same^  are  not  exactly 
known,  amon  <r  a  ^reat  number  of  observations,  those  two 
shouhi  l)e  .-.clcciud  which  give  the  dillcicuco  between  the 
preceding  ungleii  the  greatest  possible)  we  may  then  as- 
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Slime  their  difference  equal  to  twice  the  greatest  equation« 
as  near  to  t}ie  maximum,  this  variation  is  inconsiderable. 

The  excentricity  is  given,  from  tiie  greatest  equatioD^ 
by  means  of  the  series — {see  Notes  to  page  li.) 

e  =  X  A  LL  h}  —  — hK  Sec  e  represents  the  ex- 

^        768  98S040    '  *^ 

centricity ;  hzz—-^ — ^  g  expressing  the  greatest  equa- 
57*29578 

tion  of  centre. 

If  the  planet  be  observed  near  the  aphelion^  the  dif- 
ference between  angle  proportional  to  the  interval  from 

the  planets  being  in  the  point  where  the  equation  of  the 
ceniie  is  a  maximum,  to  the  lime  when  the  planet  is  in 
aphelion,  and  the  anrrle  between  axis  major  and  line 
drawn  to  this  point,  should  be  =r  to  the  greatest  equation, 
as  it  is  next  to  impossible  that  this  should  be  accurately 
the  case,  let  is  be  less  by  a  small  angle  c,  and  make  a 
second  observation  when  it  is  greater  by  an  angle  d  %  now 
as  the  longitudes  of  the  planet  when  observed  at  each 
side  of  the  aphelion^  and  •/  difference  e  are  known* 
and  also  t  the  interval  between  the  observatbns*  we 
have  when  the  angles  are  very  smallt  e  *\-€fi9iie  to  the 
angular  distance  of  the  first  assumed  point  which  it 
known,  from  the  aphelion,  we  have  also  q»p  :  c-^ifict;  i  : 
to  the  time  from  this  point  to  aphelion,  which  •/  deter- 
miiie>  its  epoch ;  '/we  can  obtain  the  iongitude  at  any 
epoch,  or  vice  versa. 

Let  L|  I  represent  the  heliocentric  longitudes  of  the 
BUR  and  node,  S  the  angle  at  the  sun  subtended  by  the 
earth  and  planet  i=  L — 1^  £  the  elongation  of  planet  ftom 
sun  =  difference  between  the  geocentric  longitudes  of  sun 
and  planet ;  then  r  the  planetfs  distance  from  sun :  R  the 
earth's  distance  sin.  £ ;  sui.  (S  +  £),  •/  r.  sin.  (S  +  £)  » 
R.  sin.  E;  f.  r,  sin.  (E  +  L— /)  =  R.  sin.  E;  let  £',  R', 
L',  be  the  values  of  E,  L,  K,  wlien  the  planet  returns 
again  to  the  node,  then  r.  sin.  (E'  i  )  =  R'.  sin.  E', 
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sin.  (E^  +     — /')  4-  sin.  (E  +  L— /) 
sin.  ( E'  +  L  —  <r )  —  sin.  (E  +  L  —  /) 

_  (R^  sin.  E^  +  R.  sin.  E) 
R'.  tin.  E'— R.  sin.  £   '  *  ' 

ton.|(E'— E  +  L'— L)  ft',  sin.fi'— R.  sin.  E' 

hence  as  R',  R,  E',  E,  L',  L,  can  be  determined,  w  e  c  an  find 
/  the  longitude  of  the  node ;  this  nietiiod  supposes  the  planet 
to  he  in  its  node,  if  not,  1<  :f  /3i  be  the  geocentric  latitudes 
ot  the  plaiicL  before  and  after  its  passage  through  the  node, 
/  the  interval  between  the  observations,  then  :  /3' :  / 

to  the  interval  between  the  first  observation  and  the  time 
when  tlie  planet  is  in  the  node ;  hence  we  can  find  E  and 
L  when  the  planet  is  in  the  node.  This  method  supposes 
also  Uiat  the  node  is  stationary,  which  is  not  the  case,  {see 
Chapter  III.  Vol.  II.)  However  a  determination  of  the 
node  in  this  manner  will  give  the  motion  of  the  node,  by 
means  of  which  /  can  be  determined  accurately;  the  indi* 
nation  i  U  easily  determined,  for  we  have  sin.  £  =  tan.  J3. 
cot.  f. 

riie  preceding  methods  not  being  rigorously  exact,  the 
elements  determined  by  means  of  them  will  be  found  to 
differ  somewhat  from  the  truth  j  their  valuer  sliould  be 
corrected  by  the  formation  of  equations  of  condition,  of 
witich  the  number  is  indeed  indeterminate  i  it  is  oniy  nc> 
cessary  to  have  as  many  of  them  as  there  are  unknown 
quantities  to  be  determined. 

(/)  On  tlie  secular  inequalities  «e«  Notes  to  Chapter  II. 
Vol  II. 

(g)  The  reader  is  likewise  referred  to  Chapter  II.  for 
an  explanation  of  the  variation  in  Jupiter's  and  Saturn's 
motions. 

An  inspection  of  the  axes  majores,  or  mean  distances  of 

the  ancient  planeU,  shews  that,  with  one  exception,  their 
distances  ai  e  embraced  in  the  formula  -f-  ,S.  2"~-,  (wbcin^ 
the  place  occupied  by  the  planet ;  comtueuciug  witli  niei'cu- 

K  K 
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r}%  however  a  blank  occurred  between  Mars  and  Jupiter; 
and  in  order  to  have  the  preceding  law  exaetf  a  planet 
sbottld  cxttt  at  the  distanee  where  the  fbor  new  onev  have 
been  obeerved.  The  circumstance  of  there  being  four  in- 
stead of  one'  planet  at  tbtt  distance,  does  not  militate 
against  the  preceding  law,-  as  from  some  circumstances 
connected  with  them  it  has  been  conjectured  that  these 
mjglit  originally  hnve  constituted  but  one  planet. — See 
Notes,  page  333,  and  Vol.  II.  Chapter  II. 

More  piii  ticiilarly,  the  caiiJ^e^  ^^  lllc■h  diiiturb  the  motions 
of  the  tour  new  planets  arise  tVoin  their  orbits  mutually 
intersecting  each  otlier,  from  tlieir  comparatively  great 
exceutricities,  and  from  the  proximity  of  Jupiter,  the 
greatest  of  all  planets* 


CHAPTER  V. 


(a)  Let  a,  6,  represent  the  major  and  minor  semiazea 
of  the  ellipse  A,  P  the  periodic  time^  s  the  sector  d^ 
scribed  in  any  time  /,  af^  ^»  A',  P,  /,  corresponding 
quantities  fiir  another  ellipse,  then  since  the  areas  are  ^r^l 

to  the  timet,  we  have  s  =        ,  and  s  :    II  -p>  : 


butA  =  «^,  A'=a'.6;  and  P  =^KaK  V  sis"-'* 


a', 


(b)  Let  X  be  the  perihelion  distance,  and  we  have  b*  =: 
jr.t2a  — *),  '.'s:$*  A  :       .  the  ellipse  A' 
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being  tappotcd  to  become  a  circle  of  which  the  nuL  ssjr  $ 
«  ^  /  : :  — « :  which  when  the-dlipie  A  be- 
oemee  a  parabola,  in  which  case,  x  vanishes  relatively  to 

rt!,  the  proportion  becomes  liiat  of  ^2  :  1  j  the  ratio  oi  ihe 
sector  de&cribed  by  the  fictitious  planet  to  the  synchron-^ 
ous  sector  described  by  the  earth  at  a  distance  from  the  sun 

equal  to     is  that  of  ^4r :      s  v  determine  for 

any  instant  whatever  the  area  traced  by  the  radios  vector 
of  the  comet,  commencing  with  the  instant  of  its  passage 
thfongh  the  perihelion* 

The-time  i  of  describing  a  sector  s  s  ^ 

— Kr>,  /I  being  the  parameter;  hence  it  appears  that  the 

times  in  diflerent  sectors,  are  as  the  sectors  described  di* 
vided  by  the  square  root  of  the  parameters. 
{c)  In  orbits  of  great  excentricity,  such  as  the  comets, 

the  ecniation  r  =  ,  may,  by  substituting  1 — u 

1  -\-e.  COS.  V 

for     be  made  to  assume  the  form 

 D  

cos.  *'^v.{\ tan.*iv.) 

being  the  perihelion  distanoe.)  For  as  cos.  *\v  -f-sin. 
\v  s  1,  and  as  cos*  v  si  cos.  *\o —  sin.  *|t^  we  have  r  s 

 a.g.(2 — <i)  

COS.  ^{v  +  sin.  ^\v-\'{i  —  a),  (cos.       —  sin.'fv) 

=:  by  concinnattag  and  dividing  by  (2 — a). 


o.a 


COS.  — ■ —    Sin.    \,  V, 
8— a 


,  and  as  D  =  a.{i  —  e) 


\aMp  we  V  obtain  r= 


 7-^.  V 
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expanding  this  expression  into  a  series  we  obtain  r  to  any 
degree  of  accuracy ;  if  «  vaaUiied  the  expression  would 

beoome  — ~ — ;  the  time  corresponding  fo  tKe  true 
coi^H" 

anomaly  in  an  orbit»  soch  at  the  preeeding^  may  be  like* 
wise  found*  for  as  »  =  3  tan.  |tt.(l — |.  tan*  'Iu+t*  taa. 

*fif,  &c.)  and  as  tan,  iu  ^  .  tan.  i»=  ^  ° 


a 


tan*,  (to^  tiy  substituting  we  obtain  u      ^   *  »>  tan*  {tKr 

^2 — a 

sin,       ^^***f       tan. iri.(  I  —  tan. ' A»-ftan.  ^}«i&e.> 
1+tan.  *ifi 

f.  sin^ti  s  lan.  — 

+ tan.       Stc.y  •/  in  tbe  equation  nt  s  « —  r. 


sin.  the  substitution  of  these  values  of  u  and  of  e,  sin.  t< 
will  give  <  in  a  very  converging  series^  in  a  function  of  the 

anomaly  v,  und  =  — ,  tan.  iv.  (l  -f  il^^l.  tan.  — 
'  n  \       3 — • 

^  a.  tan.  -^Ip-f       L  winch  when  «  =  o,  —  .  tan.) 

— «)  /  n 

|v+ ».  tan.  ^ir.) 

If  p  =  90,  then  tan.         j-.  tan.       =  I »  atid  ^'  the 

time  corresponding  to  this  anomaly  =       =  lO^^,  615iy 

•(.ft 

when  D=I ;  •/  a  comet,  of  which  the  perihelion  distance  = 
\»  dl  describe  in  this  time  a  sector  of  which  the  anomaly 
u  90,  7.  e,  it  will  reach  the  parameter  in  that  timet  V  fo^ 
any  other  anomaly  we  can  obtain  the  eorresponiiing 
time  i  the  determination  of  the  anomaly  from  knowing  the 
time  is  more  diiBcult  than  the  reverse  problem,  for  viBttst 
be  determined  by  an  equation  of  the  third  degree. 
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Note«*-Thi8  Is  called  the  comet  of  109  days»  and  for 

any  time/'  we  have  tan*  tan.  Ui;  =s  1  , and 

J  i"^  J       27,40885  * 

for  that  of  which  the  perihelion  distance  =  .r,  tan*  ^  -|-S. 

tan.  ^^v  =  —  i  hence,  if  the  comets  move  in  pa- 

27,40385** 

rabolaa,  their  anomalies  depend  only  on  their  perihelion 
dlitance. 

The  formoU  for  delemuiing  the  time  of  deicribing  ani/ 
arc  intercepted  between  the  radii  ▼eetoria  r,      is  T  se 

((r+r'+i:)^=i=(r +  ?^— c)*).— Celestial  Mecha- 

sics,  Book  11.  Chapter  IV. 

(c)  In  conset|uence  of  the  smalloesa  of  the  diaiueter  of  a 
comet,  and  the  fasbleness  of  its  liglit,  it  does  not  become 
visible  until  it  approaclie^  very  near  to  the  sun,  io  that 
tlie  greater  number  of  comets  whicti  have  been  observed, 
appear  nearer  than  Mercury,  shortly  after  tlieir  distances 
become  so  great  that  they  cease  to  be  seen  ;  */  their  orbits 
are  extremely  excentric  ellipses,  in  which  particular  they 
di0er  from  the  planetary  orbits,  and  likewise  in  the  dr* 
cumstance  tliat  they  are  inclined  at  every  species  of  angle 
to  the  ediptif^  from  which  it  follows,  that  their  motbns 
are  sometimes  retrograde;  though  they  receive  their  light 
from  the  sun,  their  disk  is  not  so  accnraCely  terminated 
as  the  planetary  disk^,  nor  are  there  any  apparent  phases; 
indeed  the  side  averted  from  the  sun  appears  to  be  lumin- 
ous likewibc. 

The  great  inclination  to  the  ecliptic  is  not  a  distinguish- 
ing property  of  cometf,  neither  is  the  feeblenessof  their  light 
or  the  smallness  of  their  masses,  as  in  all  these  particulare 
they  do  not  differ  from  the  planets  recently  discovered. 

The  method  of  determining  tlie  elements  of  the  pla- 
netary orbits  is  not  applicable  to  comets  which  are  visible 
only  in  a  small  portion  of  its  orbita;  %•  the  roost  impor- 
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uint  eletnenti,  namely,  the  mean  diitance  and  the  mear 
motion  cannot  be  thus  determined^  it  is  neceasary,  in 
order  to  obtain  them,  to  avail  ouraelTes  of  Kepler^s  lawa* 
In  the  methods  made  use  of  for  determining  the  plane- 

tary  orbits,  it  is  assumed  that  the  planet  has  been  ob- 
served  more  than  once  la  the  buuie  point  of  its  orbit,  from 
which  ihc  periodic  term  and  distance  from  the  sun  can  be 
determined.  The  sun  being  assumed  to  be  in  the  focus 
of  the  ellipse  or  parabola,  which  the  comet  is  supp(^ed  to 
describe,  if  the  comet  be  observed  in  three  different  posi- 
tions from  three  cone^nding  points  of  the  earth,  in  the 
triangle  formed  by  lines  joining  the  sun,  eaxth,  and  comet; 
we  only  know  the  angle  of  elongation  at  the  earth,  and 
the  distance  of  the  earth  from  the  sun,  which  is  net 
enough  i  however,  in  the  two  triangles  formed  by  lines 
drawn  firom  the  son  to  the  observed  places  of  the  comet, 
we  have  not  only  the  ratio  of  their  areas  from  knowing 
the  times  between  the  respective  observations,  but  also 
the  areas  themselves,  the  conic  section  described  bein^ 
supposed  to  be  known,  and  by  corabiniu<{  these  data  we  can 
determine  the  orbit. 

In  this  determination  an  indirect  method  is  generally 
employed  as  less  complicated,  and  as  more  exact  than  the 
direct  determination  of  the  elements,  on  account  of  the 
errors  of  observation.  In  ibis  way  two  of  the  unknown 
quantities  are  assumed  arbitrarily,  by  combining  them 
so  as  to  satisfy  one  of  the  observations,  with  those  ele- 
ments, the  other  observations  are  calculated  hypotheti- 
cally,  and  then  a  comparison  of  the  computation  with  the 
observations  will  indicate  the  correction  required  for  the 
elements.  Now,  as  the  great  excentricity  of  the  orbit 
justifies  us  in  assuming  that  tiie  orbit  is  q.  p.  pnrnbolic ; 
there  is  also  this  peculiar  advantage  in  assuming  them  to 
be  such,  namely,  that  the  ::nality  of  the  areas  to  the 
tunes  is  reduced  to  the  quadrature  of  the  curve,  which,  in 
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the  case  of  the  parabola  is  extremelj  simple ;  besides  as 
all  parabolas  are  similar  curves,  we  cao  compute  a  general 
table  for  all  orbiu. 

•  Several  indirect  methods  have  been  proposed  for  de- 
termining  the  comelary  orbits  on  the  parabolic  kjrpoth^ 
aii»  aod  tbey  only  difler  from  each  other  in  the  clemento 
which  are  auppoied  to  be  known.  The  following  it  « 
brief  outline  of  the  method  which  mppoees  the  angle  at 
the  tun  to  be  known. 

By  a  comparison  of  two  geocentrick  positions  reduced 
to  the  ecliptic,  and  by  iissuming  the  con  tspoiuling  an<^les 
of  comaiutalioii  arbitrarily,  we  can  compute  by  means  of 
i/u'se  angles,  and  of  the  given  elongations  and  distances  of 
the  earth  from  the  sun  at  the  times  of  the  two  obseiva* 
tions,  the  curtate  distances  of  the  comet  from  sun  at  th^ 
timet)  and  alto  the  heliocentric  movement  on  the  ecliptic^ 
or  the  angle  contained  between  these  dittances ;  from 
knowing  the  anglet  at  the  earth  and  tun,  and  alto  the 
geocentric  latitndet,  we  can  determine  the  heliocentric 
Jatitudeti  and  alto  the  true  dittanoet  of  comet  from  tun  at 
the  times  of  obtermtion.  With  the  heliocentric  latitudei 
and  longitudes  we  can  determine  the  inclinatkm,  the  pori* 
tion  of  the  node,  and  the  longitudes  on  the  orbit ;  v  have 
two  radii  vectores,  and  the  angle  coiitaii^d  between  them  . 
hence  we  can  determine  from  the  nature  ot  the  parabola,  the 
perihelion  distance,  the  longitude  of  the  perihelion,  the 
area  of  the  sector  contained  between  the  radii,  the  time 
employed  in  moving  from  perihelion  to  the  observed 
plaoeSf  from  which  we  can  determine  the  instant  of  the 
passage  through  the  perihelion ;  if  the  time  compaied  Ibr 
patting  from  one  observed  poshion  to  the  other»  does 
not  agree  with  the  time  elapsed  between  the  two  ob» 
ter«atiotts»  the  attmed  anglet  of  eommutetkm  do  net 
take  place  simukaneoosly  ;  -/  one  should  be  changed  until 
the  computed  time  agrees  with  the  observed^  the  other 
remaining  the  same;  now  all  the  elements  of  tlte  orbit 
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being  determined,  we  can  calculate  lor  the  lime  ol'  the 
third  observation,  llie  true  anomaly  conformably  to  the 
parabolic  hypothesis,  and  consequently  the  longitude  on 
the  orbit  and  the  distance  from  the  sun  at  this  time,  then 
from  knowing  the  position  of  the  node,  and  the  inclinatioiiy 
the  heliocentric  longitude  and  latitude,  and  alM  the  cttf" 
tale  distance  of  the  thiid  point  from  the  inn  wMy  be  de- 
termined i  the  longitude  of  this  point  and  of  the  earth  at 
tlie  time  of  the  third  observation,  will  make  known  the 
angle  of  commutetlon  at  this  time.  Knowing  this  angle, 
and  the  distances  of  the  earth  and  comet  from  the  sun, 
can  compute  the  angle  of  elongation,  wliicli  ought  to  be 
equal  to  the  observed  angle ;  likewise  the  first  nn<Tle  of 
commutation  is  also  erroneous,  •/  by  assignin!^  another  va- 
lue to  it,  the  second  commutation  will  be  ciiang^d  until 
the  first  and  second  observations  agree  with  the  com* 
putation;  we  should  operate  on  the  third  observation 
in  the  preceding  manner,  and  if  it  does  not  agree  with 
the  compntation,  the  first  angle  of  commutation  should  be 
again  changed.  After  thus  making  two  hypotheses  fbr  the 
first  angle  of  commutation,  their  errors  will  indicate  by  the 
method  of  interpolations  the  correction  to  be  applied  to 
this  angle,  in  order  that  the  hypothesis  should  satisfy 
the  three  obtervadons.  With  those  elements  we  can  re- 
duce any  observation  to  its  heliocentric  position,  from 
which  it  is  easy  to  calculate  with  the  true  anomaly  the 
time  of  any  observation,  which  enables  us  to  verifv  the 
elements  by  all  the  observations  which  have  been  made, 
and  to  correct  them  by  takin^j  the  mean. 

The  element  which  in  the  case  of  the  planets  is  the  first 
and  easiest  to  be  determined,  namely,  the  periodic  time, 
is  in  the  CAse  of  the  comets  the  last  and  most  difficulty 
and  cannot  be  fimnd  except  by  a  computadon  on  the  hy- 
pothesis that  the  orbit  is  elliptical.-'^  Celestial  Me- 
chanics, Book  II.  Chapter  IV.  and  Delambr^  tom»  III. 
Chapter  XXXIIL 
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If,  as  stated  in  l^age  197,  the  elements  of  a  comet 
nearly  agree  with  those  of  a  comet  formeriy  observed,  we 
can  apply  the  calcuhis  of  proiiabUidefi  to  determine  to 
what  degree  of  probability  we  can  be  sure  that  they  are 
exactly  the  lame. 

(d)  The  heat  of  the  sun  ii  at  the  density  of  hit  my% 
f •  e.  inversely  at  the  tquare  of  the  distance ;  now  the  heat 
of  boiling  water  is  three  timet  greater  than  that  produced 
by  the  action  of  the  tun  in  summer  on  the  earth ;  and 
iron  lieatcd  to  a  red  heat  is  fbor  timet  greater  than  that 
of  boiling  water,  Llicreiurc  the  heat  which  a  body  of  the 
same  density  as  our  eariii  would  acquire  at  the  periiielion 
distance  of  the  comet,  is  at  least  2000  times  greater  than 
that  of  iron  heated  to  a  red  heat ;  and  it  is  quite  evident 
that  with  such  a  heat,  all  vaporous  exhalations,  and  in 
&ct  every  species  of  volatile  matter  ought  immediately  to 
be  dissipated ;  the  preceding  it  Newton's  estimation,  see 
FHndp.  Math.  Book  III.  page  509 ;  he  assumes  that  the 
comets  are  compact  solid  substances  lilce  the  planets;  this 
he  infers  from  their  passing  so  near  to  the  sun  in  their 
perihelion  without  being  ditsipated  into  space* 

Heat  expttids  all  bodies^  but  s  additions  of  caloric  do 
not  produce  equal  increments  of  magnitude^  for  as  it  acts 
by  diminishing  the  cohesive  tendency,  the  greater  that 
tendency  the  less  will  be  its  effect;  on  the  contrary,  in 
the  case  of  gases,  as  no  such  tendency  exists  —  incre- 
ments of  heat  must  nece^isaiily  jjioduce  equal  augmenta- 
tions ofbulk.  In  general,  when  the  density  of  bodies  is 
increased  they  must  j:^ivc  out  caloric.  The  (juanlity  f5i\en 
out  by  water  when  freezing  is  140%  its  capacity  is  by  this 
increaied  one-ninth;  from  this  it  has  been  inferred,  thajt 
the  xero  of  temperature  is  1260  degrees  below  the 
freezing  point ;  but  there  are  great  discrepancies  in  the 
results  from  diderent  liquids. 

The  latent  heat  of  the  vapours  of  fluids,  though  Wtr 
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slant  for  vapour  of  ihe  same  kind  and  of  a  given  elasticity, 
still  varies  in  different  vapours ;  tlius,  according  to  a  re- 
cent investigation,  tbe  vapour  of  water  at  its  boiling  point 
=  967**.  However,  though  this  heat  is  difTerent  in  dif- 
ferent fluids,  still  the  point  at  which  all  solid  bodies,  and 
all  those  hquids  which  are  susceptible  of  ignition,  i.  e.  of 
becoming  heated  so  as  to  be  luminous  per  se^  is  nearly  tlie 
same  fw  all)  and  about  840**  of  Fahrenheit. 

In  permanently  elastic  fluids^  tbe  caloric  is  beld  so 
forcibly  that  no  dimination  of  temperature  can  separate  it 
fromtbem* 

The  comet  of  1770  is  tbe  only  one  wbicb  cannot  be 
computed  on  tbe  bypothesis  tbat  it  moves  in  a  para- 
bola.—Vol.  IL  Cb^  IV.  Notes. 

.  The  nebulosity  which  environs  the  comet  is  its  atmot* 
|)here,  which  extends  iailhcr  Lhan  um-  atmosphere;  it 
increases  according  as  it  approaches  the  sun.  The  parts 
which  are  volatilized  become  so  very  light,  that  the  at-* 
traction  of  the  comet  on  them  is  nearly  insensible,  so  that 
4bey  yield  without  difficulty  to  the  impulsion  of  the  solar 
lays;  the  orbit  described  by  each  particle  must  be  an 
hyperbola,  for  previously  to  the  impulsion,  as  it  described 
a  parabola*  its  velocity  is  to  tbe  velocity  in  a  circle  at  the 
eome  distance  as  U  mid  the  impulsion  of  the 

solar  rays  increasmg  this  velticity,  it  will  be  to  the  ve- 
locity in  a  circle  in  a  greater  ratio  than  that  of  v'g  ;  |^  i| 
must  con  frequently  describe  an  hyperbola. 

The  tail  is  generally  behind  tiie  comet ;  this  is  the  cause 
of  the  curvature  which  has  been  observed  in  it,  and  also 
of  the  d^ection  towards  that  part  from  which  the  comet 
is  moviri'^. 

It  has  been  supposed  that  the  loss  sustained  by  the 
evaporation  near  the  perihelion  may  be  repaired  by  new 
substances  which  it  meets  with  in  ite  route. — See  Chapter 
VL  Book  V.  Vol.  IL  Notes. 
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CHAPTER  VL 


The  elements  of  the  orbits  of  the  satcllues  in  the  order 
in  which  they  are  derived,  the  one  from  the  other,  are  the 
periodic  time,  or  mean  motion,  the  distance  from  tlie 
primary,  the  iuequalities  and  true  motioU)  the  inciinatioOy 
and  nodes,  and  magnitude. 

In  determining  the  period  from  the  interval  between 
two  ooniecutive  conjunctions^  we  obtain  it  at  affected  by 
all  the  inequalities  in*  the  motions  of  the  satellites;  but 
when  it  Is  obtained  from  two  conjunctions,  separated  by  a 
considerable  internal  from  each  other,  these  inequalities 
are  in  a  great  measure  compensated.  Observations  with 
the  micrometer  give,  as  was  stated  in  page  96,  the  angia 
which  the  radius  of  the  orbit  subtends  at  the  earth,  it 
must  change  with  die  diatance  of  Jupiter  from  the  earth  ; 
but  as  the  aj)parent  diameter  of  Jupiter  varies  in  the 
same  ratio,  it  is  only  nec  essary  to  measure  this  dianieter 
at  the  same  time,  in  order  to  have  (he  diameter  of  the 
orbit  relatively  to  that  of  Jupiter ;  and  as  a  coniparison  of 
these  diameters  at  different  times  gives  this  ratio  always 
the  same,  it  follows  that  the  orbit  is  q.  p.  circular.  The 
distances  of  the  satellites  might  also  be  inferred  from  the 
greatest  durations  of  the  eclipses,  and  vice  vena.  Some 
of  the  observed  inequalities  are  only  apparent,  others  are 
real ;  if  there  is  a  difference  in  the  periodie  revolutions  of 
the  satellites,  it  must  arise  from  a  real  inequality  in  the 
motion  of  the  satellite  i  but  as  the  synodic  revolution 
depends  on  the  motion  of  Jupiter,  there  may  be  a  difier- 
ence  in  the  observed  synodic  revolutions,  without  there 
being  any  inequality  in  the  satellite  from  which  it  may 
have  originated.    Whcu  the  computed  time  of  an  eclipse 
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it  corrected  fur  the  inctiualities  in  the  motioD  of  Jupiter, 
and  alio  for  ihe  velocity  of  light,  &c.,  then  a  coniparUon 
of  this  time,  with  that  furnished  by  observation*  will  enable 
us  to  discover  the  real  faiequalities. 

The  cause  of  the  deviations  from  mean  motion  arise 
fitber  from  the  excentridty  of  the  orbits»  or  from  the 
disturbing  action  of  Jupiter  oombined  with  that  of  the 
sun  :  the  disturbing  action  of  the  satellites  on  each  other 
depcuils  on  their  relative  positions  j  its  period  therefore 
will  be  the  lime  at  tlic  etitl  ol  vvliich  the  salelliles  return 
to  the  same  relative  position,  with  respect  to  the  sun ;  and 
as  ihe  eclipses  are  the  most  important  observations,  and 
those  Diost  commonly  made,  it  is  therefore  the  period  in 
xrblch  each  satellite  makes  a  complete  number  of  revolu* 
liom;  but  a  comparison  of  the  values  given  in  page 
shews  that  the  shortest  period  which  satisfies  these  condi* 
tiotts  for  the  ikree  first  satellites  is  437  days.   This  period 
is  less  exact  with  respect  to  the  fourth  satellite  as  it  i^r- 
Ibrms  in  4S5  days  96  revolutions  $  however  as  its  actions 
are  less  than  that  of  the  other  satdUtes*  on  account  both 
of  its  greater  distance  and  smaller  mass^  and  as  the  diflfer- 
ence  does  not  exceed  one  day  and  a  half,  it  is  assumed 
that  even  with  respect  to  it,  the  period  is  4S7  days.  As- 
tronomers made  use  of  this  period  to  form  cnijiiricnl  equa- 
tions, for  which  those  roiinded  on  the  theory  of  universal 
gravitation  have  been  suhbtituted.    Their  arguments  ore 
composed  of  the  posilioji  of  each  satellite  wiih  res])ect  to 
the  others,  the  apsides  of  the  third  and  fourtb»  and  the 
nodes  of  their  orbits. 

The  orbits  are  unquestionably  elliptic,  however  the  el- 
lipticity  of  the  two  first  satellites  cannot  be  observed.  The 
ecUpses  will  be  observed  sooner  when  the  planet  is  in  its 
perijove,  and  later  in  the  apogove^  than  the  computed 
time,  which  will  enable  us  to  determine  the  position  of  the 
apsides.  If  there  was  no  penumbra,  and  if  the  diameter 
of  the  satellite  was  insensible*  the  duration  of  the  com* 
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puted  and  obierTcd  eclipsM  would  be  the  sonnet  iMttae 
these  causes  a£feet  the  observed  time  of  oomnencemeiity 
it  is  evident  that  it  depends  on  the  eye  of  the  speotator, 
and  also  on  the  goodness  of  the  telescope. 

The  tables  are  so  constructed  as  to  give  the  eclipses  in 
the  mean  state  of  the  atmosphere,  iueiiii  power  of  the  teles- 
cope, and  mcnn  accuracy  of  vision  j  besides  whuL  is  men- 
tioned in  page  155,  tlie  proximity  of  the  star  to  the  horizon, 
its  proximity  to  Jupiter,  or  Jupiter's  too  great  proximity  to 
the  sun ;  all,  or  any  of  these  circiunstances  affect  the  ob- 
servations. In  order  that  the  results  given  by  stationaiy 
observers  should  agree  with  those  given  by  voyagers,  wa 
should  employ  only  telescopes  of  a  owdium  nu^oifyisg. 
power. 

At  ibeeztreme  distance  from  the  node  at  which  an  eclipse 
can  happen*  the  duration  of  an  eclipse  is  the  least  posst- 
ble*  and  would  be  always  the  same  if  the  inclination  was 
constant;  but  as  this  duration  is  variable^  for  the  lst»  Sd» 
and  Sd  satellites  particularly,  it  follows  that  the  Inclina- 
tion is  likewise  variable* 

The  position  of  the  node  will  be  given  from  knowing 
the  duration  of  (he  longest  eclipse  ;  the  shortest  observed, 
eclipses  are  at  the  limit,  and  w  ill  give  the  inclination  ; 
knowing  the  position  of  the  node  and  inclination  we  can 
compute  antecedently  the  duration  of  any  eclipse. 

Calling  M,  M',  M the  mean  motions  of  the  three  first 
satellites,  and  /,  1",  their  mean  longitudes;  we  have 
alsoM+2M''=sM',  and/+2/"==a^'+ ISO*";  these  equa- 
tions are  so  exact,  that  the  deviations  from  them,  which 
are  observed,  must  arise  from  errors  of  observations,  or 
from  the  small  oscillations  which  they  make  about  these 
mean  values,  see  YoL  II.  Chap.  V. 

It  follows  from  ihi%  that  these  three  satellites  cannot  be 
simultaneously  eclipsed,  for  then  we  would  havelsslfslf; 
or  1+2^=3^9  which,  in  consequence  of  the  second  equa* 
tion,  is  impoMible  i  and  it  appears  from  the  first  equation, 
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that  if  the  first    true  once,  it  will  be  always  $o;  it  like- 
wise foliowa,  that  the  real  inequalities  of  those  three  sa- 
tellites must  have  precisely  the  same  hiws  and  periods. 
^  The  method  alluded  to  in  page  828  would  evidently 
give  a  diameter,  as  seen  from  Jupiter,  smaller  than  the 
actual  magnitude.   It  has  been  suggested,  that  if  in  geo- 
centric  conjunctions  of  the  satellites  with  Jupiter,  the  in- 
stants of  interior  and  exterior  contact  with  Jupiter  were 
observed  at  immersion  and  emersion,  we  would  have  the 
time  which  tlie  phinet  takes  to  describe  a  chord  equal  to 
its  diameter;  this  will  ^ive  the  ratio  of  the  diameter  of  the 
satellite  to  that  of  Jupiter,  if  that  observation  in  which 
the  ratio  of  the  duration  of  the  passage  to  that  of  the 
immersion  is  the  greatest  possibly  be  observed. 
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CHAPTER  L 


(a)  That  which  admits  of  the  introduclion  of  a  finite 
body  has  been  called  space;  it  is  said  to  be  pure  if  it  be 
totally  devoid  of  matter.    Whether  there  be  such  a  thing 
as  any  space  absolutely  pure  has  been  disputed,  but  that 
such  n  space  is  possible,  admits  of  no  dispute;  for  if  any 
body  be  aunihilated,  and  all  surrounding  bodies  kept 
frcHii  rushing  into  the  space  which  this  body  occupied* 
that  portion  of  spacer,  with  respect  to  matter,  would  be 
pore  space.   Pure  space  is  therefore  conceivable,  and  it  is 
conceived  as  having  lengtbi  breadthi  and  depth.  lothe 
notion  of  motion^  as  announced  in  the  text,  the  author 
aisames]  that  there  would  be  notion  even  though  all  the 
other  bodies  in  the  converse  were  annihilated,  but  this 
position  is  not  acceded  to  by  all  philosophers*  Berkeley, 
for  instance^  thought  that  all  motion  was  relative ;  how- 
ever, though  with  respect  to  the  origin  of  our  ideas  of  mo- 
tion, his  accoLitU  is  unanswerable;  neverdiclcss  It  must  be 
admitted,  that  a  body  might  spontaneously  produce  motion 
in  itself;  still  we  may  venture  to  affirm  with  him,  that  as  long 
as  the  body  would  remain  in  absolute  solitude  it  would  not 
acquire  the  idea  of  motion  i  but  if  other  iiodies  lie 
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called  into  exislence,  while  the  body  is  under  the  influ* 
ence  of  its  own  spontaneous  energy,  it  certainly  would 
then  acquire  the  idea  of  motion,  from  perceiving  its 
change  of  place  with  respect  to  those  bodies;  but  as  this 
cmttoii  of  bodies  at  a  distance  eould  produce  no  real 
alteration  in  the  condition  of  a  body  which  existed  before 
thetOt  if  the  body  ntm  perceiTes  itself  to  be  moving,  we 
may  conclude  thot  it  was  moving  previously  to  the  ex* 
istence  of  those  bodies^  and  that  its  motion  was  ahsobUe. 

(6)  All  eases  of  the  equilibrium  of  forces  acting  on  a 
material  point,  may  ultimately  be  reduced  Lo  diuL  of  two 
equal  and  opposite  forces,  as  when  any  number  of  forces 
actinir  on  the  same  point  constitute  an  equilibrium,  all  of 
them  but  one  may  be  reduced  to  a  force  equal  and  con- 
trary to  this  one,  s$o  that  these  forces  are  always  as  the 
sides  of  a  polygon,  having  the  same  number  cf  sides 
drawn  parallel  to  their  directions.  (Nott^  the  sides  of  the 
polygon  are  not  necessarily  in  the  same  plane.) 

If  three  forees  acthig  on  a  material  point  oooilitiite  an 
equilibriamt  they  must  exist  in  the  $ame  plane  i  four 
forces  acting  in  different  planes  constitute  an  equilibri- 
nm,  when  they  are  as  the  three  sides  and  diagonal  of  a 
parallelopiped  respectively  parallel  to  their  directions.  If 
two  equal  and  parallel  Ibices  act  in  opposite  directions, 
an  equilibrium  between  them  cannot  be  effected  by  the 
introduction  of  any  third  force. 

(r)  It  is  evident  from  tliis,  that  in  the  composition  of 
forces,  force  is  expended — in  tiie  resolution  force  is  gained. 
The  two  given  forces  into  wliich  the  given  one  is  resolved 
are  reciprooally  as  perpendiculars  from  the  given  force  on 
the  direetions  'of  its  components.  The  less  the  angle 
made  by  the  components,  the  greater  will  be  the  resultant^ 
therefore  it  is  a  maximum  when  this  angle  =  0,  t.  when 
the  components  are  parallel  %  in  this  case  it  is  easy  to 
prove  that  the  resnkant  =  the  eum  of  the  components^ 
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and  that  Its  point  of  appUcation  divides  the  line  connect* 
ing  them  inversely  as  the  forces* 

(d)  Any  force  being  resolved  into  three  others,  at  right  an- 
gles to  each  other*  as  stated  in  page  825»  the  line  represent- 
ing it  will  be  the  diagonal  of  a  rectangular  parallelopiped, 
of  which  the  composing  forces  represent  the  sides,  *.* 
A,  B,C,  i  t  jn  eseiiting  the  composing;  forces,  A*-f-U  -f  C* 
will  represent  the  resultant  or  diagonal ,  atid 

A  B  C   _ 

the  cosii^t-s  of  the  ;in^Ics  whicb  a,  B»  C  respectively  make 
with  ^A*  +  H*  +  C*  it  is  also  evident  that  the  sum  of 
their  squares  =  1 ;  if  A'»  B',  Of  be  the  components  of  a 
second  force  parallel  to  the  same  rectangular  coordinates* 

the  coordinates  of  the  resultant  of  ^  A* +  i5*-t-C*  —  S, 

and  of  Va'^H- 1?M^^  =  ^  »  are  A  + A',  B  +  B*,  C+C, 
respectively,  therefore  as  these  are  the  coordinates  of  the 
diagonal  of  a  parallelogram  whose  sides  =  ^  A*+B«+C* 
^A'*+B'»+C'*,  this  diagonal  roust  be  the  resultant  of 
the  given  forces  S,  S',  and  if  the  angle  between  their  direo- 
tions=:  A,  we  have  S*  +  S'»— « S.S'.  cos.  cos. «— S' 

cos,  by  +(S.  cos.  a'— S',  cos.  +(S.  cos.  a"— S'. cos.  V'Y 
—  S*  -H  S'* — 2SS'.  (cos.  a.  cos.  ^  +  cos.  a',  cos.  i'+coi.  a" 
cos.  h%  therefore  cos.  A  =  cos.  a.  cos.  b  4-  cos.  a',  cos.  b' 
-f-cos.  a",  cos.  6". 

Note  a,  a ,  a",  b^  b\  b'\  are  the  angles  made  by  S,  S' 
'  with  the  rectangular  coordinates.  The  value  of  cos. 
A  =  0,  when  S,  S'  are  at  right  angles  to  each  other;  as 
A+A',  B+B',  C+C,  are  the  coordinates  of  the  re- 
sultant of  S  and  S/,  A+A'+A%  B-^B'+B",  C+C -f  C  ", 
are  the  coordinates  of  tHe  resultant  of  S",  and  this 
last  resultant,  v  V  will  be  as  stated  in  the  text,  the  dia- 
gonal of  a  parallelopiped,  whose  sides  are  A+A'-h 
A"+  &c.;  B4-B'+B''+  &c.,  C+C'+C'&c;  V'  = 
(Ai  A'+A''+        -r(B+B'+B"&c.)  ^4-(C+C'+C" 

M  M 
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+  &c.)  ^  and  if  m  II  jp  be  the  angles  which  V  makes  with 

the  axes,  we  have  cos.  m  =  ^  cos.  it  = 

 y  >   cos.|>  ss  »  V  we 

baTe  both  the  quantity  and  direction  of  the  resultant 

The  cooiduiates  of  the  origin  of  the  force  S  bci  sup- 
posed to  be  A  B  G,  if  »  be  the  coordinates  of  its  point 
of  application  to  the  given  poiiu,  tlie  distance  of  the  point 
of  application  from  the  origin,  =  5  = 

^(illA)       (J(— B)      (a— Cy  *  •/  the  force  resolved 

parallel  to  the  coordinates  s  S  g(.y— B)  g^(»— C) 

S.  ^  respectively,  in  like  manner  for  a  second  or  third 

force  S'.  S",  S'.^  S'.K  or  S."  ^,  S." ^ &c are lU 

OX      ^  or  ^ 

forces  S'  S,"  parallel  to  x^j/  &c.  •/  S.  S.  ^  is  the  sura  of 

all  the  forces  S  S'  S'',  resolved  parallel  to  xj  now  if  u 
be  the  distance  of  V  the  resultant  of  all  the  forces  S,  S',  S 

&c.  from  tlie  given  point,  V  ^  will  express  the  resultant 

resolved  parallel  to  ^,  and  ns  l  y  what  1ms  been  already 
established,  this  is  ecjual  to  the  sum  of  the  composing 

forces  parallel  to  x,  we  have  V.  fSf  r:  S.  S.  1^ ;  V.  = 

ox  «e  ^ 

2'  S-       ^-  ^  =     S.^* ;  multiplying  these  equations 

by  cx  ^  cz  lespectivciy,  we  obtain  by  adding  them  to- 
gether V.  =  V  s.  gs.  If  S,  S',  S",  &c.  are  Algebraic 
functions  of  S,  S',  S",  &c.  then  2.  S.  is  an  exact 
variation. 

{e)  The  quantity  advanced  in  the  direction  of  the  force 
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is  termed  its  virtaat  velocity,  tn  the  direction  of  that  force. 
See  Note  (m)  pnge  26*?. 

In  the  state  of  cquilibt  iuin  V  =  o,  •/  ^.  S.  ^.^=rr>,  •/ when 
a  poiuL  acted  on  by  any  number  of  i'urces  is  in  cqiiilibrio, 
the  sum  of  the  products  of  each  force  by  the  quantity  ad- 
vanced in  its  direction  is  c(|ual  to  cypher.  In  this  case 
Sone  of  the  forces  is  =  and  directly  contrary  to  the  resul- 
tant V  ofall  the  rest  6',  S",  S%  &c.  for  from  what  has  been 
already  stated,  we  have  V.  cos.  a  =  S'.  cos.  b  -J-  S."  cos. 
c  +  &c.  but  since  S.  coa.  a  +  S/  cos,  6  -j-  S.''  cos.  r+&c. 
ssOf  we  have  cos.  a  =  —  S*  cos.  a;  in  like  manner  it 
may  be  shewn  that  cos.  /  s  —  S.  cos.  af^  \'  cos.  o  as 
—a  COS.  «^  V  V'*=:S»  I  and  a  =  180— /=180— a' &c. 

If)  If  the  resultant  was  not  perpendicular  to  the  sur* 
lace  it  might  be  resolved  into  two  forces^  one  perpendicu-* 
lar  to  the  surface,  which  would  be  destroyed  by  the  renc- 
tion  of  ihc  surface,  anil  the  other  parallel  to  this  surface, 
which,  us  it  is  not  counteracted,  would  cause  tljc  point  to 
move  on  the  surface,  contrary  to  the  hy})othcsis.  The 
re-action  which  the  botly  experiences  from  the  curve 
or  surface  is  =  and  directly  contrary  to  the  force  with 
which  the  point  presses  it ;    v  if  1^  denote  this  reac- 
tion*  r  being  a  perpendicular  from  the  point  of  appli- 
cation to  the  <^Mrf8Ce9  ^9  ^^^^  I'^^^'c  o  =  2  S  ^  + 
R  Sr,  instead  of  the  equation  o  =  2  S  ^    If  we  suppose 
^9      which  are  arbitrary,  to  belong  to  the  surface  on 
which  the  point  is  subjected  to  exists  we  have  Sr  &  o;  for 
r  is  by  hypothesis  perpendicular  to  the  surfacet  */  RSr 
vanishes  from  the  preceding  equation^  consequently  the 
position  of  the  text  is  truc^  or  in  other  wordsy  in  the  case 
of  the  equilibrium  of  a  point,  the  sum  of  the  forces  which 
solicit  it,  each  multiplied  by  the  space  through  which  the 
point  moves  in  its  direction,  is  equal  to  nothing  ;  it  ought 
however  to  be  reiiiai  ked,  that  when  the  point  exists  on  a  sur- 
face, the  Cf|u;uion  o  =  2  SSs  is  not  e([Uivalent  to  three  dis- 
tinct equations,  but  only  to  two ;  for  as  the  variations  Bjc,  Bj/, 
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Sa,  belong  to  tliecui  vetl  sui  lacc,  oneot  ihcni  ni;iy  be  eli- 
minated by  means  of  the  ecjuation  of  tiie  sui  tuce,  I.aplace 
substitutes  for  cr  its  value  N  Su,  u  being  the  equation  of 
the  surface,  and  N  being  aiunction  oix^tf^  Xysucb  that 

§y +(D +©*=i  ■•  = 

N.  the  equation  of  equilibrium  becomes  o  =  2.  S  £5 
X  3if ;  in  this  case  we  tnay  pnl  each  of  the  coefficients  of 
Sff  ^  St  s  bat  still  they  are  only  equivalent  to 
two  distinct  equationsy  on  account  of  the  mdetenninate 
quantity  X  %  the  advantage  of  thu  expression  is,  that  by 
means  of  it  we  can  determine  X*  and  v  —  ^  the  pressure. 
The  equations  of  the  equilibrium  of  a  material  point  being 
independent,  two  or  more  of  them  may  obtain  without  the 
others  having  place;  tliis  is  un  advantage  connLLictl  with 
the  resolution  of  the  forces  parallel  to  three  rectangular 
coordinates. — See  Notes  to  page  249. 


CHAPTER  11. 


{a)  Let  n  be  the  velocity  common  to  all  bodies  on  the 
eartli's  surface»  and f  the  force  with  which  n  given  body  M 
is  actuated  In  consequence  of  this  velocity,  and  let  the 
body  l>e  soUicited  by  any  new  force  y*,  a  h  c  being  the 

components  of/  resolved  parallel  to  three  rectangular  axes, 
and  a'  b'  c  the  components  of  f  resolved  parallel  to  the 
same,  Uie  notes  to  prece<ling  chapter  F,  the  resul- 
tant of/,  f  =  V („  4.  a'Y  +  {b-^by  -f  (c-f 

{b)  Uv  =/0  (/),  V'  ^f'^  (/O,  V  =  F  ^  (F) ;  the 
relative  velocity  of  the  bo€ly  resolved  parallel  to  the  axis 


Digitized  by  Google 


NOTES. 


of«  =  fcL!^)tV_  J  =  („+„^)^(F)--a.^(/);  but 

asy  is  v«ry  BinaU  relatively  to/,  we  have  by  neglecting 
indefinitely  small  quantities  of  the  second  and  higher  or^ 

ders,  V  =/+         J-^"''  and  <p  (F)  =    (/).  + 
^^^^      ^'  {/)  V  by  substituting,  the  relative  velo- 
city  of  the  body  parallel  to  a  =  a'  ^/+^iaa'+bd' 
^'  (/),  paraUel  to  ^  =  ^  (oo'  +  iA'  (/), 

parallel  to  c  =  c'  ^  (/)  +     (iia'+W+c<^),  ^'(/)  »  if  the 

direction  of  the  impressed  motion  coincided  w  ith  a,  then 

the  preceding  expressions  would  become  a'  (^Z  +  ^* 

»/ 

(/))j7.l^#'(/)5f.  «'♦'(/). 

(c)  If  ^'  (y )  iloeti  not  vanish,  the  body,  in  consequence 
of  the  impressed  force  a  will  have  a  relative  velocity  per- 
pendicular to  the  direction  of  a,  if  h  and  c  do  not  vanish, 
i  e.  if  the  direction  of  a  does  not  coincide  with  that  of  the 
motion  of  the  earth  ;  but  as  in  all  cases,  those  perpendicu- 
lar velocities  vanish  \  it  foliowsi  that  (/)  vanishes  and 
therefore  ^  (/)  is  constant,  consequently  the  function  of 
the  velocity  which  expresses  the  force  is/. 

((0  If  ^  (/ )  consisted  of  sevend  termsy  )  could  never 
be=to  cypher,  if f  was  not  =  to  cypher;  if  v  v  was  not  -h-/ 
to/  >  ^  (/  )  tionsists  of  several  lema^  and  also  the  velod^ 
of  the  earth  most  be  such  as  to  render  ^'  (/ )  s  o  {  which 
cannot  be  reconciled  with  the  known  foct^  that  the  velocity 
of  the  earth  is  dtfierent  at  different  seasons  of  the  same  year 
and  at  corresponding  seasons  of  different  years, 

{e)  Some  philosophers  hold  that  this  discussion,  ns  to  tlie 
-H-nalily  of  the  force  to  tlie  velocity,  is  altogeiliui  super- 
fluousy  OS  we  are  not  sure  that  forces  such  as  we  cottceive 
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theniy  exist  witliout  our  conceptions;  for  what  is  termed 
force  is  only  an  abstraction^  which  we  moke  use  of  to  en- 
able us  to  subject  the  laws  of  motion  to  the  calculus ; 
tlie  true  law  cf  nature  is  that  discovered  by  Newton» 
namely^  that  tlie  velocity  communicated  by  the  sun  in  an 
instant  to  the  planets,  is  in  the  inverse  ratio  of  the  square 
of  the  distances,  and  all  his  physical  discoveries  might  be 
deduced  witliuut  using  the  term  force  instead  of  velocity; 
it  follows  from  this  law,  thai  wliatcver  is  -^fl  to  the  velocity 
follows  necessarily  the  same  ~,  so  that  if  Newton  assumed 
that  the  velocity /  co  v',  he  would  have  obtained  the  same 
results,  but  then  he  should  say»  not  that /but  that  ^  fsvk* 

ried  as-i. 

(/}  If  the  spaces  successively  described  in  =  times, 
constitute  an  increasing  series^  the  motion  of  the  body  is 
said  to  be  accelerated ;  if  they  constitute  a  decreasing 
s^es  the  motion  is  retarded ;  in  these  cases  the  measure 

of  the  velocity  is  obtained  by  determining  the  space  which 
would  be  dcscii!)ccl  in  a  given  Liine,  U  all  causes  of  accele- 
ration or  retardation  were  to  cease  after  the  point  altuins 
that  position  ;  now  as  the  change  in  the  velocity  may  be 
diminislied  inckfinitely  by  diminisiiiui;  the  space,  iiml  ■/ 
the  time  in  which  it  is  described,  if  dv  ds  dt  be  the  indeli- 
nitely  small  increments  or  decrements  of  t*,  5,  /,  &c.  the 
spaces  described  in  the  times  r//,  imtnediatcly  preceding 
and  subsequent  to  the  time  in  which  the  velocity  is  re- 
quired to  be  estimated,  are  (ii=^v).  dt ;  but  as  one  of  those  , 
spaces  is  described  with  a  greater  and  the  other  with  a  less 
velocity  than  that  with  which  du  is  described*  we  have 
(04- dv).  itt  >  d!f  >  (v — (fo).  di\  but  when  do  and  v  <ute 
indefinitely  diminished,  the  extreme  quantities  approach 
within  any  assignable  difference,  *.*  v.  dt  and  d!f,  which 
always  exist  between  them,  must  differ  by  a  quantity  less 

than  any  assignable  difference  v  v  =      whatever  be 
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the  nature  of  the  force ;  hence  if  on  an  assumed  line  s 
portions  be  taken  representing  the  s  interralB  of  time^ 
and  if  at  these  points  of  equal  section  perpendiculars  to 
the  assumed  line  be  drawn*  representing  the  velocities  ac- 

quired  nt  the  corresponding  moments,  the  areas  formed  by 
comiecliiig  the  exlreaHLies  ut  the  perpendiculars  will  re- 
present the  spaces,  this  area  will  be  made  up  of  a  series  of 
trapezia,  if  the  velocity  increases  per  saltum  ;  if  however 
the  intervals  of  time  be  increased  indefinitely,  the  velocity 
will  continually  approach  to  that  in  which  the  variation  is 
continued^  and  the  figure  will  be  a  nearer  representation 
of  the  space  actually  described  :  its  limit  is  a  curvilinear 
area»  on  the  base  of  which  the  elements  of  time  are  taken 
the  ordinates  being  -rri  to  the  velocities;  this  limit  difiers 
from  the  figure  of  which  it  is  the  limiti  by  a  triangle  un- 
der one  of  the  equal  subdivisions  of  the  basci  which  are 
supposed  to  represent  dt  the  element  of  timcy  and  the  dif- 
ference between  the  extreme  ordmates^  hence  when  dt 
is  indefinitely  small  this  difierenoe  vanishes. 

{g)  If  the  vcIociLy  receives  =  increments  in  =  times, 
f.  e.  if  it  be  uniformly  increased,  the  velocity  is  as  the 
number  of  =  increments,  or  as  the  number  of  =  portions 
of  time  from  the  commencement  of  the  moLion,  i.  c.  as  tlie 
times,  V  in  t^^is  case,  if  on  the  line  representing  the  time, 
ordinates  be  erected,  they  will  be  as  the  corresponding  ab* 
scisssB^  the  velocity  being  supposed  =  to  o,  when  the  time 
=  o,  and  the  locus  of  the  extremities  of  these  ordinates 
will  be  a  right  line  diverging  from  the  given  line  at  the 
point  where  velocity  and  time  =  and  the  area  of  this 
triangle  at  the  end  of  any  time  will  represent  the  space  de* 
scribedy  and  as  the  triangles  representing  the  spaces  de- 
scribed in  the  given  intervals  of  time  are  always  similar, 
the  spaces  described  are  as  the  scjunres  of  the  times  of 
their  description,  or  of  the  last  accpiircd  velocities,  v  the 
spaces  described  iu  1"%^"^      i^c  are  as  1,  4^  9,  &c«and 
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the  spaces  dcsci  ibed  in  the  lat,  2ad,  Srcl,  &c.  s  moments 
Are  as  the  difference  of  the  squares  of  these  moments 
if  e,  BSlS  ST  9f  &c 

(A)  If  a  body  at  the  commencement  is  actuated  by  any 
finite  Teloeityt  then  the  space  described  is  geometrically 
represented  by  a  trapeziumt  one  of  whose  sides  is  the 
initial  velocity,  and  the  other  an  ordinate's  to  the  sum  of 
this  ordinate  and  of  the  ordinate  which  would  express  the 
velocity  of  the  body,  had  it  fallen  freely  in  the  same  time; 
ifx/  be  tiie   laiiiul  velocity,  v  =  -J  z±z  ft  \'vt  =  i  /  =t: 

*^  V  '  the  space  described  =  i/^  =t=-^ ;  if  the  body  moved 

with  a  uniform  velocity  v  durhig  /,  j,  the  space  described 
=  v(.  If  it  acquired  the  velocity  r  in  the  time  /,  by  being 
urged  by  an  uniform  force  from  a  state  of  rest»  s'  the  space 

described  would  be^^  ':s:/::2:  1, 
(f )  Let  vts  represent  the  Telocity,  time^  and  space,  and 

denoting  the  unit  of  velocity  or  the  velocity  generated  in 

a  unit  of  time,  %•  «  =     j  tp^  s  2/.  5. 

(A)  The  force  acting  parallel  to  the  inclined  plane  being 
to  the  force  of  gravity  which  is  constant,  as  h  the  height  of 
the  plane  to  /  the  height,  /.  c,  in  a  constant  ratio,  a  body 
moving  down  an  inclined  plane  lia&  iu  iiioiioii  uiiilotmly 
necek  rated,  •/  if  t;'  5'  represent  the  spaces  described  by  a 
body  tlcsccDcIinLj  clown  an  inclined  plane  ia  any  time/, 
and  if  the  acquired  velocity,  f  the  accelerating  force,  we 

have/'=.*r,  ^^\ft'.  ^=5/f  w^Xv 

tlAih  if  s"  s  /  then  we  have  /  s  v 

i  ^  L  ^ ;  as  ~.  expresses  the  square  of  the  time  ac- 
quired  in  fidling  down  the  verttcalf  and  as  we  have  i*  s 


Digitizcxi  by  G<. 


MOTES. 


417 


^ ;  when  this  is  s  the  square  of  the  time  acquired  in 

falling  down  the  vertical,  we  have  U  —  /r,  .*.  s  s=  ^  •/ 

It  perpendleuUtf  be  let  fall  fnun  tlie  right  angle  on  the 
phme,  it  irill  cut  off  a  portion  of  the  plane,  which  wOl  be 
described  in  ihe  same  time  as  the  perpendienlar  height ; 

and  if  a  circle  be  described  oa  this  heiglu  as  diameter,  it  is 
evident  from  wjjat  has  been  just  established,  thuLiili  choids 
drawn  from  Us  extremity  to  the  circutDfcrence,  are  do- 
scribed  in  the  same  time  as  the  diameter,  '.•  in  =  times. 

(/)  Let  i/  the  velocity  of  projection  be  resolved  into  two, 
of  which  one  is  vertical  and  the  other  parallel  to  the  hori* 
zoo,  and  Jet  t  be  the  elevation  of  the  line  of  direction^  v« 
haveV-  sin.  ^,  ^«  oos.  fiir  the  velocity  of  prcgection  estt* 
mated  in  the  direction  of »  and^  respectively ;  t/.co8.  €  is  the 
motion  parallel  to  the  horizon,  t/.  sin.  e — //is  the  vertical 
motion  of  the  projectile,  •/  if  in  the  equations  given  in 
page  410,  we  make  y  —  6»,  we  shall  have  ibr  the  lieiyht  of 

ascent  isl^^Lf,  and  t^td^  for  the  time  of 
V  / 

aacent,  v  ^  for  the  time  of  flight ;  to  And  the 

horizontal  range,  the  velocity  t/.  cos.  must  be  multi- 
plied  into  2/  or  its  equivalent  ^  it  •/  is  equal  to 

%f  *  therefore  it  is  a  maximum  when  e  =  45,  and 

for  any  elevations  which  are  complements  of  each  other,  tlie 
horizontal  ranges  are  =,  the  coordinates  of  the  place  of  the 
body  for  any  time  tf  are  x  =  v\  /cos.  e*,  y i  sin.  c. — 

V  as/  is  the  same  in  these  two  equations  we  obtain  by 

eliminating  it  an<l  substituting  2 / h  lur  i;'*,  y^x  tan.  c  — 

— — ! — r-  which  is  the  equation  of  a  parabola*  4  h  cos,  *e 
Ml  cos.  *e 

N  N 
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is  the  principal  parameter,  and  4  /*  the  parameter  of  the 

diameter  passing  iliroutrli  the  point  of  projccLion,  lit:iice 

being  given     x y  e  //,  any  three,  the  fourth  may  be  found. 

[m)  Let  the  arc  described,  reclioning  from  the  lowest 

point  =  5,  the  ordinate  =      and  the  vertical  abscissa  = 

»t  the  origio  of  the  coordiaatcfl  beiiiig  at  the  lowest  point, 

if  6  ss  tbe  value  of  x  at  the  commencemenC  of  the  motioD ; 

o '  the  Telocity  at  the  end  of  any  time     is  the  parae  as 

would  be  acquired  by  fidling  through  the  vertical  heightf 

.  ds 

h  —  jf,  i.  e.  w  =  y  2g,{b — x)  =  — 5  $ee  Note(j:)  •,•  dt=. — 

^^^Jfi  the  negative  sign  being  taken,  i>ecau$e  i  di- 

minishes according  as  t  increases;  but  as  <f5  s 

Vdx*-i-di/*,  y*  =  2rx  —  x*,  we  obtain  by  substituting, 

rds  ,^  rdx  ,^  , 

=  -==  \*di  :s  —  >  If  the 

osciilatioos  are  very  small,  Jf  may  be  neglected  rdar 

^^1'*  lisp 

tively  to  r,  thea  tlie  value  of  dt  becomes  -7==^=» 
'  V2rx(%(6— x} 

1        /r  —  ^ 

V  -    X    ■ /  ■  — :     theinteml  ofthe  varia- 

ble  factor  s=  are  (cos.  s  — - — j^w,  when  we  integrate 
from  X  =:  b  ta  X  X  Of  v  the  time  of  a  semioscillation 

e 

(n)  Hence  it  follows,  that  provided  the  amplitudes  be  in- 
considerable, the  time  of  oscillation  is  always  the  same, 
when  r  and  g  are  given,  when  these  quantities  vary  the 

time  vanes  as  e.  directly  as  the  square  roots  of  the 

lengths  of  the  penduluiub,  and  inversely  as  the  square  root 
of  the  force  of  gravity. — See  Note  (,0  pai^^e  355.  As  3  tt,  5  tt, 
&c.  and  in  general  any  odd  multiple  of  v  satisfies  tbe  pre- 
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ceding  integral,  of  ^,      .  ^;  it  is  evident  that  the  body 

^  ox — or* 

arrives  at  tlie  iuwest  point  an  indefinite  number  oi  times, 

which  aie  leponCed  from  each  other  by  the  time  w  1; 

g 

hence  it  follows,  that  if  all  obstacles  were  removed,  the 
number  ofoscillationt  would  be  infinite  and  the  time  of 
each  s. 

The  Talue  of  dt  may  be  made  to  assume  the  form 


— dx  1 


2r 


=  (by  developing  the  factor 


(l  _  * )-i  in  a  «*ries)  i  — 

(  I  +  &c  \  if_^=  be  muitipiied 

by  each  term  of  this  series  the  resulting  terms  wiii  be  of 
the  form  of  which  ihe  integral  wiien  taken  be- 

tween  the  limits  x  =  o,  x  =:  b^in 

(tAr..r.l.3.  5,&c  Ci,«-3).(2»i-l)  ft^  jf 

1 .  2. 3  • . ;« 

made  successively  =  0  1,  2,  &c.  the  value  of  <  be- 

— 4^  +  } ;  6  is  the  versed  sine  of  the  arc  described. 
2"",  / 

which  when  it  is  inconsidernble  mjiy  evidently  be  ne- 
glected, in  this  case  the  value  of  t  is  the  same  as  was  ob- 
tained in  the  preceding  page  $  when  great  accuracy  is  re« 
quired,  the  two  first  terma  of  the  series  are  retained,  in 
that  case  the  aberration  from  isochronism  varies  as  the 
square  of  the  suie  of  half  of  the  amplttiide  of  the  arc  de- 
scribed 
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{o)  As  r  the  lime  of  i'ali  in  the  vertical  througti  a  space 

s  to  half  the  length  of  the  pendolom  =         we  have 

S 

T  :  Tllw^yiiyillw  I  Ijif/'bethe  time  emploveu 
g  8 

to  describe  the  chord  of  the  indefinitely  small  arc^  as  this 
iimerstbe  time  oflalling  vertically  through  the  diameter  2r, 

tee  preceding  Note  v  it  is  as  V^ii^  %•  I^:     ::  ^.v^ -  : 

V  ^  f.  e*  IT  :  4  or  as  the  periphery  of  a  circle  to  four 

times  the  diameter;  hence  it  is  evident  that  the  chord  is  not 
the  line  of  swiftest  descent,  ue  Note 
Naming  h»  =  the  angular  velocity,  we  haveossr,  w :  v 

.  .  Hs^^^'C^)  but  if  a  be  the  angular  distance 

r  r 

from  the  vertical  at  the  commencement  oi  the  motion,  and  % 
the  anguktr  distance  at  Uie  end  of  any  time    we  have  6=r« 


coSt  a^x'=^r,  cos.     v  (cos,  6 — cos*  a).  The 

acccelerstinp^  fbrce  in  any  point,  =  the  force  of  gravity  re- 
solved in  the  direction  of  the  tangent;  v  if  any  vertical  line 
be  assumed  to  represent  tlie  force  of  gravity,  the  nccelerating 
or  tancfential  force  =  this  line  multiphed  into  the  sine  of 
the  angular  distance  from  the  lowest  point.  If  the  body, 
instead  of  falling  freely,  had  a  velocity  at  the  commence^- 
mentof  the  motion  due  to  the  height  ift,  thm  the  velocity 
at  any  point  of  which  the  height  =  is  V^(^^^II^)aiid 
=  o%  when  4?  A  +  ^,  v  when  the  body  attains  a  height 
as  ^  +  ^  it  ceases  to  rise ;  v  will  never  vanish  when 
A  +  d  is  >  than  the  diameter  which  is  the  greatest  value 
of  V  the  body  will  gyrate  for  ever  with  a  variable  velo- 
city, the  greatest  being  when  at  the  lowest,  and  tlie  least  at 
the  highest  extremity  of  the  vertical  diameter.  When  a 
body  M  attached  to  a  string  describes  an  arc  of  a  curve,  the 
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tension  at  the  point  to  which  the  itring  is  attached^ 
arises  from  the  centrifugal  force  and  the  force  of  gravity 

resolved  in  the  direction  of  the  sti  iug  ;  ii  the  arc  desci  ibcd 
be  the  arc  of  a  circle,  the  part  of  the  force  of  gravity  which 

acts  in  the  direction  of  the  string  =  ^.^!JZ£^,  r  beinf^  the 
length  of  the  string,  and  x  the  distance  above  the  lovvest 
pobt;  th.»><ribgdfi»«.        =  2..f-=£)  ;  tbU  d.. 
ways  acts  from  the  centre  i  v  the  whole  tension  =  M^, 

^   i  if  M  falls  from  an  horizontal  diameter,  r=:^, 

and  the  tension  at  any  point  =  3Mg.^!^I^^,  i,e,  three 

limes  the  eflfect  of  the  weight  resolved  in  the  direction  of 

the  radius  vector.    If  the  pendulum  leli  liom  the  vertical 

position  fireely,  then  b  sz  Sr  and  v  the  tension  s=  M^'  ^'!ill£f  ^ , 
and  when  x  =z  o,  it  Is  equal  5Mg,  or  five  timesi  the  weiglU* 
male  1 11^  ^Ig  ^  +^^— •^■^'^        yff^  obtain  jrsf^  the  value 

of«  when  the  tensions  the  weight;  when    s  ^T^^  the 

tension  =:  o;  but  as  x  can  never  exceed  either  ^  or  Sr; 
when  it  is  respectively  s  these  quantities,  we  have  &=r,  6= 
St 

^  if  6  ^  r  then  the  force  of  gravity  resolved  in  the  direc- 
tion of  the  string  is  directed  from  the  centre,  this 
point  then  suil'urs  a  tension  from  botli  cau6ei> ;  if  &  > 

the  centrifv^  force  is  throughout  >  than  weighty  v 

the  whole  tendon  can  never  vannh,  but  ifb  isnotZr  or><:-- 

the  tension  may  vanish ;  at  this  point  the  iKxiy  will 
quit  the  circle,  and  as  its  direction  will  be  that  of  a  tangent 
to  this  cirde  it  will  describe  a  parabola.  In  a  cydoid  if 
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B  body  fiills  freely  from  the  extremity  of  the  base»  the 
pressure  arising  from  the  iveight  resolved  in  the  direction 

of  the  string  s  g-^—  •  »  and  likewise  that  produced  by 

the  centrifugal  force  s    %    —x)    ^  g.^fjTl ,  hence 

at  the  lowest  point*  the  entire  tension  s  twice  the  weight; 
in  any  other  point  the  entire  tension  is  to  weight,  as  twice 
the  cosine  of  the  inclination  of  the  tangent  to  the  horizon 

to  radius;  hence,  when  the  body  lulls  iVom  the  horizon- 
tal base,  they  are  equal  at  the  point  of  the  cycloidal 
arc  where  the  tangent  is  inclined  at  an  angle  of  60°  to  the 
horizon. 

(q)  Calling  this  space    we  have  2s  II  r  11  w*J^  :  - 

g  S 

w*  :  1  $  the  equation  T  =  vj^/L  gives  likewi&e  a  very  ex- 

act  measure  of    for  if  /  be  the  length  of  tlib  pendulum 

vibrating  seconds,  wc  get  g  =  w*.L,  whicii  expresses  the  ve- 
locity gciici  at  e<l  in  oiiL'  sL'cond  by  the  space  which  uoukl 
be  described  wiih  thu  velocity  continued  uniformly  for  that 
time,  the  space  described  by  a  body  liiliiug  irom  rest  in  a 

second  is  one  half  of  this,  or  t*.  ^ ;  substituting  for  w,  I 

their  numerical  values  given  in  the  text  we  obtain  3"^,66 107 
for  the  space  described  in  the  first  second. 

As  the  sine  of  the  angle  which  the  tangent  at  any 

point  of  a  vertical  curve  makes  with  the  horizou^ss  — »  the 

accelerating  force  along  the  tangent  =  g.^  = 

(when  the  curve  described  is  a  cycloid,  in  consequence  of 
the  equation  of  the  cycloid  s*=:\ax\  the  preceding  is  the 
expression  for  the  accelerating  force,  in  any  curve  what- 
ever which  renders  it  tautochronous,  vl'"s  force  is  at  each 
instant  ttI  to  the  length  of  the  arc  to  be  describedi  in  order 
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to  arrive  at  the  lowest  point  of  the  curve ;  and  conversely 
if  ^  =  A%  it  Is  easy  to  shew  that  when  the  curre  is  one  of 

ds 

single  curvature  exisiittg  in  a  veriical  plafie,  its  equation  is 

ihat  of  a  cycloid,  for  by  int^rating  the  preceding  equation, 

and  then  eiiminating  s  between  the  integral  s=ii  As* 9  and 

dx     ,         ,    .    1    dx*  =- .  I 

^  =As,weobtain— .—  =  ds*  =z  dy*-^dx*'+da^i  -'^  * 

a  if  the  cuire  is  one  of  single  cunratore  inclined  to  the 
horisonatan  angle  =  6,  then  if  ^  be  the  coordinates 
in  that  plane^  we  ha?e  y=j^9  xssx',  sin.  9,  consequently 

the  equation  of  the  curve  is  J^.  a^,  sin.  B^s*i  note  the  re- 
1  dx* 

lation  =:  di*  s  generally       -hdu*  +  dx*,  and 

Ax 

as-L..  ^s5*  IS  independent  of  jv^  these  quantities  .may 

Tsry  according  to  any  law  whatever,  which  satisfies  the  equa- 
tion ds*=:dx* +di/* -i-dz*  ;  any  curve  of  double  curva- 
ture which  arises  from  wrapping  a  cycloid  around  a  vertical 
cylinder  of  which  the  base  is  a  continuous  curv^  will  satisfjf 
the  preceding  oonditionsy  and  *.*  be  tauto  chronous;  and  con- 
yersely  such  a  curve  so  unfolded  as  that  it  might  entirely 
exist  in  the  lame  plane  would  continue  to  possess  this  pro- 
perty* and  V  from  what  has  been  stated  above*  would  ne- 
cessarily be  a  cycloid.  We  might  investigate  a  priorli  the 
time  necessary  for  a  body  to  describe  any  portion  of  a  cy- 
cloidal  arc  on  the  hypothesis,  that  it  moves  with  an  initial 
velocity  represented  by  V^S^^/-,  foi  let  /i  represent  the  verti- 
cal ordinate  at  the  commencement  of  the  motion,  the 
origin  being  as  before  at  the  lowest  point,  and  x  the  ordi- 
nate after  any  time  i,  we  have  v*  =  or);  *.*  dt  = 

~         but  as  dszz  dx^^ -  by  substituting  we  have 


\W^^^  vmtegrntmg  we  obtom  ^= 


i|^=«.  dx 


424  KOTES. 

^— arc  ^co«.  =:      {h-^kf)  +  ^»  as  /  =o  when  ar=:A', 

C  =  —  arc  ^cos.  =  ^7^^)  5        when         t  f,  at 

Aelowet points  :=  {±)K  (»-«rc(«»  =*l=Diifi= 
o  Le.  If  the  initial  velocity  vanishes  i=:irY^V,  v  asAdoes 


■5' 


not  occur  in  tins  expression,  the  time  is  independent  of  the 
amplitude  of  the  arc  described ;  it  appears  from  a  compa- 
rison of  this  value  of  /  with  that  given  in  page  41 8,  that 
the  osollations  in  a  qrdold  are  laochfoaous  with  the  indefi* 
nitely  small  vibrations  in  a  circley  of  which  the  radius  is 
equal  to  twice  the  axis  of  the  oycloMi. 

Huygen*8  contrivance  depended  on  the  known  property 
of  cyloids,  namely,  ihat  their  evolute  was  a  curve  =  and 
similar  to  tlie  given  cycloid,  hence  it  toliows,  that  if  two 
metallic  curves,  each  consisting  uf  an  inverted  semi  cy- 
cloid with  an  horizontal  base  touched  at  their  upper  ex- 
tremities ;  and  if  at  their  point  of  contact,  the  thread  of 
the  pendulum  was  attached  (its  length  being  equal  to 
either  of  the  semi  cycloid^)  when  it  is  enveloped  on  the 
curves,  its  other  extremity  will  trace  a  curve  =  and  simi- 
lar to  the  given  curve,  having  its  axis  however  in  an  op- 
posite direction. 

(r)  From  the  times  of  vibratioii  and  lengths  of  these 
pendulums  being  the  same,  the  times  of  falling  down  the 
—  axes  arc  the  same,  '.'all  bodies  falling  fredly  are  equally 
accelerated  by  the  force  of  gravity. 

It  is  easy  to  shew  that  the  time  of  describing  the  chord 
of  a  semi  cycloidal  arc  is  to  the  time  of  describing  the 
arc,  as  the  chord  to  half  the  base  of  the  cycloid,  which  is 
evidently  a  ratio  of  major  inequality.-'-&^  Note  [p),  page 
425. 
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(p)  In  mvest^pittng  the  nature  of  ilie  eurte  cf  swiikeil 
descent  in  a  vaeuo^  it  is  eaiy  to  shew  that  if  the  entire  line 
he  supposed  to  be  described  in  the  shortest  possible 
time,  so  any  portion  of  this  line  intercepted  between 
two  assumed  points  is  described  in  a  less  time  than 
any  other  curve  joining  these  two  pouitsj  hence  if  xi/  be 
the  vertical  and  horizontal  coonlinates  of  any  point, 
leckoiHiig  Iroiii  the  point  whence  the  body  has  commenced 
to  move,  s  the  corresponding  arc  of  the  curve^  the  time  of 

describing  ^«  =  -^^^-tinlikemannerifa  point  indefinitely 

near  to  the  first  point  be  taken  whose  coordinates  are  «y  and 
the  eorresponding  arc  described  from  commencements  s*, 
wehave  ^^x+dx^  s'=s  +  ds,  and  the  time  of  describing  ds' 

^^^^  V  the  time  of  describing  the  entire  arc  made  up 
of di'+^&s  _£=  +  -rJL*  therefore  we  have  o  = 

9(—£L  -f  -7^),  but  from  the  conditions  of  the 
^▼2gA-  y'lgx'' 

problem  4?  d/are  independent  of  these  wiatioiisv^,dar^sd^ 

o  iff       S  d^ 

and  coiisequenUy    .J  4-    .  '    =  o  \  and  as  dx  dx'  Imve 

no  variations*  S.dMs^d  ^A^+i^jp*  . . 

ds 

by  snbstitming  we  have  ^l^^     ^^il^  -  ^ 

-f-  <^  is  constant,  therefore  S  =  $  consequently 
~$=^  ~  -^  =  ^'  I.    li.  )       (for  the 

twopoints  jr^9  at    are  continuous,)  and  — ^—^C\  now 


as^  is  the  sine  of  tlie  angle  which  tiie  tangent  makes  with 

o  o 
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NOTES. 


the  axis  of  ar,  when  the  arc  is  horizontal}  this  angle  is 
right,  and  *.*      *  —  C»  {a  being  the  value  of  y  ae  this 


a 


point,)  *.'  ^     V^-  hy  squaring  and  i>ubstiluUug  we  get 

i/jT  — —     s  =  —  2  ^ c(a— jr)+  C'i  but  when  5=0^ 

X  =  0,  C  =  and  *  =  2a  ^  f  ^ x),  which  is 
the  equation  ui  a  cycloid,  of  which  the  axis  is  a,  the  arc 
being  measured  from  the  hori/ontal  base. 

If  the  curve  is  not  required  to  pass  between  two  given 
points,  but  between  two  j^iven  curves,  then  it  would  not  be 
difficult  to  shew  that  the  required  curve  is  a  cycloid  meet- 
ing the  two  given  curves  at  right  angles. 

(s)  In  an  indefinitely  small  portion  of  time,  the  quan- 
tity by  which  the  body  i»  deflected  from  the  tangent  to  the 
circle*  which  measures  ibe  centripetal  and  consequently  the 
centrifugal  force,  Is  the  versed  sine  of  the  arc  described  s 
and  as  this  is  the  space  which  the  oenlral  force  causes  a 
body  to  describe,  the  force  of  gravity  will  be  to  the  centri- 
fugal force  as  the  space  described,  in  consequence  of  tlie 
action  oi  gravity  in        time,  to  this  versed  sine. 

(/)  Calling  /  the  accelerating  force,  we  have  /  = 

— ;  dr  =  ,  v/=  but     =  t»  V  f  = —  ;  tna 

2.  r  "  ^    dl*r       dt  *'       r  * 

curve  described  being  a  circle  in  which  the  deflection  from 
the  tangent  is  always  the  same,  the  force  acting  on  the  pomt 
is  a  constant  accelerating  force  1  hence  as  always 

=2g^,  wehave^  =  /  =  ^  and     =  H  which  gives  ge* 
r  T         g  r 

nerally  the  relation  between  the  centrifugal  force  in  a 
circle  and  the  Ibrce  of  gravity,  and  they  are  —  when  h  = 

I ;  u  e*  the  body  must  foil  through  half  the  radius  in  order 
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lo  acquire  i ho  velocity  which  rendeii  the  centrifugal  force 
equal  lothe  gravity ;  if  P  =:  the  time  of  revolution  we  iiave 

v=^-f  V/  =  thb  espr««oii  giTet  = 

for  the  ratio  of  the  centrifugal  tbrce  to  the  force  of 
gravity  at  the  equator,  and  because  when  r  is  given,  / 
Taries  invcnely  as  P*,  if  P'  be  the  time  of  the  eartli's  rota- 
tion whe»  the  centrifugal  force  =  the  force  of  gravity,  we 

have  P*   :  P'^   ::  280  :   l    therttore  P'  =  ^ 

hence  if  the  earth  rcYolved  on  ita  axia  in  the  17tb  pari 

of  a  day,  i,  in  1*,  W  28}"  the  centrifugal  force  would 
be  equal  to  the  gravity.  See  Notes  to  Chapter  VIII.  Vol.  II 

It  foUowa  from  the  expression /  =  that  the  cen* 


Irifiigal  force  on  the  eartli's  surface  isgrt  att  st  at  the  e(jua- 
tor,  and  thatit  decreases  as  tiie  cosine  of  latitude;  however  as 
its  direction  is  inclined  to  the  direction  of  gravity  it  is  not  en- 
tirely efficacious  at  any  T^ara/Zr/,  and  by  a  resolution  of  forcef 
It  may  be  shewn  that  the  efficaciona  part  is  to  the  whole  cen- 
trifugal force  at  the  parallel,  as  the  cosine  of  the  latttadeX 
to  the  radius,  and  therefore  to  the  centrifugal  force  at  the 
equator  as  cos.  X*  :  I ;  the  part  of  the  resolved  force 
which  acts  perpendicularly  to  the  direction  of  gravity, 
and  is  therefore  inefficacious,  varies  as  sin.  X.  cos.  A. 

(«)  The  force  which  is  in  equilibrio  with  the  ceiitriru«^al 
force  is  -.■  the  measure  of  tlie  pressure  aii  iiig  from  tiie 
tendency  of  the  body  to  recede  iu  the  direction  of  the  tan- 

gent;  hence,  by  note  (/)  it  is  i-^—--;  [r  being  the  radius 

of  ciitvaiwe,)  the  effect  of  the  part  of  the  force  re- 
solved in  the  direction  of  ifr*  ia  therefore  to  pro-> 
duce  a  continued  change  in  the  direction  of  the  mo- 
tion ;  and  the  effect  of  the  other  part  is  evidently  to  acce^ 
Itraie  or  retard  the  motion  of  the  body,  its  variation  s 

'    4 .     1  —      p  being  the  radius  vector* 


P  *  ^.  9' 


4^8  NOTES. 

(v)  Caliing  i/p  the  part  of  the  radius  vector  intcrcepied 
betwen  the  curve  and  the  tangent,' €f<  the  arc  and  e  the 

chord  of  curvature,  we  have/  =^x>  = 

civ  c 

f  =;    ..-M    '  =  — ,  thU  expression  is  general,  auj  true  inde- 

pendently  of  the  equal  description  of  areas ;  on  the  hypothesis 

that  the  areas  are  -h-I  to  tlietiiues,vco^  j>  being  a  perpendi- 
cular let  fall  from  the  centre  of  force  on  tangent,  and 

/  CO    I  -  which  it  one  of  Newton's  expressions. 

« c 

Let  -i.  be  llie  space  through  which  llic  butly  should  fall 
to  acquire  the  velocity  in  the  curve,  the  velocity  acquired 
in  laliing  through  dc  is  to  the  velocity  %viih  which  the  arc 
is  described,  as  ^dc  :  (i$ ;  and  dc  :  x  \\  as  the  square  of 
the  velocity  aajuircd  in  falling  through  dc  to  the  square  of 
the  velocity  with  which  dc  is  described,  v dc\x\\       :  ds* 

V  '  s  ^  =  ^    ^*  It  body  fills  through  one-fourth  ot 

the  chord  of  curvature  to  acquire  the  velocity  in  the  curve. 

{v)  It  is  by  taking  the  function  of  the  radius  vector, 
which  is  equal  to  this  limit,  that  Newton  determines  the 
expression  for  force  in  conic  section^  spiral,  &&,  see  Prin- 
cip.  Math,  sec  3  and  3.  It  would  not  be  difficult  to  sliew 
by  reasoning  precisely  similar  to  that  in  pages  *i49, 
250,  that  if  a  body  is  attracttil  to  two  fixed  points 
which  are  not  in  the  haine  plane  as  ihal  in  which  it  moves, 
the  body  will  describe  =  solids  in  equal  times  about  the 
line  connecting  ilic  attracting  points. 

The  proposition  established  in  page  246  may  be  thns 

proved,  by  what  is  stated  in  page  S49,  Xs=^«  Y  e 

Z*=  ^1  multiplying  the  first  equation  by  jr  and  sb  ^ 
second  by  .r  and  z,  and  the  third  by  x  and  we  obtain  by 
«.b.r.cli,>g,  '^l..  ~         =  Y.,  -  X.^.  JV. ,  _ 
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ling  we  oblain  ^±Z^  =  C  +/( Yar-Xy)itt : 

but  when  the  force  is  directed  to  a  fixed  potot,  which  is  the 
origin  ofx^  «,(Yar—Xy),(Y2r—Zy),(Zjp—Xz),  are  respec- 
tively ^  Of  see  Chapter  IV.  Note  (A),     dyx—dx^  =  C.e//t 
a  constant  quantity,  bnt  this  quantity  is  evidently  s  to  the 
•  projection  of  the  element  of  the  area  on  the  plane  for 
let  (>  be  the  projection  of  the  radius  vector,  ^  the  angle 
which  it  makes  with  x  and  j/,  we  have    s:  p  cos.^jf  =  p 
sin.  1^,  •/  xdy—ydx—p'.  dxf/f  which  is  theelement  of  the  area. 
The  (iLianiilies  C  C  C  depend  on  the  iiature  t)t' the  curve 
described.   In  ihe  case  of  a  conic  section,  origin  being 
in  the  focus,  they  are  respectively  -ff  I  to  the  cosines  of  the 
inclinations  of  the  planes  xy,xz^i/ZtXO  the  plane  in  which  the 
body  moves,  multiplied  by  the  square  root  of  the  parameter* 
Multiplying  each  of  the  preceding  equations  by  the  va* 
riable  which  does  not  occur  in       and  then  adding 
them  together  we  obtain  the  equation  os:G«+C^+C*ir9 
which  shews  that  when  a  body  is  acted  on  by  a  force  dt* 
rected  to  a  fixed  point,  it  will  describe  a  curve  of  single 
curvature. 

(x)  By  referriniT  the  posiiioii  of  n  point  in  space  to 
rectangular  cuui  dniates,  every  species  of  curvilinear  motion 
may  be  reduced  to  irvo  or  fhrec  rectilinear  iuutions,  nccord- 
ing  as  the  curve  described  is  of  single  or  double  curvature, 
for  the  position  of  a  point  in  space  is  completely  determined 
when  we  can  determine  the  position  of  its  projections  on 
three  rectangular  axes,  each  coordinate  is  the  rectilinear 
space  described  by  the  point  parallel  to  the  axis  to  which 
it  is  referred,  it  will  v  be  some  given  function  of  the  time ; 
if  we  could  determine  these  functions  for  the  three  coordii- 
nates,  the  species  of  the  curve  described  would  be  given,  by 
eliminating  the  time  by  means  of  the  three  equations  be* 
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tween  iTie  CDoidiiiiUes  and  the  time.  Tfie  spaces  beiii^ 
CQusidered  a  function  of  the  time  /  it  is  easy  to  shew  that 

the  velocity  i»s  ^end/die  force  is  4f  I  to^,  fori  receiving 
the  increment  dl,  then  s  ss  ^  (/)  becomes  /  =  ^(^4'<'0 

=      +       +  Ji-*'  +  acc,  if* b.«». 

sideied  as  indefinitely  small,  in  which  case  we  can  consider 

the  velocity  as  unitoi m  and  die  force  as  constant,  ^  being 

the  coefficient  of  Jl  cxpre^es  tlie  velocity,  and 

dip 

being  the  coefficient  of  <tt*,  it  is  4f  1  to  the  force ;  •/  if 

the  action  of  the  forces  soliciting  the  point  should  cease 

suddenly  —  would  vanish^  and  the  point  would  move 

with  an  uniform  velocity,  if  instead  of  vanishing 

became  constant,  then  ^  and  all  subsequent  coeiBcienCs 

at* 

would  vanish,  and  the  motion  of  the  point  would  be  com* 
posed  of  a  uniform  motion  and  of  a  motion  uniforndy  ac^ 
celerated,  both  commencing  at  the  same  instant ;  now  if  ^ 

represents  the  force,  it  is  evident  that  /i  di  s  dv,  s 

*dt^  HT 

ijf)  Let  P  Q  R  represent  the  resultants  of  all  the  forces 
which  act  on  the  point  parallel  to  w    z  resjjectively,  we 

have  g-  =  P,g^  =  Q,§-=  K,  consequenUy  if  th« 

point  was  actuated  by  the  forces 

-A^  +  PS_rf.f +Q;_ 

at  at  at, 

they  would  keep  it  in  an  equilibrium  i  hence  from  what 
has  been  already  established  in  Notes»  page  354,  we  have 
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p).    +  (d.      q).  ^       J-  r).  S«=oi 

if  the  point  be  iree  we  shall  have,  as  Is  i>Uiled  in  ilie  text, 
the  coefficients  of  &r,  Sjf,      separately  =s  o;  i.  4r.  — =P; 

3  Q ,       s  R;  bat  if  the  point  is  constrained  to 

ai*  dt- 

move  on  a  carve  or  sur&ce,  by  means  of  the  eqnations  to 
tikis  curve  or  surface,  we  can  eiiminate  as  many  of  the 
variations  &r  as  there  are  equations;  the  coefficients 
of  the  remainder  may  lie  puts  to  cypher ;  it  appears  from 
thbproceMy  which  is  that  made  use  ofby  Laplace  in  his  Ce- 
lestial Mechanics,  how  the  laws  of  the  motion  of  a  point  may 
be  deduced  from  tliose  of  their  equilibrium  :  we  shall  see  in 
ihe  aixth  chapter  that  tlie  laws  of  the  aiotioii  of  any  system 
of  bodies  may  be  reduced  to  those  of  their  equilibi  iuni; 
if  P  Q  R  ore  given  in  f  unctions  of  the  coordinates,  then 
by  int^rating  twice  we  obtain  x  y  ziu  &  function  of  the 
time;  two  constant  nrbitrary  quantities  are  introduced  by 
these  integrations ;  the  first  depends  on  the  velocity  of  tlia 
point  at  a  given  instant,  tlie  second  depends  on  the  po- 
sition of  the  point  at  the  same  instant :  iSxtfz  came  out 
respectively  =  a'f{t\  <^-/(0'      po*"^  move 

in  a  right  line»  the  cosines  of  the  aiigks  which  itmalces 
with       2  = 

constant  quantities  a  be  depend  on  the  nature  of  tiie  liinc* 
taoo/  if  /{i)sst  then  a  be  represent  the  uniform  ve- 
locities parallel  to « jf  s^  and  the  uniform  velocity  of  the 

point  =  ^ ;  'if/{C):^t* ;  a  be  are  proportional 
to  tbc  acccloi  atinjT  forces  parallel  to  a  b  Cy  and  the 
point  will  move  with  an  uniformly  accelerated  motion  re- 
presented hy  ^i?+5»+?T  if  x=a'./(/)  +  b'F{t)i  ^= 
^/Q)  +  W»  «  =  W  +  F  (Of  the  path  of  the 
point  will  be  a  curve,  however  it  will  be  of  single  curve- 
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tion;  for  by  eliminatiiig  /  we  obtain  an  equation  of  the 
form  Ax  +  +  C  x  ss  which  it  that  of  a  pkne ; 
the  ftimpleit  caso  of  this  form  is  xso'^-l-^/*,  y^e^i+^^f 
z^e'i+g't^;  dimioating/  between  the  two  first  equations 
we  shall  obtain  an  equation  of  the  second  order  between  « 
and  J/,  which  is  evidently  a  pai;ibula  from  the  relation 
which  exists  between  the  coefficients  of  the  three  first 
terms.  Tf  r  =  /  (/),  ty  =  V{t)  z  =  ^  (/),  all  the  points  in 
the  curve  will  not  exist  in  the  same  plane.  The  law  of  the 
force  being  given,  the  investigation  of  the  curve  which  this 
force  causes  to  be  described,  is  more  difficult  than  the 
reverse  problem  of  determining  the  for6e»  velocity^  &c.  Che 
nature  of  the  cnnre  being  given,  as  the  integrations  which 
are  required  in  the  first  case  are  much  more  difficult  than 
the  diflferentiations  which  determine  the  force  and  velocity 
in  the  second.  It  may  be  remarked  here,  that  the  num- 
ber of  the  equations  ofcondtiioii  oi  tiie  motion  ofa  mate- 
rial point  is  necessarily  /m  than  three  5  for  if  there  were 
three  equations  of  condition  between  the  coordinates  .r  y  z, 
it  is  evident  that  if  these  equations  were  independent  of 
the  time,  their  resolution  would  give  particular  values  for 
each  of  the  coordinates,  v  ^  point  could  not  move ;  and 
if.the  equations  contained  the  time  the  values  cfsyz  are 
given  in  a  fonction  of  the  tlme^  so  that  the  motion  of  the 
point  being  determined  a  priori  by  the  equations  of  con- 
dition, it  cannot  be  modified  by  any  accelerating  force ;  if 
there  were  more  than  three  equations  of  condition  their 
simultaneoLi3  existence  would  imply  a  contradiction. 

(r)  As  ojr  61/     are  arbitrary  they  may  be  assumed  =  to 
dx  dif  dz  respectively^  in  which  case  we  have 

at  Of  at 

V  by  integrating  ^+'^+^  =  c  +  2/{Prf*-i-Q4^+  . 
K<fe)  J  if  this  integral  =  f(xjf  z),  then  vzl  C+/{xyz) 
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let  A  be  the  velocity  correspondiog  to  the  coonlioatea 
abe^then  A*  =  C  +  2/(a  ^c)^  v  -  A«  =  2/(arj^5) 
2  /  (a  6  c),  i.  f.  the  difference  of  the  8C|iuures  the  ve* 
locities  depends  on  the  coordinates  of  the  extreme  pointsi 
of  the  line  described,  */  is  independent  of  the  line  de> 
scribed;  so  that  when  the  point  dt^ciibes  a  curve,  the 
presbui'L'  ol'the  moving  point  on  the  curve  does  not  affect 
the  velocity.  TIjc  constant  nnaniitv  C  depends  on  llic  vn- 
hies  ot'vand  o(x^  z  at  any  given  instant ;  when  the  movin;^ 
point  describes  a  curve  returning  into  itself,  the  velocity  is 
always  the  same  at  the  same  pointj^  and  if  the  velocities  of 
two  poinu  of  which  one  describes  a  curve  while  the  other  de- 
scribes a  right  line»  are  eqnal  at=distances  from  the  centre 
of  forceat  any  given  instant,  they  will  be  equal  at  all  others 
distances ;  if  the  force  varies  as  then*  power  of  s  the  distance 
from  the  centre^  then y(jr^«)=s*^-',vi^—  A'ss*^' 
and  iidv.  v=.  (m-|-1).  s"  (Is,  *."  by  erecting  in  the  line  drawn 
from  the  centre  ordinates  =1  to -!>"»  t^ic  rehuUin^  figure 
will  represent  the«quare  of  tlie  velocity,  when  n  is  positive, 
this  iigure  is  of  the  parabolic  Species,  when  it  h  negative  it 
will  be  of  the  iiyperbolic  species;  if  IV.t  +  Q^/y  +  Kdai 

be  an  exact  differential,  then  — — =— —  6ic.  and 

i/y    ax    da  dx 

P  Q  R  must  be  functions  of  a*  ^  ;s  independently  of  the 

time;  now  if  the  centres  to  which  the  forces  were  directed 

had  a  motion  in  space,  the  time  would  be  involved,  and 

•  •  ^dx  +  Qdy  +  Rrfjr  would  not  be  an  exact  differential ; 

if  P  Q  R  arose  from  friction  or  the  resistance  of  a  fluid,  the 
equation  IV.r  Qdi/  +  Wdz  would  not  siitisfs-  the  pre- 
ceding conditions  of  integrability,  for  as  in  such  cases 

P  Q  R  depend  on  the  velocities  ^  ^  ^  Pi/x  +  QHf  + 

Rdz  cannot  be  an  exact  differential  x y  z  considered  as 
independent  variables,  consequently  in  order  to  integrate, 
we  shouhl  in  the  expression  Pdx  +  Qfy  -|-  Hdsi  substi- 
tute for  these  variables  and  their  differentUls,  their  values 
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in  a  funeUon  of  the  tiiDe»  which  luppoMS  that  the  problem 
is  already  toWed,  •/  when  the  point  to  which  the  Ibroe  it 
directed  it  in  motion,  or  when  the  force  ariiei  from  fric- 
tion or  resistance,    the  velocity  involves  the  time  and 

Vdx  -f  Q.dy  -4-  IMz  is  not  an  exact  differential.  When 
a  point  moves  in  a  right  line,  the  velocity  is  =  to 
the  element  of  the  space     ded  by  the  element  of  the 

time,   i,  e.  v  =      dxi^ -{-d^ ^  dz*   jj^ig     ^Iso  true  for 

dt 

curvilinear  motion,  for  if  P  Q  R  should  suddenly  cease, 
the  velocity  in  the  direction  of  each  coordinate  is  uniform 

and  =  ~  ^  ^  respectively  s  therefore  v  the  velocity  of 

dt  dt  di     ^      ,  ' 

the  point  will  be  uniform  and  its  direction  rectilinear, 
I.  tf.  e  =  ^=^^^M-<^"+</*'  .  the  rectUinear  direcUon 

di 

is  that  of  the  tangent^  for  If  A,  C,  denote  the  angles 
which  this  direction  makes  with         we  have 

a,      ds  A      dx       •  n  ds 

«.  cos.  A         COS.  As-.;  andocos.  B=— •cos. 

dt  dt  dt 

B=*  V.C0S.C  =^-co8.C  =  $VOos.  As  ^,cos.B 
df  dt  dt  '  ds 

du  d" 
s  ^  COS.  C  =:  ^  which  are  the  expressions  for  the 

angles,  which  any  tangent  makes  with  the  coordinates, 

the  tangent  coincides  with  the  line  along  which  the  point 
would  move  if  P  Q  R  bliould  suddenly  cease. 

If  the  point  moves  on  any  curve  whatever,  the  centric 

fogal  force  s-,     Notes,  page  428,  andas  this  force  acu 

in  the  direedon  of  a  normal  to  the  carve,  if  all  the  accele* 
fating  forces  which  act  on  the  point  be  resolved  to  two,  of 
which  one  acts  perpendicularly  to  the  trajectory,  and 
ilie  other  in  the  direction   of  the  tangent,  the  resul- 
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taut  of  the  first  of  these  forces  and  of  ^,1^  the  entire 

T 

preMure  of  the  point  od  the  cnnre*  and  the  jresbtaoce  of 
the  carve  is  an  accelerating  force  =  and  contrary  to  this 

resultant,  denoting  the  normal  force  by  L,  if  A',  B',  C,  be 
the  angles  which  it  makes  with       x  respectively;  by  the 

Notes  to  page  431,  we  have  ^=  P+L  coi.  A',^= 

Q+  L  COS.       — =R4-L  COS.  C;  but  since  the  normal 

«»* 

Is  perpendicular  to  the  tangent  we  have  ^  cos.  A'  +  ^ 

COS.  F        cos.     ss  Of  we  have  aUo  cos.  *A'4-  cos.*Br 

-|>cos.*C'=  U  V between  these  five  equations  we  can  elimi- 
nate A' B'CLy  and  the  resulting  equation,  which  as  of  the 
second  order  being  combined  with  the  equations  of  the  tra- 
jectory, which  are  given  in  each  particular  case,  will  de- 
termine the  coordicKUes  x  t/  z  in  a  liincLion  of  the  time  ; 
if  the  ihicc  ]Mece(iin<T;  equations  be  multiplied  by  dx 
dx  respectively^  and  then  added  together^  we  obtain 

d'^ds+d'^jj  +  ,!'.,h  ^  pj^^Qj^^  R^,^L  (cofc  A' 

Jx+cos.  B'.  dt/-\-cos,  C.  dz)  as  the  latter  part  of  the  se- 
cond member  ==  o,  we  have,  by  substituting  for  the  first 

member  iU  valuer  (£±^  =  P.ifcp  +  Q.dj/  +  ILdst;  v 

^li  =  P.^+  Q.^  +  R.^  I.  e.  the  accelerating  force 
<ft*         ds        ds  ^  ds 


resolved  in  the  direction  of  the  tangent,  is  equal  to  the 

cond  differential  coeffklent  of  the  arc  considered  as 
a  function  of  the  time,  which  is  an  extension  of  what 
has  been  established  in  Note?,  page  430  ;  it  likewise  ap- 
pears that  the  force  in  the  direction  of  the  tangent  is 
totally  md^ndentpf  L ;  and  also  that  when  there  is  no 
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acceleratiog  force,       =  o.    It  appears  iiom  what  has 

been  just  established,  that  when  the  equatiotis  orf  condition 
of  the  motion  ot  the  nuucnul  point  are  independent  of  the 
time,  the  resultant  ot  the  forces  which  are  etjuivaleiiL  to 
the  equations  of  condition  is  normal  to  the  curve  de- 
scribed 1 ) y  the  point}  for  in  that  case  V'cUc + QV^  +  R'</^  =  o ; 
P'  Q'  R'  being  the  resuhant  of  these  forces  resolved 
parallel  to  xyx  respectively;  but  if  these  equations 
are  fonetions  of  the  time  P^dx  4*  Qdif  +  B/dM  is  not 
^  o.  If  V  denotes  the  resultant  of  all  the  accelerating 
forces  which  act  on  the  point,  and  the  B  angle  which 
this  resultant  makes  with  the  normal,  V  cos.  $  ex- 
presses the  resultant  resolred  in  the  direction  of  the  nor- 
mal, and  when  the  curve  described  is>  of  single  curvature, 

-p+V  cos.  $,  expresses  the  entire pressur?  s  L;  ?  + 

P.  ^  4.  Q.      •/if  the  equation  of  the  trajectory  he  given, 

and  also  the  values  of  P,  Q,  in  terms  of  x  we  can  deter* 
mine       and  v       and  substituting  for  L  this  value, 

in  the  expressions  for  &c.  we  might  by  integrating, 

determine  the  position  of  the  point  at  any  given  moment^ 
and  also  its  velocity.  As  the  coordinates  are  arbitrary,  if  we 
make  one  of  them  to  coincide  with  the  normal  to  the  carve, 

denoting  by  A%  IV,  the  angles  which  the  radius  of  the  oscu- 
lating circle  makes  with  the  normal  and  with  the  coordi- 
nate, wliicli  is  in  the  plane  of  the  tangent,  and  by  7;/,  ?/,  /, 
the  angles  which  V,  the  resultant  of  all  the  forces,  makes 
with  the  three  coordinates,   the  force  expressed  by 

^  resolved  parallel  to  these  coordinates  — .  cos.  A,—. 

r  r  r 

cos.  B,       cos.  yo^ ;    and  V  resolved  parallel  to  these 

coordinates  =s  V  cos.  w,  V  cos.  n,  V  cos.  and  as 
A  tn  denote  the  inclination  of  the  radios  of  curva- 
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ture*  aud  of  Y  to  tlie  normal,  ~*  cos.  A  +  V  cos.  m  ex- 
presses  Uie  pressure  of  the  point  on  the  surface,  V  cos.  n 
H--^,  cos.  90^  expresses  the  force  by  which  the  point  is 

moYed ;  v  V  cos./  +  — cos.  B  =  the  motion  perpendicu- 
lar to  the  taii^cnl  =  o ;  hence,  if  V  /  r  and  r  were  given,  we 
might  determine  B  and  vthe  inclination  of  the  plane  of  the 
osculating  circle  to  the  tangent  plane^  and  when  there  is  no 

accelerating  force,  — .  cos.  B  =  o,  /.  e.  B  =  90,  or  the  plane 
of  the  osculating  circle  is  at  right  angles  to  the  sariace 

— «  COS.  B=-^.  sine  oi  the  inclination  of  plane  of  oscu- 
r  r 

lating  circle  to  the  plane  which  touches  the  surface. 

(aa)  Let  the  perpendicular  distances  of  the  given  points 
from  the  plane  which  separates  the  two  media  =  a,  a',  if 
tbrougli  tliese  two  poiiits  q  plane  be  conceived  to  pass  per- 
pendicular to  the  plane  surface  which  separates  the  media, 
and  if  the  line  described  be  supposed  to  be  projected  on 
this  plane,  then,  since  the  extreme  points  of  this  line  are 
giren,  a  of  the  perpendicular  distances  of  these  points 
from  the  separating  plane  will  also  be  given ;  and  also  e  the 
intercept  between  these  perpendiculars  reckoned  on  this 
plane,  let  ;r,  x\  denote  the  angles  which  the  projection  of 
the  line  on  the  perpendicular  plane  makes  with  the  per- 
pendicular 10  the  separating  plane  at  ihc  point,  where 
the  projection  ot"  the  line  described  meets  the  separating 
plane  ;  then  we  have  evidently  c  =  a  tang,  j:  -\-  a'  tang, 
y,  ii»  denotes  the  perpendicular  distance  ofthe  point  where 
the  ray  of  light  meets  the  separating  plane  from  its  pro- 
jection on  the  perpendicular  planer  and  y  the  distances 
ofthe  given  points  from  this  plane^  we  have  evidently  ^= 

.r*  -I-  -     =  V  (g^4-    ^  \  \  but  as  the  den- 

cos.  *a*  V      cos.  V 

sity  ot  the  iwo  media  through  which  the  light  passes, 
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though  different,  from  one  to  the  other,  is  uniibmi  for  eech 
of  them  respectively ;  »  ii'  the  ▼elocittes  in  those  media 
will  be  unHbrm,  \*fv  d  fsn  jr  is  the  partof  the  integral  of 
vd$  which  appertains  to  the  first  medium,  and  fi'y  the 
part  ofthis  integral  which  appertains  to  the  second,  con- 
sequently by  Note  (bb)ni/+ri'y  =/ o    x  is  a  minimum, 

#•  e.  »: -  +  nf^ ^  n  a  mini- 

cos.  COS.  V 

mum  with  respect  toy,  jc,  jp'iof  these  «^  aMcoonected  hy 
the  equation  c=a.  tan,  «+a^tan.a/;  -.-in  the  first  place  the 
diffierenttal  of  the  preceding  fiinotion  with  respeet  to  aso^ 

dz       dm      ^      djt  ^  dM    ^  '  y  ^ 

=  «b  bates  this  equation  cannot  be  satisfied  ujiless  «  =  o, 
it  follows,  that  the  track  of  the  luminous  ray  coi^icides  with 
the  plane  perpendicular  to  the  plane  separating  the  sur- 
luces,  and  passing  through  the  two  given  points  i  therefore 

=  -^.-^f—^         as  it  b a  minimnm, 

COS.  X     COS.  ' 

a  fi.  sin,  j.^^      afn'.  sin,  x'^^        u  .  l  ir 

~los.»x         *  "5Sr*P~^^  ~  differeutiatiug 

the  equation  c  ss  a,  tan.  jr  +  e^.  tan.     we  obtain 
C08.*«   €05"^^*"°*  nence  eliininating  —  between  these 

two  equations  we  find  n.  sin.  jr  sn'  sin.  9f\  but  x  is  the  angle 
of  incidenoey  and  «'  the  angle  of  refraction,  'vihote  sines 
are  therefore  in  a  given  rafio.  If  the  ray  of  light  instead 
of  penetratinpr  the  second  medium  is  i  tllecLed  back,  tlien 
tlie  velocity  remains  the  same  during  the  entire  route,  and 
fv  d  s  becomes  rfd  s,  which  is  by  hypothesis  a  minimum: 
therefore  the  track  of  the  ray  is  the  shortest  possible^ 
consequently  it  makes  =  angles  with  the  reflecting  sarfiice» 
V  the  angles  of  incidence  and  reflexion  are=. 

{U)  «*sC+S./(p4f4r4.Q^+R<^«)  9ee  page  438  v  vSp 
= P&r  V  substituting  in  the  equation  of  page 

431  ;wehave5a:<i.^+^rf.*+  &idJ^^  =  i;.  dL  s 

«r'         di  di 
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^Sd^r+^S<^  +  ^.Sifa^andasitisindiirereDtwhich, 
at  ai  M 

of  the  eharacteriitiGs  d  or  ^  precedes  the  other ;  we  have 

*  8tee.« rfisd.  (^^  ^  )-&r rf.^- 

d^  \  d^  /  d/ 

d^  -  S^d^  V  V.  odi  +  Bv.  ds=B  {vds)  = 
^  ^dx,  ht+di/^tf-{-dz,  B»  ^  ,  integrating  with  respect  to 
d,  we  have  8/  (o  d  «)  ss  C  + 

described  by  the  point  are  fixed,  dy  oar  are  to  cypher 
at  tliese  points;  v  S/(v.ds)=o  for  C'evidently  vanishes;  v 
/(vds)  is  either  a  maximum  or  minimum  :  but  it  is  evident 
from  thenatureof  the  function  f{v  d  s)  that  it  is  not  a  roaxi- 
miDis  hence  of  all  curves  which  a  point  sollicitcd  by  the 
forces  P  Q  describes  in  its  (MMge  from  one  given  poim 
to  another»  it  describes  that  in  which  ^  (v  d  «)s:o^  conse- 
quently that  in  which  v.  di  is  a  minimum  { if  there  are 
no  accderattng  forces  v  is  constant,  and  f{v,  d$)  beoooiea 
*.*  in  thtt  case  the  curve  described  by  the  moving 
point  is  the  shortest,  and  in  consequence  of  the  uniformity 
of  the  motion  the  time  will  also  be  a  minimum  :  biiice  Bfv.  ds 
=0,  is  true  in  all  cases  in  which  Pf/x  +  Q^-Zj/H-Rd^is  an  exact 
difierential,  it  is  true  for  all  curveii  described  by  the  ac- 
tions of  forces  directed  to  fixed  centres,  the  forces  being 
tofunctionsof  distancet  from  them  ;  and  if  the  form 
of  these  functions  wafe  given,  we  could  determine  the  species 
of  the  curve  described,  by  substituting  for  o  its  value  in 
terms  of  the  fbroei  and  then  investigating  hy  the 
calculus  oi  variations  the  rehition  between  the  ordi- 
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nates  of  the  curve,  wbich  satisfies  2  (vds)z=o.    If  the  iorce 

varied  as  —  it  would  be  easy  lo  shew  iluiL  lIic  cui  ve  was 

a  conic  section  oii<;iii  in  the  focusy  if  the  force  varied  as  j 
the  distance  from  centre,  the  curve  described  would  be 

also  a  conic  section,  origin  being  in  llie  centre. 


CHAPTER  IIL 

(a)  In  fact  letp  denote  the  action  wbich  m  the  first  ex- 
erts on  the  secondt  If  previous  to  the  impact,  Is  actu- 
ated by  p  and  —p;  the  first  m  is  employed  in  destroying 
—  Pf  and  to  efiect  this  it  must  employ  a  force  =  and  di-* 

recily  contrary  to  ^p,  and  therefore  it  will  lose  a  force 

=  to  p  ; 

(b)  g  the  gravity  must,  however,  be  distinL'iiIshcd  from 
w  the  weight,  tor  g  denotes  the  intensity  ol  the  power 
as  it  exisU  in  nature  without  any  reterence  to  the  quantity 
of  matter  put  in  motion  ;  w  denotes  the  force  of  gravity 
applied  to  the  particular  body  under  consideration,  which 
depends  not  only  on  the  intensity  of  the  gravity,  but 
also  on  the  mass  of  the  body  on  which  it  is  exerted,  so 
that  w  is  the  resultant  of  all  the  forces  of  gravity  acting 
on  each  molecule,  w  is  -^l  to  m,  the  quantity  of  matter, 
at  a  given  phicc,  but  lo  determine  the  value  ofw?  in  dille- 
renl  latiludos,  must  take  into  account  the  intensiiv  of 
gravity,  wliicli  varies  from  one  place  to  another,  *,•  w  =  i/iLi 
and  as  i/{  =  v</,  w  =  iKd*g^  .v  being  the  volume  and  d 
the  density. 

(c)  The  reason  why  distilled  water  was  selected  as  the 
term  of  comparison  was,  that  it  was  one  of  themostbomo^ 
geneous  substances,  and  the  maxitnnm  of  its  condensation 
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w«ft  eaiUy  aioerteined»  m  it  tAmjt  obtebed  aboat  4^ 
above  the  fteexing  point  the  centigrade  thermometer. 

(d)  What  Is  here  stated  does  not  in  the  least  tend  to 
establish  the  exploded  position  of  Des  Cartes,  that  all 
space  was  equally  full  of  matter,  for  according  to  liiin,  all 
matter  was  homogeneous,  and  the  subtle  ether  which  was 
diilused  through  the  plaae^ury  regions  was  of  the  same 
nature  with  other  matter. 

(e)  Since  perpendiculars  from  any  point  in  thedirectionof 
theresultant  of  two  foree%  Mi  the  divcotioDs  of  the  fi>raei^ 
are  inversely  as  the  fbrcesy  it  follows  that  as  in  thb  case  the 
fcsnltant  passes  throogh  the  lalcnim,  perpeadicriart  fiom 
ftilcmm  on  the  directions  of  the  composing  forcesi  are  in- 
Yenely  as  the  forces. 

(/)  ^"  general  it  may  be  remarked  that  the  wkolc  force 
necessary  to  perform  any  work  is  not  diminished  by  the 
application  of  tlic  meclianic  powers,  their  use  is  either  to  di- 
minish the  force  applied  at  once  by  lengthening  the  time^er 
to  shorten  the  time,  by  increasing  the  force  applied  at  once. 

(g)  This  will  immediately  i^pear  from  Notes  to  Chap- 
ter 11,  for  V  the  resultant  resolved  parallel  to  the  ajtis 

of     —  V.  ^f__^J,  :z.  (as  a;  =  |>.  cos.  ^  p  being  the 

projection  ti  on  the  plane  of      V.^f'^^^-^JlAji  and  this 

force  resolved  in  the  direction  perpendicalar  to  p  f.  fm 
in  the  direction  of 

p  dxp  ss  X^|).cos.^— A).2  s        COS. ^— A). sin. ^, 

in  like  maimer  V  when  resolTed  parallel  lo  the  axis  of  ji^ 
and  then  peependicnlar  to  p  or  In  the  directkm  of 

V 

=  ^  (p.  sin.  r//— B),  COS.  ^,  V      efficient  part  of  V  re- 

soWed  ui  the  directioB  of  die  element  p  S  ^  s 
V 

-j^^((p.  sm.^— B).  COS.  ^-^(p.  cos.^A}  sin.     which  as  o* 

Q  Q 
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=r(p.coB.  *-A)»+(p.  8in.i>»-B)*+(a-C)Sand  V  " 
=  — (J.  bin.  ((».  COS.  i/^— A)+C'  COS.  i/*  (p.  stn.^  —  B)is  =r 
to^.  (^)  =  ^;  V  being  the  projection  of  the  given 
force  on  th^ploiie  x^atidpa,  perpendicular  from  the  axis  of 
M  ottibediractionofV^and  v^- — »  the  projected  force  re- 
solved  in  a  direction  perpendicular  to  p,  therefore  we  have 
y.^^J  =  2>  V'=  the  uioment  of  the  projection  of  V'  with 

respect  to  the  origin,  but  V.  the  sum 

of  momenta  of  the  composing  forces,  see  page  410. 

(g)  It  appears  from  the  expression  p.  V  that  the  mo- 
ment of  a  force  may  be  <rco metrically  represented  by 

means  g1"  a  triangle,  whose  vertex  is  at  the  poiiU,  and 
whose  base  represents  the  intensity  of  the  force  j  and  if 
X|  Y  indicate  the  force  V,  resolved  parallel  to  the  axes  of 

irrespectively,  X  =  \v(^),  YsV,.  (^),  and  these 
forces  resolved  respectively  perpendicular  to  pf  are 

p.V 
9' 

(A)  Hence  if  either  p  or  V^',  van  ish  the  moment  is=to 
and  as  the  projection  of  the  area  of  a  plane  curve  on 
another  plane,  is  etjual  to  this  area  multiiilicd  by  tbecosine 
of  the  angle  contained  between  the  two  planes,  it  follows 
that  the  moment  of  the  forces  relative  to  any  axis  inclined 
to  the  greatest  moment  is  equal  to  the  greatest  moment 
multiplied  into  the  cosine  of  this  inclination. 

(t)  Us  s  the  inclination  oftwo  planes  of  the  moments  H 
and  Vwor  which  is  the  same  things  the  inclination  of  twoper- 
pendiedarstotfaesephmes;  aadit a^/^Ab%6^%  represent 
the  angles  which  these  perpendiculars  make  respectively  with 
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three  fcctaognUiraxesy  <m.'t^co^tu  cos.  &+c<».a^ 

C09.  a"  COS. ^;  V  when  sszSO^  this fimccion  =     we  haTe 

also  cos:  *« +cofc  V+ Vss  1 ;  cos.  **+cofc  *y+C0B, 

=  1  ;  /if  V,  V„  V^,^  represent  the  projections  of  the  given 
moment  H  on  three  rectangular  planes,  xj/,  .r  ^  we 
have  V,  =  H.  cos.  a,  V„  =  H.  cos.  a',  V,,,  —  1 1,  cos.  a  ; 
in  like  manner  we  have  V^z:  H.  cos.  s  =  H.  cos.  a.  cos.  J 
+  H  COS.  fl'.  COS.  ^-f-H.  COS.  a",  cos.  b"  =  \\.  cos.  6  -f  V^^ 
eoe-^'+Vy//.  cos.  i^i  v  know  the  projection  of  the 

gieatest  moment  on  any  three  rectangular  planes,  we  have 
its  pnjection  on  any  plane  whose  inclination  to  those  is 
given  I  in  like  manner»  if  Wo,  Vog  represent  the  prqjeetbns 
of  H  on  two  planes  rectangular  to  each  other  and  to  the 
plane  of  projection  of  V«,  b,  b/  6/  b„  bj  bj'  being  the  an« 
gles  which  perpendiculars  to  these  planes  make  respec- 
tively with  u  i/  ^,  we  have  Vo^  =  V^.  cos.  b,-^V,^  cos.  bf+ 
V,,,,  cos.  b/"t  Vo,,  =  cos.  ^,4- V,.  cos.  bJ  +  \^  cos.  b„\  v 
it  follows  that  V/+V/  +  \V  =  Vo*  +  Vo/  + Vo/  ;  hence 
itappears  that  V/  + V,*-f-V,„*  isindependentof  the  direction 
of  the  three  perpendicular  planes  of  projection,  and  Vo= 
V V,,,»— Vo,«— Voff'  i  V  Vo««  amaximumandss 
H  U,  V  v7+V,*+V,,/  when  Vo,=o*Vo,^fl^  Vthisconsiant 
quantity  is  the  value  of  the  maximum  moment,  and  ^ 
Vo.  cos. «,  V,,= Vo  co8.a',  V,,,=Vo.  cos.  a\  v  coe.  fl  = 

^///  ;  •  •  if  we  know  the  moments  with  re- 

vv;+v/+v,,/ 

spect  to  three  rectangular  planes  arbitrarily  selected,  we 
have  the  value  of  the  principal  moment,  and  also  its  posi- 
tion I  and  if  on  perpendiculars  to  each  of  these  three 
planes^  lines  be  assumed  respectively  -frl  to  the  projec- 
tions of  the  momenta  on  these  planes,  the  diagonal  of  the 
parallelopiped,  of  which*  these  three  lines  are  the  sides*  re- 
presents  the  maximum  moin«it  hi  quantity  and  direction. 
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(k)  Therefore  it  appem  from  Note  (0  there  wiil  be  ui 
equilibriiUBy  if  the  priodpal  moment  and  the  resultant  of  all 
thefiircea  s  eypherreipacthrdj;  ifthmb  a  fixed  point  in 
die  ^ytteiDy  the  reniltant  of  all  the  fercei  is  destroyed  by  ito 
laaction ;  if  there  ia  no  fixed  point  the  retnltant  V  mnat 
vaiittb,  bot  this  eannot  be  the  case^  nnleas  eacb  of  the 
forces  X  Y  Z  respectively  vanish  ;  as  Xy^Yx^:  so  it 
might  be  shewn  that  Zo.— X2r  =  V/, ;  Y^  — Zy=V^^, ;  buL8& 
these  three  equations  obtain  at  the  same  time,  we  have  by 
multiplying  the  first  by  Z,  {see  Celestial  Mechanics,  page 
89,)  the  second  by  Y,  and  the  third  by  and  then  add« 
ing  them  together  V^Z+V^Y  +  V,,/X=:o,  this  is  the  =r  n  of 
oonditiout  which  must  be  ^tisfied  when  the  forces  have 
an  unique  resultant;  if  X  Y  Zare  s  mpectively  to  cy 
pher»  then  the  forces  am  redncibk  to  two  mpeetively  se, 
but  not  difcctly  oppowd  to  each  other. 

(/)  It  is  evi^t  from  what  has  been  established  in  Notes 
(g)  (h)  of  this  Chapter,  that  generally  the  sum  of  the  Aree 
composing  forces,  parallel  to  the  three  rectangular  coordi- 


nates, are  ».  m  S.  ( |i ),  S,  sr.  S.  f X  »  S  f|i )  j  and 


the  sun  of  the  nomenti  projected  on  the  three  pknes 
may  beespreased  thus: 


and  that  the  point  is  firee^  these  quantities  are  req>ectively 
s  to  cypher ;  if  theforces  acting  on  the  system  be  those  of 


gravity,  S=S',=S*,  &c  ~  =^=^  &c  the  first  thrse 


2  nil 
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2  772.  at;  and  the  three  first  compound  a  unique  forces  S.  S  m 
i.e<,  the  weight  of  the  syslem,  which  is  desuoycd  by  the  re- 
action of  the  origin  when  it  is  fixed.  If  the  origin  of  the 
coordinates  be  a  given  point  different  from  the  centre  of 
gravity,  and  if  C  B  A  be  tlie  coordinates  of  the  centre  witii 
respect  to  this  point ;  then  2fii.(.r— A}=Oi  B)=:o; 

C)zzo  when  the  origin  \sjixed ;  v  we  have  A.Soi  =: 
Sikt;  B*  2iii=2iityi  C«2n=SiN<;  hence  knowing  the 
poniions  of  the  leveral  bodies  of  the  syttem  with  reject 
to  the  axes  of we  can  determine  the  coordinates  of 
the  centre  of  gravity  with  respect  to  the  same  axes. 
As(S(mar))*  =  S(»i*x*)+2  2(inro',  arorO »  and  2i»m'(a>-ar')* 
=wTO'x*+m  m  V*  +  m  m"x*  -f  m  m"*  +  m'm"x"'-  +  &c— 
2mm"  aro.'  — 2//i'  nr  xV— &c.  =  2(»n  m'x^)—2^{mm'  xx") ; 
and  as  2(w.r*).Sw  =  2(w*x')4-  2(/7i     j-*),     S(ma:)*  = 

2m*         Sfls  (2«)*  ' 

we  might  bbtahi  €orrei|Kmding  values  te      and  G% 

hence  it  is  evident  that  A»-f  B*+C*  = 

consequently  if  we  have  distances  of  the  several  bodies 
of  aajstem  from  a  given  pomt  and  also  their  mntuol  die* 
taaces  from  each  others  we  have  the  distance  of  the  centre 
of  gravity  of  those  bodies  from  the  same  points  and  if  the 

same  be  given  for  three  &ced  points,  the  position  of  the 

centre  of  gravity  in  space  will  be  obtained.  If  the  exprcMion 
S((x_A)«+(y— B)*+(;?  +  C)*)  be  differentiated  wiih  re- 
spect to  XI/  z  respectively,  and  the  dilTerenUal  coefficient 
be  then  put  =  o,  we  shaii  liave  — A)=:o,  — B)  = 
9f  &C.  this  implies  that  the  sum  of  the  squares  of  the  dis- 
of  the  molecules  from  the  point  ABC  is  a  minimumy 
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and  if  these  moleculeB  are  all  equal  to  each  other,  and  re- 
presented by  iw,  we  have        — A)— o,  S/n(^ — B)=o,&c. 

2i»  Sin  2fft 

contequently  the  centre  of  gravity  of  a  system  ponesses 
this  property,  namelyy  that  the  sum  of  the  squares  of  the 
distances  of  the  points  of  the  system  from  it»  is  less  than  for 
any  other  point  whatever.  If  several  forces  concarring  in 
a  point  constitute  an  equitibrium,  and  if  at  the  extremities 
of  lines to  and  in  llie  direc  tions  of  these  forces,  be 
placed  the  centres  of  gravity  of  bodies,  the  common 
centre  of  gravity  of  these  bodies  will  be  the  point  where 
the  ibrces  concur  ;  for  as  the  forces  are  represented  by 
lines  taken  in  their  direction  and  concurring  in  one  pointy 
if  this  point  be  made  the  origin  of  the  coordinates,  the  sum 
ofthe  forces  parallel  to  the  axes  of  «  are  2(ar)»S(^),2(»)v 
and  by  hypothesis  they  are  s  to  cypher, 
2(«)=ro,  I.  e,  since  the  bodies  are  equal  2(iv»r},2(iny),2{fiur), 
are  =  to  cypher,  consequently  the  origin  is  in  the  centre 
of  gravity  of  a  system  ot  bodies  of  which  each  is  equal  to 
w,  if  to  all  the  points  of  any  body,  iorces  be  applied  di- 
rected towards  the  centre  of  gravity,  and  to  the  dis- 
tances between  these  points  and  the  centre  of  gravity, 
these  forces  constitute  an  equilibrium  ;  it  likewise  appears 
that  when  several  forces  constitute  an  equilibrium,  the 
sum  of  the  squares  of  the  distances  of  the  point  of  con- 
course of  these  forces  from  the  extremiti^  of  lines  -H-l  to 
these  forces,  is  a  minimum. 

hn)  This  principle  was  established  first  by  a  copious  in- 
duction of  particular  cases;  it  may  be  thus  analytically  an- 
nounced, if  S,  S',  S",  5cc.  represent  the  forces  actuating 
the  several  points  of  the  system  and  Ci',  cs',  3s",  6iL.  the 
spaces  moved  over  in  the  respective  directions  of  these 
forces,  we  have  tn  S  Ss m'  S' +  m"  S"  ds"  -f&c.  =  o 
in  the  case  of  the  equilibrium  of  the  system,  the  variations 
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being  subjected  to  the  condition  of  the  comiexion  of  the 
parts  of  the  Bjstem. — (See  page  41 1,  and  alto  Celestial 
Mechanicsy  page  82.)  It  Is  also  eTident,  that  If  the  pre* 
ceding  equation  obtains  the  system  is  In  equUlbrio  i  for 
suppose  that  while  the  preceding  equation  obtains  the 
points  m,m'fm",  See.  are  actuated  by  the  velocities  v,  v',  x/',  in 
consequence  of  the  action  of  the  forces  ;;i  S,         m"S",  &c. 

liich  are  applied  lo  them,  the  system  will  evidently  be  in 
equilibrio,  in  consequence  of  the  action  of  these  forces,  and  of 
m  V,  m'  x/y  m"  v',  &c.  applied  in  a  contrary  direction,  •/  5r, 
&c,  denoting  the  variations  of  the  directions  of  tlie 
new  forces*  we  shall  have  from  the  preceding  principle^  mS,Ss 

Of  but  the  positiTe  part. of  this  equation  vanishes  by  hypo« 
thesis,  V  nndo-^9i^i^+mfifBt^9  &c  s  if  we  assume 
^svdi,  hf—rfdi,  h^^tfZiy  &c  as  we  are  permitted  to 

do,  we  shall  have  mv^-\-m'x/*-{'m"  v/'*-\-^c*  =  o;  v  p  = 
-J  zz-OyiJ'  zzoy  &c. ;  I.  e*  the  system  is  in  equilibrio  when  m  8^5 
iS'cV-f-m"  S"Ss",  &c.  =o; 

The  condition  of  die  connexion  of  the  parts  of  the  sys- 
tem may  be  reduced  to  equations  between  the  coordinates 
of  the  several  bodies,  if  f<'=o,  m"=o^  &c.  be  these  dif- 
iiefent  equations,  we  should  add,  as  in  page412,  A  luy^ 
&C.  to  the  function  2si«  S&;  A,  &c.  being  indetermi- 
nate fonctions  which  shoold  be  determined  in  the  manner 
suggested  in  page  418^  the  equation  given  above  then  be- 
comes OSS  2m  S&-I-2X  Sm  ;  In  this  case  we  may  treat  the 
variations  of  the  coordinates  as  arbitrary,  and  •/  put  their 
respective  cocflicients  =  o;  which  will  give  as  many  dis- 
tinct equations,  and  thus  enable  us  to  determine  A  A^  &c. 
and  therefore  R  R/  &c. 

The  six  equations  of  equilibrium  which  were  given  in 
page  422  may  be  deduced  from  the  equation  o=2mS</jf 
for  if  the  bodies  of  the  system  are  firmly  united  to  each 
other,  tlieur  mntnal  distanoes  ddtdF^  are  Invariable^  and 
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V  '*^(.r'-a-)+(y-j/r+(«'-r)* 

are  oonttont,  and  therefore  their  variations  s  v  ^^^^t* 
ever  supposttioot  Mftisfy  these  conditionsy  will  also  obtain 
for  the  equation  Sin.  S  &,  but  these  variations  =  a,  from 

either  of  two  suppositions,  namely,  either  from  making 

gi'=Sx'=Sx",&c.  aj/  =  Sy  =  gy^  &c.  SssSa'rr&s",  &c-  or 
from  making  St  =3^8w,  8y=  — :rgw  g.r'=y  gw,?/=  — 
&c.      being  any  variation  whatever,  as  is  evident  from 
making  these  suppositions  in  the  variations  off/,  d\  fF,  &c. 
in  the  first  case  it  is  evident  that  these  substitutions  moke 

3BwS^  0,  SwS|i=o  J  Sfli  S.  ^  =  0 ;  which  imply  that 

in  the  case  of  the  equilibrium  of  a  system  of  bodies,  the 
sm  of  the  forces  of  the  system  resolved  parallel  to  the 
axes  of  «^  9  are  =  to  qrpher.  By  substitoting  the  other 
valoes  of  ar^ftc  which  satisfjr  the  condition  of  the  iava^ 
riabiBty  of  the  distances  of  the  bodies  of  the  system,  in  the 

ec(Uation  o  =2ai.  S^,  we  obtain  o=Ssi&  (i^  ^~'^^)' 

and  by  changing  the  coordinates    j/,      &c.  or  t/,  y 

&c.  into  &C.  wc  shall  obtain  o=  ^wS  — 

the  three  other  equations  of  the  equilibrium  of  a  system, 
indicating  that  the  sum  of  the  raomento  of  the  forces,  pa- 
rallel to  any  two  ases,  which  wonld  cause  the  system  to  re- 
volve about  the  remainiDg  ausy  are  respedmly  equal  to 
cyphers  if  the  origm  of  the  coordinates  was  fixed  and  at- 
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tached  inyariably  to  the  system,  the  forces  parallel  to  the 

three  axes  will  be  destroyed  by  the  reaction  of  the 
fixed  point,  so  tliat  the  three  last  equations  are  tliose 
Avhich  remain  to  be  sntisBed  ;  in  this  case  the  resultant  of 
nil  llie  forces  which  act  on  the  body,  passes  through 
the  fixed  point,  and  therefore  is  destroyed  by  its 
reaction.  If  there  are  two  points  fixed  in  the  system 
there  is  only  one  equation  of  equilibrium*  namely, 
that  which  expresses  that  the  sum  of  the  moments  of  the 
forces^  which  would  make  the  system  revolve  about  the 
line  connecting  the  fixed  points  as  an  axis,  is  equal 
to  cypher;  in  general  the  number  of  equations  of 
equilibrium  is  equal  to  the  number  of  possible  motions 
which  can  be  impressed  on  the  system,  or  to  the  least  num- 
ber of  indeterminate  quantiues>. 

(6)  Perhaps  it  would  be  more  accurate  to  say,  that  there 
were  three  kinds  oFequilibriunj,  namely,  stable,  unstable, 
and  neutral,  in  the  last  the  body  is  in  a  state  of  iodi^ 
ference,  and  has  no  tendency  either  to  recover  its  pri* 
mary  position,  or  to  deviate  more  from  it ;  it  as  evident  that 
it  only  obtains  when  the  equilibrium  exists  under 
a  continued  change  of  posltiony  a  homogeneous  sphere* 
or  a  cylinder  whose  axis  u  horizontal,  floating  In  a  fluid* 
are  instances  of  this  species  of  equilibrium,  for  they  have 
no  tendency  to  maintain  one  position  in  preference  to 
anuther.— S^-t  Note  (A)  Chapter  IV,  and  Notes  {J)  i^) 
Chapter  V. 
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4^Q  MOTIIS, 


CHAPTER  IV. 

(a)  By  Noteif  page  411)  it  appears  that  when  the  fluid 
it  at  resty  and  v  ^ach  molecule  at  rest,  the  resultant  of 
all  the  forces,  by  which  it  is  actuated,  must  be  at  ri<^ht 
angles  to  the  lurfiice  on  which  it  exists ;  for  it  followt 

from  the  perfect  mobility  of  the  particles  of  fluids, 
that  when  a  fluid  mass  is  in  equilibrio,  each  coii&ULueiit 
moh'cule  of  tl»e  t\n\d  must  also  be  in  equilibrio.  When  ft 
molecule  exists  on  the  surface  of  the  liuid,  the  resultant  of 
all  the  forces  by  which  it  is  actuated,  must  from  what 
is  already  established,  be  perpendicular  to  that  surface  ; 
a  molecule  in  the  interior  of  the  fluid  mass  u  sub- 
jected to  two  distinct  actions,  one  arising  from  the  foreei 
which  solicit  it,  and  the  other  from  the  pressure  produced 
by  the  surrounding  paiticles ;  and  the  entire  pressure  at  any, 
point  arises  from  the  combined  action  of  the  two.  If  a 
fluid  mass,  of  which  the  iiiolcculci  arc  solicited  by  imy  acce- 
lerating forces  whatever,  be  in  equilibrio,  when  contained 
inavessel,  which  is  closed  on  nvnji,\de;  and  if  tlie  equili- 
brium would  cease  to  exist  if  an  aperture  was  made  in  the 
side  of  the  vessel,  it  is  necessary  in  this  case,  that  the 
pressure  exerted  on  the  sides,  should  be  perpendicular  to 
them,  as  otherwise  the  resistance  of  the  sur&ce  would  not 
destroy  the  pressure;  the  intensity  of  this  pressure 
in  general  varies  from  one  point  to  another,  and  de- 
pends on  the  accelerating  forces  and  on  the  position  of 
the  point;  with  respect  to  those  fluids,  which  are  termed 
elastic,  they  may  iiuiced  press  on  the  sides  of  the  vessel  in 
which  they  arc  enclosed,  though  no  nioiive  forces  acton 
the  particle^^,  or  without  any  presssure  urging  the  surface 
^^  of  the  fluid;  for  as  they  perpetually  endeavour  to  dilate 
themselves  in  consequence  of  their  elasticity,  this  gives 


Digitized  by  Google 


45i 


rise  to  a  preiture  on  the  iides  of  the  vessel ,  which  is  always 
constant  for  the  same  fluid,  and  depends  iri  general  on 
the  matter  of  the  fluid,  its  density  and  temperature. 

(b)  By  considering  each  molecule  as  an  indefinitely 
small  rectangular  parallelepiped,  we  are  permitted  to  sup- 
pose that  the  pressure  accelerating  forces  and  density  of  each 
point  of  any  one  of  its  surfaces  are  the  aamei  we  also  can 
thu8  express  the  fact  of  the  equality  of  pressure  which  is  the 
fundamental  principle  from  which  the  whole  theory  of 
their  equilibrium  may  be  deduced ;  let  denote  the  mean 
of  all  the  pressures  on  any  side^  the  corresponding  pres- 
sure on  the  opposite  tide,  p  the  density,  P,  Q,  R,  the  acce- 
lerating forceswhich  solicit  the  molecule,  resolved  parallel 
to  the  three  cooi  dinates  of  the  angle  of  the  parallelopiped 
next  to  the  origin  ;  then  dx  dy  dz  represent  the  dimen- 
sions of  the  parallelopipedy  and  p  being  a  function  of 

we  have     =      So;  4-      5y  +         »  ^^"^  para! 

lelopiped,  inconsequence  of  the  pretture  to  which  it  is  sub- 
jected, will  be  urged  in  the  direction  of  x  by  the  force 

dy.  dz,  but  as  p'— 7?  is  the  differential  of  p,  taken 
on  the  hypothesis  that  or  only  is  variable,  we  have  p* 

—  p  =^ff,r=^.  dx;  vIp^'p)*     rf»=  —  ^  dx,  dy.  dx^ 

(we  have  taken      &c.  negatively,  because  they  diaiini»K 

the  coordinates) ;  but  p  being  the  density  of  the  mole- 
cule, its  quantity  of  matter  —  p.  dx.  dy.  dz.  and  its  mo- 
tive force  arising  from  P,  =  p  P.  dx  dy  dz\  the  force  with 
which  the  molecule  is  solicited  in  consequence  of  the  ac- 
tion of  this  force  and  of  the  pressure,  both  of  which  act  on 

the  molecules  =       P  —  (^)^  similar  equa- 

tions may  be  obtained  for  the  forces  parallel  to  y  and 


(c)  By  hypothesit  the  molecule  it  in  equilibrioi  there- 
fore in  cooieqaence  of  what  h  eitablithed  in  Notei^  )iege 
4S0,  we  have 

if  an  exact  Tariationy  the  second  member  mast  be  so  like* 
wise,  therefore 

d.  p  P_</.  p.Q  .  d.  p.  F_d,  p,  R^  J.  p.  R_</.  p.  Q 
dj/         dx    *     dz          dx         djf  dz 

and  multiplying  the  first  of  these  equations  by  the  se. 
cond  by  —  Q^and  the  third  by  P9  we  obtain  by  expanding, 

l>>  It<fP  ,_R.  P.  dp^Rp.  dQ_^ RQ.  dp .     p.  Q.d9_ 
dif  dy  dx  dx    *  dx 

Q.  P.  dp^  ^Q.  dK    RQ. dp ,  pP.£i.Q^RQ.gp_pP.^R 
ds  dx         dx    *     dx  dz  djf 

^R^^  by  reducing  all  the  terms  of  which  ^  is  a  factor 

to  one  side,  and  adding  them  tc^ther,  we  obtain 

f  R,rfP_R.  </Q_Q.  rfP_^Q.  </R^P.  </Q_P.  dK\ 
dy         dx         dz  dx         dz         dy  f 

\    dy     dx     dz      dx       dx      dy  /  ^ 
therefore  by  concinnating 

'  dx         '   dx          dy        '  dy       '  dx        '  dx^^ 

Vfhen  this  equation  is  satisfied,  the  equilibrium  obiams 
though  p  remains  undetermmed.  But  if  the  relation  in- 
dicated by  this  equation  does  not  obtain  between  the  forces 
R,  the  fluid  will  be  in  a  perpetual  state  of  agi- 
tation whatever  figure  it  may  be  made  to  assume ;  and  if 
P  Q  R  be  functions  of  the  coordinates,  p(PSa:  +  Q^y 
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R&»)  caD  be  integrated  by  the  method  of  qyadratures^  bj 
meant  of  wbieb  we  can  find  the  value  of  p  for  any  given 
poini,  and  %*  the  force  with  which  any  side  of  the  veacel  is 
presaed ;  but  though  the  equilibrium  be  impoMible  when 
the  equation  of  condition  it  not  satisfied}  it  does  not  fellow 
that  when  it  is  satisfied  thnt  the  equilibrium  will  obtain  ; 
for  in  most  cases  this  fluid  iu\i>,i  uasuiiie  a  determined  fi- 
gure depending  ou  the  nature  of  P  Q  R.  Likewise  though 
in  the  state  ol  e(|uilibriuni  all  the  molecules  in  the  same 
strata  have  necessarily  the  same  density,  and  experience 
the  tame  pressure^  the  converse  is  not  true,  for  in  homo- 
geneout  incompressible  fluids  q  Is  constant,  in  those  sec- 
tions of  the  fluid  in  which  neither     nor  ^sso; 

QCTer  =  o»  if  the  fluid  be  elattic,  becaute  p  being  a 
function  of|>»  if  the  dentity  has  a  finite  value»  p  can  never 
vanish. 

{d)  If  the  fluid  be  free  at  itt  turface,  j9=o,  •/  if  &p  8y  S» 
belong  to  the  surface  we  have  o  =  P5^+Q?y+R^z=rX«/M, 
t<  being  the  equation  ui  liie  sui'iace,  and  A  a  tunction  of 
xyz  ;  therefore  the  resultant  of  P  Q  R  must  be  jjci  pendi- 
cular  to  those  parts  of  the  surface  in  which  the  fluid  ibtreC| 
for  iu  this  case 

P  Q  R 

are  the  cosines  of  the  angles  which  the  resultant  of  P  Q  H 
makes  with  llie  axes  of  x  y  but  as  P^.r  -f  Q^5^+R5^  =: 
XSw  they  express  also  the  cosines  ol  the  angles  which 
the  same  axes  make  with  the  normal,  *.*  the  normal 
coincides  with  the  resultants  this  coincidence  of  the 
normal  with  the  resultant  is  a  condition  which  must 
also  be  satisfied  to  insure  the  equilibrium ;  by  means 
of  it  we  can  determine  in  each  particular  case,  the  fi» 
gure  corresponding  to  the  equilibrium  of  the  fluid;  if  for 
instance  there  is  only  one  attractive  force  directed  towards 
a  fixed  point,  the  form  of  the  surfoce  will  be  sphertcal» 
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the  fixed  point  being  the  centre  of  the  sphere ;  (if  this 
point  be  at  nn  infinite  distance  the  sphere  degenerates  into 

a  plane,)  for  in  tliis  case  ^=  y  |      a)  dx  +  ( y— + 

(z—c).dz]  =  F.  dr  i  a  b  c  are  the  coordinates  of  the  ceutre^ 

to  wbicli  F  the  force  isdirected,  and  ifthe  origin  of  the  coor- 

do  F* 

dinates  bein  Uiu  centre,  wehave -t=— (or^'x  4-^(/y+  zdz), 

9  »• 

if  the  density  p  is  constant,  or  a  function  of    the  equation 

of  each  stratum  of  level  becomes  ar* +jy*  +  =  C,  which 
beIon<5s»  to  a  sphere  of  which  the  centre  coincides  with  the 
point  of  common  reunion  of  the  directions  of  all  the  forces. 

When  Pca;4-Q<^V+  arise  from  attractive  forces,  as 
is  stated  in  the  text,  it  must  be  an  exact  variation  =  ^  *.* 

we  have     =  p.      consequentlj^  as  — ^=^|i  mustbea 

9 

function  of  p»  therefore  p  will  be  a  fanction  of  p,  and  they 
will  be  same  for  all  those  molecules  in  which  the  value  of  ^ 

is  given,  /.  e.  for  molecules  of  the  same  strata  nf  level ;  and 
for  a  fluid  in  which  </>  varies,  an  equiitbriuni  caiuioL  take 
place  unless  each  res})ective  stratum  be  hoinoi^t neons,  for 
in  this  case  p  and  •.•  p  is  constant ;  for  surfaces  in 
which  p  is  constant  =  o,  therefore  for  such  surfaces 
P.&r+Q*  =     and  the  resultant  coincides  with 

the  normal.  The  integral  of  o=pS^  is  a  constant  arbitrary 
quantity,  which  indicates  that  the  given  equation  ^ssC  ap- 
pertains to  an  indefinite  number  of  surfaces  differing  firom 
each  other  by  the  value  which  is  assigned  to  this  quantity ; 
in  the  equation  ^  :=  C,  i/^  evidently  so,  *.*  ^  is  either  a 
maxmnmoT  minimum^  and  generally  when  P^jr+Q8y-f- 
is  an  exact  variation,  p  is  a  function  of  0,  *.*  the  equa- 
tion  S/) — p.  =  o,  indicates  iliat  in  the  state  of  equili- 
hrinni,  there  is  a  function  of  p  and  xj^*,  which  is  either  a 
maximum  or  niinimum.  If  this  quantity  be  iiuTcn-setl  by 
insensible  gradations,  we  i>hall  have  an  indefinite  number  of 
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surfaces,  distributing  the  entire  mass  into  nti  indefinite  se- 
ries ol  sUata  constituting  between  any  two  strata  what  have 
been  termed  s/ra/«  of  level;  the  law  of  the  variaiit)n  of 
density  p  in  passing  from  one  stratum  to  the  consecutive 
one,  is  aitogetiier  arbitrary,  as  it  depends  on  what  function 
of  ^  l»  i%  but  tliis  is  undetermined,  it  appears,  therefore, 
from  what  precedes»  that  there  are  two  cases  in  which  ^  = 
Of  when  it  is  at  the  free  surface,  in  which  case  j9  Tanisfaes 
of  itself,  and  also  when  p  is  constant,  i.  e*  for  all  saifaces 
of  the  same  level ;  *.*  when  the  fluid  is  homogeneous,  the 
strata  to  which  the  resultant  of  the  forces  is  perpendicu- 
lar, arc  necessarily  oi  ilie  same  density  ;  when  ilie  Huid  is 
contained  in  u  vessel  closed  on  every  side,  it  is  only  neces- 
sary that  all  strata  of  the  same  level  should  have  the  same 
density ;  in  elastic  fluids  it  never  could  happen  that  p 
should  vanish,  or  that  PSx+QS^+R^z  =s  therefore  un- 
less the  fluid  extends  indefinitely  into  spacer  so  that  p  may 
be  altogether  insensible,  it  cannot  be-in  eqntlibrio  except 
in  a  vessel  closed  on  every  side. 

(lO  In  case  of  our  atmosphere  p  is  observed  to  be 
4fl  to t.  e.p  =  kp,  k  depends  on  the  temperature  and 
matter  of  the  iluid,  by  substituting  for  p  in  the  equation 

Bpsp^  we  obtain  Sp=E-^^  *.*  by  integrating  log. ;i  +  C 

because  when  the  temperature  and  mutter  is  given,  k 

k 

is  constant,  by  making  C  =  to  log.  E,  we  obtain  p^'Ee  $ 
since  %•  p  and  p  are  functions  of  they  w  ill  be  constant 
for  each  stratum  of  level,  but  the  law  of  the  variation  of 
density  is  not  arbitrary  as  in  the  case  of  iucompressible 

fluids,  for  the  equation  p  =  c  *  determinesthelaw; 

if  the  matter  of  the  fluid  remaining  homogeneous  the  tern- 
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perature  should  vary»  k  will  be  •  funcUoD  of  the  variable 

temperature,  but  ia  order  that  should  be  an  exact 

variation^  X;  and  consequently  the  temperature  should  be 
functions  of  these  functions  are  arbitrary,  hence  when 
the  fluid  is  in  a  state  of  equilibrium,  the  temperature  is  arbi- 
trary though  uniform  for  each  stratum ;  if  this  law  wasgiven 

we  could  integrate  -f^  trom  which  we  could  infer  the  law 

of  the  densities  and  pressures  by  means  of  the  equations 

/  ?4  E 
p  =  Ee     *;  p  =  *&c. 

* 

(e)  Let  the  horizontal  sur&ce  of  the  quiescent  fluid  be 
the  plane  of  the  coordinates  of  St  yi  the  axis  of  ;s  is  in  this 
case  vertiealf  which  is  also  the  direction  of^  the  accelerat- 
ing force  of  gravity;  hence  sjf  are  =:  o^  and  R  =gin 
the  equation  given  in  page  452,  and  then  becomes  = 
p.  gSz,  *.'  2^  =  QS^t  since  p  —  o  when  at  the  surracc  of  the  wa- 
ter where  there  is  no  consumt;  cnlling  h  tlie  height  of 
any  level  above  the  pressed  surface,  and  A  the  area  of  the 
pressed  surface,  since  all  tlie  points  are  equally  presscil,  and 
the  pressure  on  each  unit  of  the  surface  z=,  U  the  pres« 
sure  on  the  entire  base  =  A,p=p.gh  A,  =  the  volume 
of  a  cylinder  whose  base  =  A  and  height  that  of  the  le?el 
of  the  water,  and  pjgA*  A  is  the  weight  of  a  corresponding 
cylinder  of  water,  *•»  whatever  be  the  shape  of  the  vessel, 
provided  the  base  and  height  of  the  water  above  the  base 
remain  the  same,  the  pressure  which  the  base  experiences 
from  the  incumbentfluid*  remains  the  same,  we  suppose  in 
this  casethatthe  fluid  is  in  a  vacuo,  otherwise  does  not  va- 
nish when  2—0,  nnd  we  must  have  at  the  surface/)' r=  (f.gOf 
this  is  the  pressure  due  to  the  atmosphere,  or  to  any  force 
which  acts  equally  on  all  the  points  of  the  horizontal  sur* 
Ace. 
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(/)  The  primre*oii  each  point  w  pw9  vex* 
preanng  one  of  the  equal  dements  of  the  base^  Into  which 
the  pretied  tnrfece  Is  divided,  and  as  the  pfestnre  of  all 

tlie  elements  are  parallel  to  each  other,  ihcir  resultant 
is  obtainec!  by  taking  the  integral  of  pgz,ir  extended  to 
the  entire  aren,  lliis  inteirral  is  to  A  r^,  A  i1eiiotin<» 
the  area  of  the  pressed  surfacet  and  the  distance  oi 
the  centre  of  gravity  of  this  surface  from  the  plane  of 
the  level  of  the  fluid;  from  this  it  appears  that  the 
pressare  depends  only  on  the  eitent  'of  the  pressed 
snrfiicet  and  on  the  depth  of  its  centre  ofgrafvi^beloirthe 
level  of  the  fleid*  therefore  If  this  snrface  was  supposed  to 
revolve  about  its  centre  of  gravity,  the  pressure  which  it 
experiences  will  leiiiain  the  same. 

It  is  easy  to  estimate  the  lateral  pressure  of  a  fluid  in  a 
vessel  whose  sides  are  perpendicular  to  the  base,  for  as  the 
pressure  is  propagated  equally  in  every  direction,  the  pres- 
sure of  each  molecule  is  -fr-l  to  its  distance  from  the  horison* 
tal  sariace  ofleveU  hence  it  is  easy  to  shew  that  the  entire 
lateral  pressure  in  such  a  vessel  is  equal  to  the  weight  of  a 
triangular  prism  of  water^  whose  altitude  is  that  of  the 
fluid,  and  whose  base  is  a  parallelogram,  one  side  of  which 
is  equal  to  the  altitude  of  the  vessel,  and  the  other  side  to 
its  peri meler. 

What  precedes  suggests  ;i  method  of  fiDdliig  the  centre 
of  pressure  of  a  fluid,  this  centre  is  tiiat  point  to  which  if  a 
force  equal  to  the  whole  pressure  were  applied,  but  in  a 
contrary  direction,  it  would  keep  the  surface  at  rest»  it  is 
therefore  the  point  where  the  resultant  of  the  preasurea  of 
all  the  element!  of  the  surface  meets  it»  and  as  the  pressurea 
of  the  elements  are  parallel  forces^  the  point  of  appllca- ' 
of  this  resultant  mnsi'be  determined  by  the  theory  of  the 
moments  of  these  luices,  '/as  Qg^ir  denotes  tlic  pressure 
for  each  element, y*p «  V  expresses  the  sum  of  the  mo- 
ments of  these  elements  with  respect  to  the  surface  of  the 
fluids  which  is  consequently  s  A  z/i^    being  =  the  dis« 
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tance  oi  the  centre  of  preMure  ffom  Uie  surface^  */  ^ 
ypg*^^  whlcb  shews  that  this  centre  coincides  with  that 

of  perctuaioO)  hence  if  a  plane  sarfiic«  which  is 
pressed  by  a  liquid  be  produced  to  the  snrlace  of  the 
iiquid^and  theur  common  inCersectbn  be  made  the  axis  of 
suspension  the  centre  of  percussion  will  be  the  centre  of 

pressure  : — see  Note  {g ),  Chapter  V.  This  centre  of  pres- 
sure always  lower  than  he  centre  oT  gravity  except  all  ihe 
puitits  oi'  the  surface  are  equaUy  pre&sedj  in  which  case 
they  coincide. 

(g)  Lety  as  in  page  352,  P  represent  the  weight  of  a 
body  in  a  vacuo,  its  weight  in  any  fluid,  V  its  Yoli^me,  D 
its  density,  n  the  weight  of  the  displaced  fluid,  |»  its  densityi 
and  g  the  accelerating  force  of  gmvily,  we  have  P= 
Y.J^,  n  =  VpG  » P  -  n  s  F|  elimlDating  V  and  n,  we 

P       D  . 
obtain  p — p^= — i  which  equation  gives  the  specific 

gravity  of  the  body  with  respect  to  the  specific  gravity 
of  the  fluid  it  follows  from  what  is  stated  in  the  text, 
that  two  bodies  Which  balance  in  air,  are  not  neces- 
sarily of  equal  weiglit,  unli -.s  tliey  are  constituted  of  llie 
same  materials  ;  it  follows  llkei»Mae  from  this,  that  as 
gVD  —  g\Q  =  the  motive  force  of  a  body  existing  in  air, 
by  dividing  this  eicpression  by  V.D,  the  mass,  the  quote 

:s  ^.  -|  being  tiie  density  of  the  air)  represents 

the  accelerating  force  oi  n  body  in  the  air;  hence  it  ap- 
pears that  tlie  air  retards  the  niolion  of  bodies,  both  be- 
cause it  diminishes  its  accelerating  force,  and  also  because 
\t  produces  a  retarding  force  depending  on  the  velocity 
and  figure  of  the  moving  body.  When  a  body  floats 
on  the  water,  it  actually  exists  in  two  diflerent  fluids,  part 
l>eing  in  the  air  and  the  other  part  in  the  water;  hence 
the  common  rde  for  determining  ihe  specific  gravitiea  of 
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'  bodies  it  iacomct;  to  oorrtct  the  result  ve  shonld  sub- 
tract the  number  expressing  the  specific  gravity  of  the  air, 
from  the  two  numbers  expressing  the  speeific  gravities  of 
the  body  and  fluid  on  which  it  floats. 

(h)  A  body,  wliellier  it  floats  on  ;l  fluid,  or  whether  it" 
•  is  entirely  submerged,  will  be  m  cquililn'io  when  it  ?*atisfies- 
the  two  ioUowing  conditions,  namely,  when  the  centres  of 
gravity  of  the  body  and  that  of  the  part  immersed,  or  of 
tliat  of  the  displaced  fluid  exist  in  the  same  Tertical ;  se- 
condly, when  the  weight  of  this  portion  ss  that  of  the  body 
itself;  if  the  body  is  homogeneous  and  entirely  snbmeiged, 
tlie  two  centres  of  gravity  coincide,  and  if  ita  density  is  the 
same  with  that  of  the  fliud,  it  will  remain  suspended. 

(<)  The  body  being  supposed  to  be  in  equtlibrio  in  a 
fluid,  the  plane  of  its  intersection  with  the  fluid,  which  is 
termed  the  plane  of  flotation,  will  be  horizontal,  if  it  then 
be  raised  or  depressed  in  a  vertical  line,  and  then  inclined 
by  an  indefinitely  small  quantity  B  to  the  horteootal  posi- 
tion, and  a  plane  parallel  to  the  honaon  being  supposed 
to  be  drawn  through  the  centre  of  gravity  of  the  first  plane, 
if  be  the  distance  of  this  plane  from  the  present  plane  of 
flotation  of  the  fluid,  the  stability  or  mstability  of  the  fluid 
depends  on  the  circumstance  of  ^  B,  which  nt  the  com- 
mcncement  are  supposed  to  be  very  small,  remaaiiug  ai- 
wa}^  so. 

u  being  the  variable  velocity  of  any  element  dm  of  the 
mass  of  the  body,/     cfm  =  expresses  the  sum  of 

the  living  forces,  where  ^  depends  on  the  forces  of  gravity^ 
and  on  the  vertical  pressures  which  the  fluid  exerts  on 
the  points  of  the  surfiwe  of  the  body  which  are  submeiged 
under  the. waters  but  as  the  resultant  of  the  motive 
forces^  which  are  equal  for  each  molecule,  to  the  weight 
of  an  equal  molecule  of  the  water,  is  the  same  as 
that  of  the  vertical  pressures  of  the  lluid,  if  dv  be  an 
element  of  the  volume  of  the  body,  tonc>poiuiij)g  to 
dm^  an  element  of  its  mass;  the  entire  motive  lorce 
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oi'(ii4  when  immersed  in  llie  fluid  =  gdm  —  g.p.dvf  and 
therefore  from  what  is  estftbUabed  in  page  452,  ^  z= 
/Mg^dm-^/agpuioi  v  if «;  reproient  the  distance  of  the 
coitre  of  gra?Uy  of  the  entire  mess  from  tke  liorieaiital 
pkme^  we  shell  h«fe  /i^gJm^g^/MJmmgMM,; 
eoBslilt  of  twti  distinet  peft%  one  rebtlve  to  the  Yolnote 
V»  the  pert  of  M  which  w  beneeth  the  original  seetkm  of 
the  body  iti  its  second  posiiion,  it  •.*  =r  g^pX/^z,,  being  the 
variable  distance  of  the  centre  of  gravity  of  V  from  the 
plane  of  flotation;  v  ^  represent  the  value  of / zdu 
taken  in  the  limits  of  V,  so  that  g-pK  may  be  the  second 
pert  of  g,/ spdvi  we  shall  have  ^  =s|rMr^-.p^pVs^^-«.^pK  ; 
but  if  a  be  the  dtstance  between  the  cetftret  of  gtavi^ol 
M  end  V,  in  the  second  position  of  the  body,  this  distance 
reduced  to  the  vertical  se  a.  coe.  0,  \*  as  the  diflerence  be^ 
twcen  z,  and  t„  is  always  b  to  tbia  reduced  distance^  we 
have  —  z„  z±r  a.  cos.  0,  and  •/  by  substituting  9  =:  =±= 
gpVflr.  COS.  0 — gpK,  Now  it  is  not  difficult  to  prove  by 
decomposing  the  area  of  the  original  section  imo  an  in- 
finite number  of  elements,  and  then  projecting  them  011 
the  plane  of  flotation,  (quantities  of  the  third  and  higher 
orders  being  neglected*)  that  the  value  of  Ksq^p^to 
fxdvzzifiZ*  COS.  B+iy  8in.*0»  cos.  B  where  ^=:the  area  of 
the  origmal  section,  and  y  s=/l*d\fi  being  a  perpen- 
dicular from  any  point  in  the  or^;inal  taction  on  die 
iiiteibecuoa  ot  the  original  section  with  the  horizontal 
one  drawn  through  the  centre  of  gravity,  and  d\ 
an  element  of  the  original  section  ;  hence  we  obtain  tlie 
value  of  ^  =  =i=g'.pVii.C0fi.  B — \  gpbK*  cos.  B — ^gpy  sin. 
*B.  cos.  (neglecting  quantities  of  the  third  and  higher 
orders)  si^pVa=T:^Vei*^i^{*<--ig|^.d*  v/«»*^  + 
gp(7.ct:Ve)<  <g^Va  being  eontained  In  the 

value  of  C;  as  0*»  are  positive,  it  may  be  shewn  as  in 
Notes  to  page  S9l  that  if  7  =fe  Va  is  positive,  the  constant 
quantity  will  alwa^ij  r eaiaiu  ao     and  the  value  ui  C  de- 
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pends  on  the  values  ofuOK  at  the  commenceiueut  oi  the 
jnotiony  it  therefore  is  a  very  small  quantity  i 

va*balwaysZ-g-£_j  K^^-^i 

the  stability  ot  the  equilibrium  depends  on  the  sign  of  7=1= 
Vtf,  and  it  will  be  always  stable  when  the  coefficient  ia-hat 
the  origin  and  during  the  entire  duration  of  the  motion; 
as/l^  is  neceMarily-i-,  if  Va  is  also  positive^  the  coeffi- 
cient Ya+/l^dX  Is  +t  9Xid  the  equilibrium  is  stable,  but 
from  what  has  been  established  already  Va  is  +f  when  the 
centre  of  gravity  of  the  entire  mass  Is  lower  than  that  of 
the  vohime  of  the  displaced  water  ;  but  if  this  latter  centre 
be  the  lower,  then  Va  must  be  taken  with  a  negative  sign, 
ayd  in  order  tJiat  y — Va  may  be  +  it  is  necessary  tiiat  y 
should  be>Vr/ ;  but  y  varies  with  the  position  of  the  in- 
tersection of  the  horizontal  plane  with  the  original  plane, 
which  passes  through  the  centre  of  gravity  of  the  original 
pian^  therefore  in  its  revolution  about  this  centre  it  must 
assume  diflerent  values^  and  if  in  that  part  of  the  revolution 
In  which  y  is  a  minimum  its  value  predominates  over  Vtf, 
it  must  do  so  in  all  other  positions,  and  •/  y — Va  will  be 
always  positive;  e,g  in  a  ship  the  line,  relatively  to  which 
-y  or /YV/A  is  a  minimum,  is  evidently  the  line  drawn  from 
the  prow  to  the  stern  ;  and  if  the  area  of  its  plane  of  flota- 
tion be  divided  into  an  indeAnite  number  of  elements,  and 
if  the  sum  of  all  these  multiplied  into  the  square  of  their 
respective  distances  from  thia  line  be  greater  than  the  pro* 
duct  of  the  volume  of  displaced  water  multiplied  into  the 
distance  of  its  centre  of  gritvity  from  that  of  the  vessel*  the 
eqtnlibrinm  will  be  stable  relatively  to  all  the  small  oscill»> 
lions  oi  the  vessel. 

(k)  When  fluids  communicate  by  means  of  n  level  tube, 
the  pressure  of  each  is  equal  to  a  cylinder  of  the  iluid  whose 
base  A  =  the  common  horizontal  surfacei  and  whose  alti- 
tude =  the  vertical  height  of  the  upper  surface  of  the  re« 
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ipeGttv«  flaidi  abof  e'the  auHace  of  contact ;  hence  i(s  $'  de- 
note the  specific  gravities  oftwo  fiaids  and  h  their  respeo* 
Uve  heights,  we  have  skA=is'k*A ;  hence  as  we  know  g',  the 
specific  gravity  of  the  air  at  the  earth's  surface  relatively 
to  6  LhaL  of  the  mercury  in  the  l);tioinctcr  the  ratio  of  $  to 
s' p^ives  the  ratio  of  //to//'  (the  li  ight  of  the  homorje- 
iiiUL^ciicoiis  atmosphere.)  It  likewise  appears  that  all  baru- 
nieteri>,  whatever  may  be  the  diameters  of  their  bores, 
stand  at  the  same  heightt 


CHAPTER  ¥• 


(a)  Let  the  masses  of  the  two  bodies  A  A'  be  rcpre* 
sented  by  tn  and  m\  their  velocities  by  v  t/,  and  let  ir  be 

the  coiiiiijuii  vclocU)  after  the  shock / v — n  will  be  the  velo- 
city lost  by  A  the  body,  whose  velocity  is  the  greater  ol' the 
two,  and  ti — i/  will  be  the  velocity  gained  by  A'  ;  by  hy- 
pothesis (;/i-f»x')M-fwi(i^— «)  +  ;«'.(« — represents  the  sum 
of  the  quantities  of  motion  previous  to  the  shock,  but  iu 
consequence  of  the  conditions  of  equilibrium  m.{x^ — 7/)= 
— V  >s  ^h^^  existed  previously  to  the 

shock;  and  it  is  evident  from  the  preceding  equation  tlint 

the  common  Telocity  u  =  ;   if,  however  A  A' 

m+mr 

moved  in  opposite  directions  with  the  velocities  rv»  tiieu- 
we  wouid  havefR(i7— t<)siR'(tt4-x/)  and  therefore 

u  =  ^^''~~"*/,but  this  value  may  be  comprised  iu  the  iir^t 
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by  attending  to  tbe  tignt  of  the  velocities;  this  effect  of 
the  mutual  shock  of  the  two  bodies  is  the  same  as  if  the 
forces  F     which  separately  actuated  m     to  make  them 

acqn;  I  e  the  velocities  r wtie  impressed  on  Jii  and  su'  simul- 
taneously, for  the  velocity  communicated  by  F  tom+mss 

 r-  and  that  eommunicated  by     = — ■ — r>  ai^d  v 

m+m'  "       ■  ai4-i«' 

the  velocity  of  ai+m'  arising  from  the  combined  action  of 
F  and  F'=:  ■         =1=      ^,  >  the  sign  being  +  or  — 

according  as  F,  F'  act  in  the  same  or  in  contrary  direc- 
tions; if    has  no  motion  previous  to  the  shock  t/so  and 

u  =  — ; — J'  i  V  if"*'  be  very  great  relatively  to  this 

quantity  vanishes.  This  is  thecasewith  rc^ipecL  to  all  bodies 
which  iiiipiiif^e  on  the  eartli,  and  all  points  which  are  im- 
moveable may  be  consideicd  as  bodies  whose  masses  are 
infinite  relatively  to  the  striking  bodies;  as  in  this  cascy 
nivsz{m-{'myiy  m  loses  by  the  shock  a  quantity  of  motion  =s 
m*,  Uf  which  is  that  gained  by  mff  se^  Notes,  page  440 ; 
multiplying  the  equation  (signs')  ifsmvdrjn'i/,  by  2tf4Uid 
then  subtracting  from  both  sides  ms^+>^i>'' we 
obtain  tm^  -f  wiV* — (w + =  mi^ + m V* — 2M(»ii)c±rmV) 
•^{m'\'m')u-  i.  c.mv*  +  wV* — m^u*  —  mir  =  m(v — u)* 
(^trzifzv'Y ,  •/  if  the  motion  of  a  system  of  b dies  experience 
a  sudden  clian^e,  there  results  a  diminution  in  the  snm  of 
the  living  forces  of  all  the  bodies  =  to  the  sum  of  Uie 
living  forces  which  would  [arise  from  the  velocities  lost  or 
gained  by  the  bodies. — ^5<?^  Notes  (4(0  of  this  Chapter. 

In  fact  If  the  principle  of  D.  Alembert  be  applied  to 
determine  the  circumstances  of  the  impact  of  two  bodies 
of  any  form  whatever,  this  principle  furnishes  us  in  gene- 
ral with  bat  twelve  equations  between  the  unknowit 
quantities  of  tlie  problem,  which  in  the  most  general  ca^>e 
of  it,  are  thirteen  in  number,  the  percussion  which  the 
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bodiet  experience  at  the  iiiBtant  of  the  shock  being  con* 
sidered  as  one  of  them ;  *.*  there  are  not  a  'sufficient  nun»- 
ber  of  equations  to  determtne  these  unknown  quantities ; 

but  tlie  consideration  ol  ihe  compre&s>ibi]ity  of  the  two 
botiies  furnishes  an  additional  equatioUi  and  thus  renders 
the  problem  completely  determinate. 

In  order  to  prove  what  is  asserted  in  par^c  279,  let, 
as  in  the  case  of  non-elastic  bodies  o  be  the  veloci- 
ties of  m  previously  to  impact^  they  may  be  as- 
sumed respectively  s«f«f  (o— fi],  tr— (a — Jet  V,  V  be 
the  velocities  of  mmf  after  the  impact,  those  being  consi- 
dered a8  positive  which  move  in  the  direction  of  m 
before  the  sliock,  and  thobc  as  negative  which  move  in 
an  opposite  cllreciion,  •/  v  will  be  always  positive,  but  v'  u 

V  V  may  be  either  positive  or  negative;  let  u  be  deter- 
mined from  tlie  equation  m(p — u)  =  m\u — t/),  tf— ci^  a— 
win  be  destroyed  by  the  impact,  but  in  consequence 
of  the  perfect  elasticity  a£  m^m^  they  will  be  reflected 
back  with  those  destroyed  velocities ;  v  V  the  entire 
velocity  of  m  after  the  shock  as  (9— si)  and  V  that  of 

=  tf-{.(fi-^},     substituting  for  u  its  value 

— -5—,  ,  we  obtain  V=i — - — '-^-L.  f 

Y  =  iH^r^^:^;  V  V-V'=  i;- 1 ,  and  if  ;n= ;  V = i/; 
V'=zv;  we  have  also  by  conscinnating  mV*+m'V'*  = 

(c)  In  <reneral  when  a  body  i  cccivcs  an  impulsion  in  any 
direction,  it  acquires  two  dillerent  motions,  namely,  a  mo- 
tion  of  rotation,  and  a  motion  of  traoslatioo,  which  aie  re- 
spectively determined  by  the  equations  given  in  page  44>4, 
when  the  three  first  equations  vanish,  the  forces  are  reducible 
to  two  =  and  opposite  forces  acting  in  parallel  directiottSf 
when  the  rotatory  motion  does  not  exist  the  instantaneoue 
forces  have  an  unique  resultant  passing  through  the  centre 
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of  gravity ;  when  the  inolecalet  of  the  body  are  solicited  by 
accelerating  foroesy  theie  in  general  modify  the  two  mo- 
tkma  whicb  have  been  produced  by  an  initial  impulae ;  il» 
however,  the  reraltant  of  the  accelerating  forces  paatet 
through  the  centre  of  gravity  of  the  body,  the  rotatory 
motion  it  not  aflected  by  thein,  as  is  the  case  with  respect 
to  a  sphere  and  planets  supposed  to  be  spherical,  but  in 
consequence  of  the  oblateness  of  these  bodies  the  direction 
of  the  accelerating  foi  ce  does  not  pass  accurately  through 
the  centre;  •/ tlie  axis  of  rot:itioii  docs  not  remain  accu- 
rately parallel  to  itse\i\  however  tiie  velocity  of  rotation  is 
act  sensibly  altered. — See  Vol.  II.  Chapter  VI. 

(c)  la  order  to  determine  the  position,  &c.  of  these  axes. 
It  is  necessary  to  determine  the  pressure  on  a  fixed  axil 
which  arises  from  a  I)ody  revolving  about  this  axis  in  con- 
sequence of  a  primitiye  impulse ;  for  this  purpose,  if  this 
fixed  axis  be  the  axis  of  jr,  xjf  »  being  the  coordinates  of 
dm,  w  the  angular  velocity,  and  r  the  distance  of  dim  from 
die  axis  of »;  the  centrifugal  force  of  the  element  ifea  is 

'StI  to  r«#* ;  for  It  is  s=  to^  and  T  vaiying  as  ^ ,  it  is 

proportional  to  rCt*;  the  fixed  axis  therefore  urged  per* 
pendicularly  to  its  length  by  the  force  rto^dm,  and  the  re- 
sultant of  all  such  forces  for  the  sum  of  the  elements  dm^ 
or  their  two  resultants,  when  they  are  not  reducible  to  one 
sole  forces  expresses  the  entire  pressure  which  the  axis  ex- 


the  cosines  of  the  angles,  which  the  direction  of  the  force 
rit.*dm  makes  with  the  axes  of  x  and  of^,  xto^dm,  yu)*,dm 
represent  the  components  of  this  force  resolved  parallel  to 
these  axes^  •//  «w*d!s»s=  wy^M^m  is  the  resultant  of  all  the 
forces  parallel  to  the  axis  of  4?,  which  integral  is  ss  m*M«^ 
M  being  the  OMsa  of  the  body,  and  the  cooidinate  of  the 
centre  of  gravity  parallel  to  die  axle  of «;  and  v*Bfy,  ex. 


le  motion  of  the  body,  and  as-^-^  ,  are 
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preasei  the  resultant  of  the  forces  dm  parallel  to  the 
•zis  of  ^  I  if  represent  the  respective  distances  of  tho 
resultants  ci»'My^  from  the  plane  of     jff  by 

what  is  established  in  Notes  page  488»  we  shall  have 

M.r^,=  /«»<fiw,  My,      =  fSf»dm,  by  means  of  these 

equations  we  can  determine  z,  x„  and  the  intensiUes  of  the 
forces  which  acting  in  the  plaiieis  a:  y  z  urge  the  fixed 
axis  perpendicularly  to  its  length,  if  »,=Sfl  the  forces  w^My, 
w*M.r,,  are  applied  to  the  same  point,  and  are  reducible 
to  one  force,  of  which  the  intensity  =  w*M(^*,H-^,*)  which 
therefore  expresses  the  pressure  on  the  axis  of  the  body; 
now  if  the  axis  of  *  be  supposed  to  be  entirely  free,  u  e.  if 
the  body  is  supposed  to  revolve  in  such  a  manner  that  the 
centrifugal  forces  of  the  several  points  do  not  exercise  any 
pressure  on  the  axis  of  rotation,  and  so  that  this  axis  has  in 
itself  no  motion  ofrotatlooy  neither  is  it  suhfeeted  to  any 
pressure ;  then»  not  only  the  moments  of  the  forces  which 
would  cause  them  to  revolve  about  the  axis  of but  also 
the  pressures  on  this  axis  are  s  to  cypher,  #.  e./xzdmsa, 
/ yz  dmzzot/sdm  =  o,  dmso;  firom  the  two  last  it  fel- 
lows, that  T,  are  sr  respectively  to  cypher,  therefore  each 
free  axis  must  puss  through  the  centre  of  gravity  ;  however, 
it  is  evident  from  the  two  first,  that  an  axis  may  pass 
through  tlie  centre  of  gravity  without  bein*:^  free,  for 
ui^fxdm  =  w"M.r  this  quantity  =  t»,  when  ihc  origin  is 
in  the  centre  of  gravity ;  but    the  coordinate  of  its  point 

of  application  ss^C^^^w  infinite^  unless  fxxdm  is  at 

the  same  time  equal  to  cypher. 

In  order  to  determine  the  position  of  the  principal  axis 
of  rotation,  conceive  a  plane  to  pass  through  this  axis  per- 
pendicuUur  to  the  plane  xy^  and  let  B  equal  the  angle 
formed  by  the  intersection  of  this  plane  with  this  principal 
axii^  and  ^  the  angle  between  the  axis  of  and  thisin-> 
tersection ;  now,  if  the  position  of  an  element  <fln  be  re- 
ferred to  three  coordinates  x'  1/  s'  of  which  the  first  is  pa- 
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ittUel  to  the  intersection  abov«  mentioned,  the  second  is  per- 
pendicular to  this  intersection,  and  the  third  ^Kis  parallel  to 
the  axil  of  jr»  then  it  it  evident  from  the  trentfomation  of 
coordioetee  that  we  have  s;  d?.  cok  ^+^«  sixu  =^ 
cot^  ^ — tin.  ^»  ti^s=«9  and  conteqnently  ^x*  coi.  \p 
cot,  0  +^  tin.  cot.  +  « ^;  y  =  <^  0  »  x. 
cotn  ^  sin.  0— y.  sin.  t/r.  tin.  tf»  x^sy*  cot*  tin.  ^,  a:"f 
y, being  the  coordinatet  of  which  the  free  exit  it  one; 
therefore  a:^i/'  =  —  \x*,  cos.      sin.  9  sin.  ^^p.  sin  20 

-f-i-:;.*  sin.20 — xy.  sin.  \p.  cos.  xp.  sin.  2  0  +  cos.  «/^.  cos.  29 
•j-i/z  sin.  COS.  20 ;  x"z"-=i  — or*,  sin.  i/^.  cos. ;//.  cos.  0  +  ^* 
sin.  cos.  cos.  6  +  xy.  cos.  0.(co8.  —  sin.  «\/.)  — a\2f 
tin.  ^.  sin.  0+^  cos.    sin.  0;  *.*  substituting  these  values 

in  the  equaUon/^!^=o/^^=  o;  by  assuming 

fa^dmszh^/y^m  =B,/a*£iiw=s  C  j  /xyrf»i  s=  Df/sgdm 
^'EyfyzdmszTi  we  shall  obtain  the  following  equations, 
o=  — f.  tan.  20  (A  cos.  +  B.  sin.  —  C)  —  D  sin. 
cos.  i//.  tan.  20-|-E.  cos.  yp  -f-  F.  sin.  ;  o=(B— A)  sin.  t/.. 
cos.  i^-f-D(cos.  *i^_sni.  —  E  sin.  tan.  0-f  F.  cos.  i/^. 
tan.  0  $  by  assumiog  tan.       /  the  last  equation  giv^  ua 

(F-£^).tec^ 

V  tan.  20  =,H'^VP>tPf  ;^(A-By-D^  f 

(F— E/f,  sec        [D/*  +  (A— By— DJ*  * 

but  by  means  ot  the  iirgt  t^quation  we  obtain 

ton  «fl-      2(E+F<).sec.t^  . 

ton.  se  _  1^^,  srw+A-c  • 

by  equating  thete  two  valnet  we  derive  an  equation  of  the 
fifth  degree  and  divitible  by  tec.  *^  ssl-f-/';  v  ^  will  be 

linuliy  given  by  an  equation  of  the  third  degree ;  therefore 

for  every  body,  there  is  either  oiiu  or  iliree  reui  values  ot 
/  =:  tan.  ^.  and  consequently  of     and  as 

tan  0  ~  (A— B)  sin.2»//— 2Dcos.g^ 
2(F  cot.  ^r— K  tin.  ^) 
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it  ii  evident  that  we  have  always  a  real  vahie  for  and 
thus  by  means  of  the  angles  \p  and  0  we  can  deterraine  the 
position  of  a  free  axis  for  every  body;  but  in  point  of  iacty 
the  three  roots  of  the  cubic  equation  are  real,  and  there> 
fore  there  are  three  free  axes  belonging  to  every  body  | 
for  if  the  axis  of  «  be  the  free  axis  determined  by  that  one 
of  the  three  roots  which  is  given  to  be  real,  and  if  the  ask 
of  j/^  of  which  the  posttlon  is  determined  by  ^  9f  was  also 
free^  when  these  angles  are  always  posttiTC^  the  three  roots 
are  real,  and  v  then  besides  the  akis  of  the  axb  of  «  is 
also  firee;  «*iyt  a*,  a.,  t/,  m,  reprewnting  the  same  as  ba- 
fore»  if  «  be  a  free  axb  we  have  fx  ydmssD^O,  fx  mdm^ 
£  =  0;  consequently  the  axis  of  x*  will  be  also  a  firee 
axis,  if  the  equationti  J xydm  J respectively  =  0,  after 
substituting  for  them  D=0,  E=0,  give  real  values  for  y\t 
and  0,  but  these  equations  tljeu  become,  o  =  F.  sin.  '^~-\* 
tan.  2  0.(A  cos.  *\/*  +  B.  siu«  —  C),  o  =  F.  cos.  \^«, 
tan.  0  —  (A  —  B)  sin.  ^.  cos.  ^ ;  these  two  equations  of 
condition  most  be  satisfied  when  the  axes  of  x  and  «^ 
are  simultaneously  free  axeSy  but  the  last  may  be  sa- 
tisfied by  supposing  coi.  ^  s  0,  or  ^  =  90*,  and  sin. 
^=  1.   By  substituting  thb  value  in  the  first  equation  we 

obuin  tan.  20=  which  is  satisfied  by  0  or  6"  s  9 

+  90  ;  since  ^  =  yo,  and  the^^/an^  a/x"  are  by  hypo- 
thesis perpendicular  to  each  other,  the  angle  between  the 
axis  of  x"  and  the  axis  of  x  is  also  90%  and  therefore  tlie 
axis  of  X  is  perpendicular  to  the  two  others,  and  as  i^—  B 
s90,  it  follows  that  every  body  has  at  least  three  axes  in- 
tersecting each  other  perpendicularly  in  their  centre  of 
gravity.  It  is  evident  from  the  preceding  analysis  that 
the  values  of0^  are  deduced  by  assnmuig/a^d^so; 
which  it  appears  from  the  reality  of  the  roots  may  obtain 
without  the  equations /jT^ms (7,  /i/ dm=:o,  having  place, 
if  these  equations  do  not  vanish  neither  x,  nory^  will  va- 
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nib,  bill  at  by  bypotbetu^  /  xMdm,  fyxdm  =0  reepectively, 
^  wOl  Tanteh;  and  tbe  axis  of  rotation  will  experienoe 

apiMure  represented  by  w*M^^7+i7~  appH^  ftt  tbe 
origin  of  the  coordinates,  see  page  466 1  in  tbts  caBetbere* 

fore  if  the  origin  be  fixed,  the  pressure  arising  from  the 
centrifugal  forces  will  be  destroyed;  hence  if  the  axis  of 
rotaLloi]  for  which  f  y  xdm  —  o^  f  z  xdm^Of  be  at  liberty  to 
turn  about  the  fixed  point,  the  body  will  revolve  about  this 
axis,  as  if  it  was  fixed ;  consequently  it  appears  that  a  ^xed 
point  being  given  in  a  body  of  any  figure  whatever,  there 
always  exist  three  axes  passing  through  this  point*  about 
which  the  body  may  revolve  uniformly,  withoat  any  dis- 
placement of  these  axaa»  and  jnst  as  if  these  axes  were  al- 
together immoveablei  and  these  are  the  only  axes  which 
possess  this  property,  for  supposing  the  body  to  revoWe 
about  any  other  axis  passing  through  the  fixed  point*  this 
-axis  would  evidently  experience  a  pressure^  which  would 
not  pass  through  the  fixed  point ;  since  then  s'  and  *" 
would  no  longer  vaiiish,  if  tlie  axis  was  suddenly  rciuit- 
ted  to  revolve  freely  about  the  fixed  point  the  pressure  will 
no  longer  be  destroyed,  therefore  this  force  would  disphice 
the  axis  of  rotation  and  the  motion  would  be  deranged  ;  it 
appears  from  this  that  if  a  body  impinge  on  another  re- 
tained by  one  sole  point*  its  motion  will  be  continued  uni- 
formly* if  it  commences  to  revolve  about  one  of  the  princi* 
pal  axes  which  intersect  in  this  fixed  point*  in  the  same 
manner  as  if  the  axis  were  fixed,  in  this  case  it  is  ne* 
cessary  that  the  percussion  on  tbe  axis  of  rotation  at  the 
commencement  of  tbe  motion  be  reduced  to  one  sole  force 
perpendicular  to  this  axis  and  passing  through  the  fixed 
point,  lor  it  IS  tiieu  couuleracted  by  the  resistance  of  the 
fixed  point. 

This  sum  of  tlie  products  of  each  molecule  of  the  bo<ly 
into  the  square  of  its  distance  Irom  an  axis  is  termed  tbe 
momtntof  inertiA  of  the  body  with  respect  to  that  axis» 
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If  r,  r'y  r"f  denote  the  distances  of  the  element  dm  from  the 
axis  of  .r,  j^,  z,  respectively,  we  haver  =r  ^^4-**, r's 

^jf*+i*,  i^s  tlie  motnenti  of  inertia  relatively 

to  are/rV«={B+C)./i^<«iii=:(A+C),  /reifies 

A+B  respectively,  which  are  severally  =Ma»,  Md*,  Mc% 

•  a,  6,  c,  heing  the  coordinate!  of  the  centre  of  gravky,  and 
besides  these  three  equations  between  A,  B,  C,  we  have  also 
D=o,  E=o,  F  =  o ;  jr^t/,  x  ^Jcing  axes;  relatively  to  any 
other  axis  j/,  of  which  the  pusition,  with  respect  to  the 
plane  .ry,  is  determined  by  0  and  we  have  the  moment  of 
inertia x"=/(y'*+»'^V/m  =A.(sin.  V^  +  cos. ^sin.  '0)-J-B 
(cos.*i/*+8in.*  xf/,  sin.*^)-f  Ccos.  '0  =  ;  for  each  axis  situ- 
ated in  the  plane  of  xj/,  we  have0=:O}  and  the  moment  of  in* 
ertia  with  respect  to  such  an  axis  —  A  sin,^  +  cos.*^  +  C 
as  MwS  V  Mo*  -  Mw»  =  (B  —  A). sin.  V»  —  Mjii» 
s  (A  — B).  ooe.*^  Mc*  — Mm*s(Acoe.V+Btin.V 
-  M jt^  —  Mm*  =  ( A  coe.  V  -I-  B  sin.  *^  —  C).  sin.  «0 ; 
whatever,  therefore,  be  the  value  of  ^,  or  the  potiiion 
of  the  plane  passing  through  the  aids  of  «  at  right  an* 
gles  to  the  plane  i/,  the  di£forenoe  between  the  mo- 
menta of  inertia  relatively  to  a  line  which  coincides  with 
the  intersection  of  these  planes  and  to  any  axis  ^  existing 
in  the  perpendicular  plane  (  =  MXr* — Mm^,)  will  be  a  maxi' 
mumy  when0=:r;,  in  which  case  the  axis  oi\r"  coincides  with 
a  free  axis  of  loiaiion,  i.  e.  the  difference  between  the  mo- 
ments oi  inertia  witli  respect  to  the  free  axis  of  z,  and  an  axis 
perpendicular  to  it  ex  i^tiniT  in  the  plane  of  jr,y  which  is  also 
a  firee  axis,  is  >  than  the  difference  between  the  moments 
of  inertia  relatively  to  the  first  of  these  axes  and  any 
other  azis^  therefore  the  moment  of  inertia  relatively  to 
the  first  axis  is  >  or  <  than  with  respect  to  any  other  axis 
according  as  it  i:^  >  or  than  relatively  to  the  axis  in  the 
plane  ar  j/,  V  the  moment  of  inertia  with  respect  to  the 
the  first  axis  is  cither  a  ina.vimum  or  mi  nun  urn.  As  the 
same  may  be  shewn  to  be  true  with  respect  to  the  otlier 
two  principal  axes  at  right  angles  to  this  lii'st  axis,  it  fol- 
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lows  in  general  that  in  every  body,  the  moment  of  inertia 
with  respect  to  each  of  the  three  free  axes  is  a  maximum  or 
minimum.  But  as  from  the  nature  of  moments  of  inertia 
in  general,  thej  can  neither  become  negattve  or  infinite,  it 
follows,  that  these  three  moments  are  alternately  maxi* 
ma  or  minima.  If  ^=0^  the  intersection  of  the  two  planes 
coincides  with  the  axis  of  and  the  moment  with  respect 
to  the  axis  of  being  by  what  goes  before  >  or  Z  than 
that  relatively  to  the  axis  of  the  moment  relatively  to 
the  first  axis  will  be  so  of  course,  •/  if  the  moments  rela- 
tively to  tlie  Bxis  of  X  and  the  lirst  axis  are=:,  the  moment* 
relauvtly  to  all  axes  existing  in  the  plane  of  these  axes 
will  necessarily  be  =  ;  this  is  equally  true  for  tlie  other 
two  pair  of  axes.  In  every  case  one  of  the  three  free 
axes  may  be  considered  as  that  to  which  the  greatest 
moment  appertains,  and  the  other  as  that  to  which 
the  least  appertains,  so  that  Ma*  >  Mb*  and  ^ 
Mc*,  V  if  «*  =  c»  +  a»,  6*  =  c»  -f-  c»  =  a»  -  a», 
&*=a*— 7%  aQy  vanish  if  two  or  three  of  the  moments 
are  equal ;  from  what  precedes  A=iM(^-|-<^— ^= 
iM(a*+c*-6*),  CsiM(a'+^-c*),  this  being  substitn* 
ted  in  the  value  of/(j/"*  -^a^).  dm^  given  in  preceding  page, 
will  give  Mifc*=Ma*.  cos.  cos.  *0+Md*.  sin.  cos. 
+M^.  sin.  r=  by  subitituting  for  a*  their  values 
o'»  <^*+/3*,  Mc«+  Ma*.  COS.  hp,  COS.  ^6  +M/i*  8in.*t^.  cos, 
(or  by  substituting  a*  —  y"  for  b'j  and  —  a'  for  c*)=: 
Ma*— sin.  >X  .  cos.-O — Ma^.  shi.  '0,  •.•  all  moments  MA* 
are  less  than  the  greatest  and  greater  than  the  least  of  those 
which  belong  to  the  three  free  axes,  one  of  these  last  is  an 
absolute  maximum,  and  the  other  an  absolute  minimum. 
IfMa'^M^'  Mc^  the  three  principal  moments  are  equal ;  a, 
0,  y  aresto  cyplier,  and  MJi^=  Ma^  =  Mc"  =  M61,  •/  all  the 
moments  of  the  body  are  s.  If  only  two  of  the  moments 
Ma' and  Mi-  are  equal,  7=0,  and  Mife»=Ma* — Mo*,  sin,* 
6=Ma%  COS.  *e+  Mc*.  sin.  *  0,  and  by  making  9so,  M^s: 
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Ma*=M^9  V  moments  relatively  to  axes  in  the  plane 
of  «^  are  ss,  which  is  indeed  evident  of  itself,  for  if  MP 
was  >  or  Z  MaS  the  diflvrenoe  between  Ma*  and  M^' 
wonld  be  still  greater.  It  is  on  account  of  theM  remarkable 
properties  that  these  three  axes  have  been  termed  prin* 
dple  axes»  since  M**  is  ZM.a*  and  > M£*»  k  Za  and  >e, 
V  b^a  and>r,  if  BsC,  then  M&4=A+C  =  M<:'sA+B» 

if  i/.=r  o,  we  shall  have  because  D=EsFs<^tan.80=2 : 
there  to  re  the  angle  0  is  indeterminate,  %*  all  axes  which 
exist  in  the  plane  a,  j/,  satisfy  the  conditions  of  free  axes, 
and  are  therefore  principal  axes;  if  ArrBrr  C  the  three 
moments  are  then  equal,  namely,  Ma*=M6*=McS  *.•  sin. 
i.  e.  the  two  angles  0  and  i//  are  indeterminate. 

(/)  If  the  body  is  not  actuated  by  any  extraneous 
forces,  the  equations  of  its  motion  of  rotation  are 
dp  .  C»-B»  ^     da  .  A<— C* 

where p  coe.  7=  coe.  |3,  r  =  w.  €0i.y,  co«.a 
bttng  supposed  ss  cos.  ^.  cos.  9,  cos.  j9  s  oos.*t/r.  sin.  0» 
COS.  7  =  sin.  0,  and  i^,  0  denote  the  same  as  in  page  467, 
and  as  cos.  *a  +  cos.  */3+  COS.  I,  we  haTO  «  the  an- 
gular velocity  =  +  (Celcbtial  Mechanics,  p. 
207).  In  order  that  the  motion  should  be  uniform  about 
an  invariable  axis,  it  is  necessary  that  the  qualities  p, 
r,  should  be  constant;  hence  we  have  the  three  following 
equations  of  condition : 

(C»-B»).  ^r=0.  ( A*— C*). pr  =  0.  (B^-A»).pjf  =  O5 

wp  satisfy  these  conditions  by  assuming  A=B=C,  i.e,  if 
all  the  moments  ofmertia  are  equal,  and  consequently  all 
the  diameters  of  the  revolving  body  principal  axes,  the 
simplest  case  of  this  is  that  of  an  homogeneous  sphere;  it 
is  also  satisfied  if  two  of  the  quanttUes        r,  vanish. 
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which  Is  evidently  the  case  when  the  body  revolm  about 
a  principal  axis ;  in  fact,  if  it  lie  the  axis  of then  a  ss  0 
=r90,  and  7=0;  hence,  it  follows,  that  />=0,  9  =0,  and 

r~  w.  The  rotation  is  therefore  unilonii  and  invariable 
if  the  solid  revolves  about  a  principal  axis,  and  conversely, 
the  rotation  cannot  be  uniform  except  about  a  principal 
axis;  infiict»  either  the  three  moments  of  inertia  A,  B,  C, 
are  anequaly  or  only  two  of  them  At  are  =,  or  all  the 
three  are  eqoal ;  in  the  first  ease»  P99  prf  qr^  and  therefore 
two  of  the  quantities  Pf  must  vanish^  or  which  is  the 
same  thing,  two  of  the  angles  a»  /3,  7  most  be  right  an« 
gles,  and  the  third  =  0»  In  order  that  the  motion  may  lie 
nniform  ;  hence  it  follows,  that  the  axis  of  rotation  is  a 
principal  axia  j  in  Lhe  secoad  caac  =  gr,  llierelore 
ji?  =  <7  z=  0,  or  r  0,  the  6r8t  supposition  makes  a  =:  /3 
=90,  and  7=0,  because  cos.  'a  -f  cos.  'p-f  cos.  *7  =  0> 
therefore  the  axis  of  rotation  is  a  principal  axis. 

The  second  supposition  r  ss  0,  gives  7  =  90,  therefore 
the  axis  of  rotation  coincides  with  the  plane  of  in 
which  all  the  diameters  are  principal  aates,  because  the 
two  moments  A^  6^  are  eqnaL  In  the  third  case»  As 
BasC,  the  quantities  p,  ^,  r  are  undetermined*  and  as  all 
diameters  which  pass  through  the  centre  of  gravity  are  in 
this  case  principal  axes,  the  axis  of  rotation  will  be  one 
also.  In  all  cases  in  wliich  the  axi^  of  rotation  is  not  11 
principal  axis,  vk'hether  the  solid  be  free  or  solicited  by 
extraneous  forces,  the  velocity  of  tlic  rotation  as  well  as 
the  position  of  the  axis  will  be  liable  to  changes,  which 
depend  on  the  conformation  of  the  solid,  i.e,  on  the 
quantities  A,  C»  and  on  tlie  position  of  the  axis  of  roU- 
tlon  with  respect  to  the  principal  axesy  t.  e.  on  ^,  r.  If 
the  axis  of  dotation  b  inclined  to  the  principal  axis  In  a 
very  smalt  angle,  this  axis  being  that  of  the  quantities 
/>,  p  are  so  very  small,  that  we  may  neglect  their  prcH 
duct,  therefore  <fr=0,  and  •/  ^^^^  ^  constant  quantity.  In 

u  u 


4fJ4f  NOTES, 

this  case  also  the  velocity  of  rotation  =  6t  is  nearly  con- 
stant s  hence  the  two  other  equations  become  Oxdp  ^ 

 l^x  \»  C 

 .  /iq.(U,  0=:tlq  +  — — — .  /i^.di  i  ami  it  is  evident 

that  the  integral  of  these  equations  must  assume  the  form 

p—ju.  sin.(w/-|-^),  qzzm'  cos.  [)it-\-c\  «,  m\  w,  c  hulw^  con- 
blatit  qimntities,  it  is  easy  to  prove  by  substitution  that  tliese 
circular  functions  satisfy  tlie  preceding  differential  equa- 
tions) and  therefore  may  be  assumed  as  the  values  of/;  and 
q*    See  Celestial  Mechanics,  page  208»    We  may  deduce 

from  them  0  =  mn+     ,  "  .  hm';  0  =— . 

A*  i>* 

hm,  hence  we  have  n  =z  and 


mf  =      « V  If  (A*  —  C*).  (B«  -  O)  is  posi- 

tive! i»e»  if  the  moment  of  inertia  with  respect  to  the  axis 
of  rotation  Mc*»  is  greater  or  less  than  Ma*  and  M&S  and 
consequently  the  greatest  or  least  of  all  the  moments» 

fi,  w,  m'  are  real  quantities,  and  p,  q  are  expressed  by  real 
binco,  ihcict'oru  tlic  variations  of  rotation  being  periodic, 
and  confined  within  very  narrow  limits,  the  axis  of  rota- 
tion will  niukc  small  oscillations  about  its  primitive  state, 
the  magnitude  of  which  may  be  determined  by  the  equa- 
tions p  =  m.  sin.  e^g  =  m\  cos.  e.  As  by  hypothesis* 
jf,  q,  were  at  the  oommencemeut  of  the  motion  extremely 
small,  nif  m'  are  extremely  small,  and  thus  q  will  aU 
ways  difl^r  very  little  from  cypher.  The  state  of  rotation  is 
therefore  stable,  if  the  body  commenced  to  move  about  an 
axis  inclined  in  a  very  small  angle  to  one  of  the  two  princi» 
pal  axe?,  of  which  the  moments  of  inertia  arc  the  greatest 
oi  IcabL  oi  all ;  the  velocity  will  then  experienee  oidy  insen- 
sible and  periodic  oscillations,  and  the  axis  of  rotation  will 
make  slight  excursions  about  the  principal  axis,  the  ro- 
tation always  returning  to  its  primitive  state ;  but  if  the 
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solid  revolves  nearly  about  the  principal  axis,  of  which 
the  moment  of  inei  Li.i  Mc-  lxIsu  between  the  two  others, 
Ma'  and  M^',  the  rotation  will  be  subject  to  changes, 
which  insilead  of  btiii^  periodic  may  increase  indefinitely; 
for  n  being  then  imagiaary»  the  sine  and  cosine  of  nt-^e^ 
will  be  changed  into  exponentials^  which  are  susceptible 
of  continual  increase;  in  this  case,  therefore,  the  motion 
of  rotation  is  not  stable,  and  the  slightest  derangement 
may  cause  the  changes  to  be  indefinitely  great  And  as 
observation  proves  that  the  rotation  of  tlie  sun,  planets, 
and  satellites,  (which  are  observed)  is  in  a  stable  state,  it 
appears  certain  that  all  the  celestial  bodies  revolve  vciy 
ncarJy  about  a  principal  axis,  with  respect  to  wliich  the 
moment  of  inertia  is  the  greatest  or  least,  most  probably 
the  firsi,  for  on  account  of  the  compression  of  the  earth 
arising  from  the  rotation,  the  axis  is  smaller  than  the 
diameter  of  the  equator,  and  therefore  its  moment  of  in* 
ertia  Is  greater.   See  Tom.  II.  Chap.  VI. 

(g)  Suppose  the  axis  of  to  be  this  horizontal  axis^ 
and  if  the  axis  of  y  be  also  horizontal,  the  axis  of  ^  wilt  - 
be  vertical,  let  the  plane  which  {)asses  through  the  axis 
of  y  and  z/  pass  through  the  centre  of  gravity,  and  let  be 
the  angle  which  the  axis  of  makes  with  an  axis  passing 
through  the  centre  of  gravity  and  ilie  origin  of  the  coor- 
dinates; if y, -r"  be  the  coordinates  referred  to  this  new 
axis,  then  y  =y'.  cos.  ^  +  sin»  ^ ;  =  z",  cos.  ^  —  y. 
sin.  ^ ;  now  as  the  coordinates  y,  are  constantly  the 
same  for  the  same  body,  and  only  vary  in  passing  from 
one  molecule  to  another,  by  taking  the  differential  of  y  and 

with  respect  to  tlie  tlme^  we  obtain 

yi(/in.(y*+  J^")  is  the  moment  of  inertia  of  the  body  wit& 
respect  to  the  axis  of       if  this  moment  sC,  then  from 

what  is  stated  in  page        multiplying  by  dm^  and  ex« 
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tending  the  exprestioa  to  all  the  molecules,  we  obtain 
/.y-^-^'M .  d».  =  V=-.C.^  andMCUcwi- 

at  at 

•tant  we  have  — O  ^  »  if  the  only  force  actu- 

al* a/ 

atiiig  the  body  be  that  of  gravity,  then  the  values  of  P, 
which  are  aup|)Oied  to  act  horizontally »  will  vaoiah,  and  Rf 
which  acta  vertically,  wfll  be  oonatant;  heoce,  we  obtain 

since  the  axis  of  z"  passes  through  the  centre  of  gravity  of 
the  body,  ff*dm  =  0,  and  if  ^  be  the  distance  of  the 
centre  of  gravity  of  the  body  from  the  axis  of  x\  /,z", 
dm^  MA,  M  being  the  entire  masa  of  the  body,  therefore 

^  =MA«  K.  sin.  0,  and  consequently 

_  M^.  R.  sin.  $  , 
 (?  ' 

anppose  a  second  body,  all  whose  molecules  are  condensed 
into  one  point,  of  which  the  distance  from  the  axis  of  is 
sto  /,  we  shall  have  for  this  body  CssM'^,  M'  express- 
ing the  mass,  for  as  all  the  molecules  are  condensed  into 

one  point 

A  =  /,  and  — ^  -  — .  B.  sin.  9  =  -        sul  9, 

moreover    -^^^=  5-.  sin.     hence  tlie  two  bodies 

air  I 

will  have  tlie  bume  oscillatory  motion,  if  their  initial  an- 
gular velocities  are  the  same,  when  tht^ir  centre  of  gravity 

exists  in  the  same  vertical,  and  when  /=        ,  which  is 

MA 

equivalent  to  the  rule  given  in  the  text.  Multiplyingr 
both  sides  of  the  equation  4?-=  -  ^L^lhl  by  2de,  then 
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integrating  we  obtain       r=-j~.  cos.  B-^W^  the  coiu 

slant  quantity  depends  on  the  angular  velocity  and 
value  of  $  at  the  coaimencemeot  of  the  motion.  From 

C 

the  equation  ,  it  appears  that  when  the  axis  of  ro- 

tation passes  through  the  centre  of  gravity,  A=  0,  and  I 
b  infinite,  therefore  the  time  of  oscillation  is  infinite;  in 
fact,  in  this  case  the  action  of  gravity  being  destroyed  the 
primitive  impulse  wilt  communicate  a  motion  of  rotation, 
which  will  be  perpetuated  lor  ever  if  the  resistance  of  ex- 
traneous causes  be  removed.  The  point  which  is  distant 
from  the  axis  of  rotation  by  a  quantity  equal  to  I  is  termed 
the  centre  of  oscillation  oi  the  body ;  and  if  tlie  axis 
of  rotation  passed  tbrougli  this  point,  the  centre  of 
oscillation,  with  respect  to  the  new  axis,  will  be  in  the 
former  axis  of  rotation  i  for  the  moment  of  inertia,  with 
respect  to  the  centre  of  gravity,  beuig  equal  to  C'^Wt*^ 
the  moment  of  inertia  with  respect  to  the  new  axis  will  be 
C'+  W~2Wh,  therefore  the  value  of /for  the  new  axis 

^£+Mf— 2MM        c'=M/i4,  therefore  the  value  of  / 

Ml — 

for  the  new  axis  -^^^^-^^L 

Let  C'  =  A.  sin.  *0.  sin.  «^+B.sin.  '0.  cos.  '<p-\'C.  cos.  «0 
•f  MA*,  A9  C,  being  the  moments  of  inertia  relatively 
to  the  principal  axes  passing  through  the  centre  of  gra- 
vity, see  page  467f  we  shall  have  I  = 

MA«+A.  sin.    bin.  9-i-B.  sin.  »e.cos.'^+C.cos.«0 

  " 

therefore  /  will  be  a  minimum  when  the  quantity  C  be- 
comes  the  least  of  the  three  principal  moments  of  inertia, 
for  in  that  case  the  two  other  momenta  most  vanish ;  let 

A  be  the  least  of  these  moments,  then  /  =  — ^ —  >  ^or 
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tin.  1^.  cot.  ^  =  0,  cot.  6  =:  0,  and  to  determine  wben  / 
It  a  minimamy  aOsz  d/i  =  0,  lieoce 

h  =       ^  therefore  ^  and  contequently  the  time  of 
M* 

rotation  will  be  a  minimum  when  tlie  axis  of  rotation  is 
that  principal  axit  relatively  to  which  the  moment  of  iner- 
tia it  a  minimum,  and  at  a  dittance  from  the  centre  of  gravis 

ty  by  a  quantity  =v^ ^ ;    is  constant  and  s-^  »  which 

M  M 

it  equal  to  the  square  of  the  distance  of  a  poiut  called  the 
centre  of  gyration  from  the  axis  of  rotation,  /.  e.  that 
point  where  if  all  the  matter  contained  in  the  revolv- 
ing body  wat  collected,  any  point  to  which  a  given  force  it 
applied  to  communicate  motion  wonid  be  accelerated  in 
the  tame  manner  at  when  the  parts  of  the  tystem  re- 
volve in  their  respective  places,  and  consequently  the  same 
angular  velocity  is  generated  in  both  cases ;  therefore  this 
distance  is  a  geometric  mean  proportion  between  tlie  dis- 
tances of  the  centres  of  c!:ravity  and  oscillation  from  the 
axis  of  rotation,  and  from  what  precedes  it  appears  tiiat 
when  the  time  of  vibration  is  a  minimum,  the  distance  of 
the  centre  of  gyration  from  the  axis  of  rotation  it  equal  to 
the  distance  of  the  centre  of  gravity  from  the  tame,  and 
the  distance  of  the  centre  of  oscillation  from  the  tame 

axis  =  2,^^^  ill  this  ca^e  the  centre  of  gyration  is 

termed  the  principal  centre  of  gyration. 

If,  as  in  the  case  of  the  planets  ilic  rotatory  molion 
arises  from  a  jirimitive  impulse,  of  which  the  direction 
does  not  pass  through  the  centre  of  gravity,  then,  in  conse- 
quence of  what  is  stated  in  notes  (c)and  (u),  it  follows  thiti 
centre  will  move  in  the  same  manner  at  if  the  impulte  wat 
applied  immediately  to  it,  and  the  rotatory  motion  about 
this  centre  will  be  the  tame  at  if  it  was  fixed  i  the  turn  of 


NOTES. 


tlie  areas  described  aboot  this  point  by  the  radius  vector 
of  each  molecule  projected  on  the  plaiie  passing  througli 

the  centt  u  oi  gravity,  and  the  direction  of  the  impulsion 
muliiplicJ  respectively  by  these  molecules  v^ill  be  propor- 
tional to  tlie  moment  of  the  primitive  force  projected  on  the 
same  plane  ;  but  this  moment  is  evidently  the  greatest  pos- 
sible^ for  the  plane  which  jiasses  through  its  direction  and 
through  the  centre  of  gravity,  therefore  tliis  is  the  invariable 
plane,  (see  note  (x)  of  this  chapter.)  If/ be  the  distance  of 
the  primitive  impulse  from  the  centre  of  gravity^  and  v  the 
velocity  impressed  on  this  point,  M/v  will  be  the  moment 
of  the  impulsion,  and  being  multiplied  by  |/,  the  product 
will  be  equal  to  the  sum  of  the  areas  described  in  /;  but, 
as  will  be  seen  hcicafter,  this  sum  is  equal  to 


and  if  at  the  commencement  of  the  motion  we  know  the 
position  of  the  principal  axis  with  respect  to  the  invari- 
able plane,  t.  e.  the  angles  0  and  ^  we  shall  have  the 
values  Cp9  A^,  Br,  at  the  commencement,  and  therefore 
at  any  subsequent  instant.  Now,  if  the  moving  body  was 
a  sphere,  of  which  the  radius  =  R,  and  if  U  be  the  an- 
gular velocity  with  which  it  revolves  nbout  the  sun,  the 
distance  IVoni  ihc  sun  bciu^  —  J,  i  —  </L,  and  as  the 
planet  is  put  in  motion  by  a  primitive  impulse,  the  axis 
of  rotation  will  be  perpendicular  to  the  invariable  plane; 
and  on  the  hypothesis  that  tiiis  axis  coincides  with  tlie 
third  principal  axis,  6=0,  therefore  ^4^=0,  Br=a;  con- 

sequently  Cpz=m  fv=:mfdU\  in  a  sphere  C=  — .  m  R% 

5 

thei  ciorey  =  — .  —-p.  by  means  of  which  we  can  de- 
termine the  distance  of  the  direction  of  the  force  which 
causes  a  planet  lo  revolve  about  the  sun  with  a  velocity 
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of  rotetiofi  s  j»i  and  a  velocity  of  reroluUoii  s  U.  {See 

note  (r). 

(A)  If  a  body  deieribet  an  eUipae^  the  centre  of  the  el- 
lipse being  the  pomt  to  whfch  the  force  is  directed,  the 
force  will  vaiy  as  the  distance  Ironi  the  centre,  and  vice 
versa  it  the  force  vary  as  the  distance,  the  curve  describes 
an  ellipse,  the  point  to  which  the  force  is  directed  being 
in  the  oentrei  but  it  is  evident  that  in  cases  of  email  imput- 
siona  made  on  the  vibrating  body,  the  force  ▼aries  very 
nearly  at  the  distance.  The  time  of  the  revolution  is 
twice  the  daration  of  the  vibration  of  a  pendulum  whose 
length  Is  the  distance  of  the  plane  of  the  ellipse  described 
from  the  point  of  suspension. 

The  general  solution  of  the  problem  of  the  very  small 
oscillntions  of  a  system  of  bodies  about  their  points  of  equi- 
librium, is  very  complicated.  However,  the  following  may 
be  considered  as  a  precis  of  the  method  of  Lafii  an'^e :  he  as- 
sumes  that  the  coordinates  of  the  several  bodies  may  be  ex- 
pressed by  the  coordinates  which  appertain  to  the  body  in  a 
state  of  equilibrium,  increased  by  the  very  small  variables 
which  vanish  in  the  state  of  equilibrium  $  this  Is  always  pos- 
sible when  the  equations  of  condition,  reduced  into  a  series^ 
contain  the  first  powers  of  the  variables,  which  are  assumed 
to  be  extremely  small ;  as  Ibr  instance,  if  a,  d,  c,  be  the  coor- 
dinates of  a  body  in  a  state  oi  c(  juiribrium,lvhen  it  deviates 
very  little  from  this  state,  let  tlie  coui dinate  .r=:<i-fa)5'=^ 

ft,  z  :=  c  -\-  y,  a,  ft,  y,  being  ^.o  extremely  small 
that  powers  of  them  higher  than  the  first  may  be  ne- 
glected ;  then  if  the  equations  of  condition  L  =  0,  M  =  0, 
&c.,  are  in  any  position  algebraic  functions  of  x,  t/, 
x\  &C. ;  as  the  position  of  equilibrium  is  one  of  the 
positions  of  the  system,  it  Is  evident  that  the  equations 
L  =  0,  M  =  0^  ke*  must  still  subsist;  4/,  &c. 

being  supposed  to  become  a,  r,  a',  &c.  hence,  it  is  evi- 
dent that  these  equations  do  not  involve  the  time  /,  let 
A|  B,  &c.  be  what  L,  M,  &c.  become  when  Xf      s,  x\ 
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become  ir,  h,  &c.  it  h  evident  that  by  subetkutuig 
for«y^«,y,       their  values  b+fi,  ^+rt  ^ 

^=^+■^••+^•^  +  ^-  +  -37' 
M=B+  ^.  .  +      .  ^  +  Jg.  ,  +  ^.  &c 

%•  as  relatiTely  to  the  state  of  equilibrium  A  s  0^  B  =  0, 
The  values  A,  M— B»  are  respectively  equal  to  cy« 
pher^  which  will  give  the  relation  which  ought  to  subsist 
between  a,  /3,  7,       Sec  and  by  neglecting  very  small 

quantities  of  the  second  and  liigher  orders,  wv.  will  ob- 
tain linear  equations  by  means  of  which  we  can  determine 
the  values  of  «onie  of  these  variables  in  terms  of  tlie 
.others^  then  by  means  of  these  first  values,  we  shall  find 
Others  more  exact,  taking  into  account  the  second^  and 
even  higher  powers,  as  we  wish. 

(k)  In  general  assuming  ^  s  a «{-  tf^  a„^p'\'a„^  Stc. 
^  +  6^+  +  b^^  &c  »=i?+<r^-f  c^-^b^j^  +&c., 
where  Oy  0/,  a,,^  &c.  6,  b^  bgt  &c.y  e,,^  &c.  are  con- 
stant, and  K,  ^p,  ^,  &c.  are  very  small  vaiiable  quanti* 
ties,  which  are  =  to  cypher  in  the  case  of  equUibrium ; 
when  the  variables  ^,  Sec.  are  supposed  to  be  in  a  con- 
stant ratio  to  each  other,  then  in  the  expression  for  the 
sum  of  the  living  forces,  and  for  its  variation,  we  would 

Arrive  at  an  equation  of  the  form        +  of  which 

the  integral  is  =  £*  sin.  t.^k'^e,  where  k  has  as  many 
values  as  there  are  unknown  quantities;  it  is  evident^ 
that  this  expression  represents  the  veiy  small  isochro- 
nous oscillations  of  a  simple  pendulum,  the  leiigth  of 

which  is  equal  to        g  representing  the  force  of  gravityj 

therefore  the  oscillations  of  the  ddrercnt  bodies  of  this 
systeai  may  be  considered  as  made  up  of  small  osciiiutions 
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ftoalogaui  to  those  of  pendulumi*  the  lengths  of  which  are 

;?  • 

(m)  Ab  the  coefficients  E»  £V  £^f  &c  depend  soleljr 
on  the  initial  state  of  the  systenit  we  may  always  suppose 
thu  state  to  be  such  that  all  the  coefficietiu  E',  E",  £% 

&c.  except  one  vanishes,  tl)en  all  tlie  bodies  of  the  sys- 
tem make  simple  oscIIIations»  analof»ous  to  those  of  the 
same  pcnduluni,  and  it  thus  appears  that  tiie  same  sys- 
tem is  susceplibte  of  as  many  diiferent  simple  oscilla- 
tions, as  there  are  moveable  bodies ;  therefore,  generally 
speakini^  the  oscillations  of  the  system^  of  what  kind 
foever  they  are^  will  only  be  made  up  of  those  simple 
oscillationsi  which  from  the  nature  of  the  system  may  have 
place;  consequently  however  Irregular  the  small  oscillations 
which  are  observed  in  nature  appear  to  be»  they  may  be 
always  reduced  to  simple  oscillations,  the  number  of 
which  is  equal  to  the  number  of  vibrating  bodies  in  the 
same  svstem  ;  liiis  imniediateJv  lollows  from  ihc  linear 
equations,  by  which  the  motions  of  the  botly  which  com- 
pose any  system  are  expres^scd,  when  those  motions  are 
very  small.    The  system  can  never  resume  its  original 

position  when  &c.  are  incommensut'- 

able»  for  in  that  case  the  times  of  the  oscillations  are  in* 
commensurable: — if  they  are  commensurate  the  system 
will  return  to  the  same  position  at  the  end  of  the  time 
Sir 

T  ss  — »  where       1S0»  and  u  ss  the  greatest  common 

_ 

measure  of  v^X',  ^/c",  k'\  kc.  B  will  then  be  equal  to 
the  time  of  the  compound  oscillation  of  the  system. 

(fi)  This  principle  is  called  the  principle  of  D*AIem- 
bert»  as  it  was  first  announced  by  that  philosopher,  bjr 
means  of  it  the  laws  of  the  motion  of  a  system  are  redoci* 
bla  to  one  sole  principle,  in  the  same  manner  as  the  laws 
of  the  equilibriom  of  bodies  have  been  reduced  to  the  prin* 
ciple  of  virtual  velocities. 


Digitized  by 


NOTES* 


483 


'tn  consequence  of  the  mutual  connexion  which  siihx> 

whu  between  the  several  bodies  of  the  system,  the  effect 
which  the  forces  immediately  applied  to  ihe  several  parts 
of  the  system  would  prixiuce,  is  modified  so  that  their 
velocities,  and  the  directions  of  their  motions  are  different 
from  what  would  take  place  if  the  bodies  composing  the 
system  were  altogether  free ;  therefore  if  at  any  in»taQt 
if  we  compute  the  motions  which  the  bodies  wouhl  have 
at  the  subsequent  instant,  if  they  were  not  subject  to  their 
mutual  action,  and  if  we  also  compute  the  motions  which 
they  have,  in  the  subsequent  instant^  in  consequence  of 
their  mutual  actions,  the  motions  which  must  be  com^ 
pouncled  with  the  first  of  these  in  order  to  produce 
the  second,  are  such,  as  if  they  ;;cicd  on  the  system 
alone,  would  coiistituU  an  t:(|uil.hrluin  hclwcen  the  bodies 
of  llie  system,  for  if  not,  the  i«ect)iid  ol  tlie  above-men- 
tioned motions  are  not  those  which  have  actually  place, 
contrary  to  hypothesis,  i.  e,  if  r,  t/,  i;'',  &c.  be  the  veloci* 
ties  which  the  bodies  m,  m\  m",  &c.  composing  the  system 
would  have  if  each  of  them  was  isolated,  and  if  r<,  t/, 
&c  are  the  unknown  velocities  with  which  the  bodies  are 
actuated  in  directions  equally  unknown,  in  consequence 
of  the  mutual  connexion  of  the  parts  of  the  system ;  and 
if  p",  be  the  velocities  which  must  be  compounded 
with  ti,  u'j  u",  &c.  acting  in  a  contrary  direction,  in  order 
to  produce  i^,  v',  i;'',  &c.  ic.s|)ectively,  then  there  is  evi- 
dently an  equilibrium  between  mp,  m'p%  m^'p'^  &c.,  the 
quantities  of  motion  lost  or  gainetl  ;  otherwise,  f/,  r/, 
would  not  be  the  velocities  which  have  actually  phicc  ;  as 
mp  is  the  resultant  of  mfi  and  of  mv,  taken  in  a  direction 
the  contrary  to  its  motion,  by  substituting  for  mp^  m'^, 
fliV',  &C.  their  components,  we  may  announce  the  prin- 
ciple by  stating  that  there  is  an  equilibrium  in  the  system 
between  the  quantities  of  motion  mv,  mV,  stV,  &c  im> 
pressed  on  the  bodies,  and  the  quantities  aiii^  m'u\  m"u% 
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&,c.  which  actually  obtain ;  these  latter  being  taken  in  s 
contrary  directioDt  by  announcing  the  principle  in  this 
way  we  avoid  complicated  and  embarrassing  resolutiom* 
and  we  need  not  consider  the  quantities  of  motion  lost  or 
gained)  besides  we  are  enabled  by  it  to  establiah  directly 
eqoations  of  eqoilibrtttm  between  the  given  velodties  t/, 
f^f  &€.»  and  the  unknown  ▼elocities  t/,  vf*^  &o.»  which 
can  therefore  be  determined  by  means  of  these  equations. 
However  it  must  be  observed,  that  the  above  equation  i* 
not  auihcient  of  itself  to  determine  «,  u"y  &c.  we  must 
in  addition,  obtain  another  to  be  iielermiued  by  the  nature 
oi  the  system. 

If  the  bodies  are  actuated  by  accelerating  forceii»  then 
if  those  resolved  parallel  to  the  coordinates  r,  be 
P,  Qi  B»  for  JM,  Q%  R'»  for  m\  siP»  mQ,  siR» 
mVt  &C.9  will  represent  the  motions  parallel  to  the  three 
axes  which  the  bodies  would  have  if  they  were  altogether 
free^  and 

^^^^  AM  ^ 

represent  tlie  motions  parallel  to  the  same,  which  the 
bodies  actually  have  at  the  commencement  of  the  second 
instantf  which  since  they  are  to  be  taken  in  a  direction 
opposite  to  their  true  one^  must  be  affected  with  contrary 
signs  to  mPf  mQ,  siR.  See  page  488. 

will  be  destroyed. 

I.  em   It  W.  — — ,  m,     •    m  SI.  — —  • 

dl        dp  dt 
represent  the  partial  forces  of  the  body  m  at  any  instanty 
resolved  parallel  to  the  three  axes,  m  the  subsequent  in< 
stent  they  will  become 
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at  at        at  at 


<m1y  remain  in  the  subfequent  instant^ 


will  be  destroyed;  by  dislinguishlng  in  this  expression 
the  clmracters  in  x,  z,  P,  Q,  H,  by  one,  two,  &c., 
marks  we  shall  have  an  expression  lor  the  velocities  de- 
stroyed in  m'f  m"f  SiCf  and  multiplying  these  forces  by 
^fitffBxf  &C.9  the  respective  variations  of  their  dircctioni^ 
by  meant  of  the  principle  of  virtual  velocities,  the  follow- 
ing equation  will  be  obtained, 


if  we  eliminate  by  meam  of  the  particular  conditiimi 
of  tbe  parts  of  the  system  as  many  variations  as  there  are 
oonditicms,  and  then  make  the  coefficients  of  the  remain- 
ing variations  separately  equal  to  c>'pher,  we  shall  obtain 

all  the  equations  necessary  lor  determining  the  motions  of 

the  bodies*  ot  liie  sy&teni. 


degrees.  The  preceding  equation  consists  of  two  partSj 
entirely  distinct,  namelyt 


0=^.  (i^-P.)+.^.@-Q) 
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the  first  member  wonld  be  equal  to  cypher  if  P,  Q,  R, 
Sec.,  which  are  applied  to  the  teYeral  bodies  of  the  system 
coDstituted  an  equilibnum;  the  other  part  arises  from  the 
motion  which  is  produced  by  the  forces  P,  R, 
when  they  do  not  constitute  an  equilibrium,  and  the 
equation  in  page  431  is  only  a  particular  case  of  this; 
the  second  member  is  totally  independent  of  the  position 
of  the  axis  of  the  coordinates,  ioi  substitiitin*» 

for  07,  cor'  -f  5y  -f  rs',  for  j^,  a^x  -{-oy -^(/z'f 
forr,  a"x'+by-\-c"x+  8ic, 
and  substituting  also 

for  (/'or,  d*y,  f/*^,  ^x,  Sy,  S:c.,  their  values  in  terms  of 
these  quantities,  (a,  6,  c,  a',  &c*  being  supposed  to  be  con* 
stent,)  we  obtain  an  equation  of  the  same  form  as  the 
preceding,  for 

a*+af*+a^*  si,  iid  +  ae+fjc  =  0,  &c  ue  page  409, 
the  same  substitutions  being  made  in  the  expressions  of 
the  mutual  distances,  the  coefficients         c',  a\  &c.,  will 
disappear  iuv  tUe  same  reaboiis.    Tlie  principle  of  D'Alem- 
bert  by  itself,  without  iniroducinn^  the  consideration  of 
virtual  velocities,  would  enable  us  to  infer  several  i«n- 
portant  rei>ults;  but  it  is  its  combination  with  tikat  of  vir- 
tual velocities  which  has  contributed  so  much  to  the  im- 
provement of  rational  mechanics,  as  by  means  of  it  all 
mechanical  problems  are  reducible  to  one  sole  principle, 
namely*  that  of  virtual  velocities;  and  tlms  every  pro* 
blem  of  dynamics  may  be  reduced  to  the  inte|rrations  of 
dlfl^ntial  equations,  so  that  as  it  belongs  to  pure  analysis 
alone  to  efivwt  the  integration,  the  only  obstacle  to  the 
perfect  solution  of  every  problem  of  dynamics  arises  from 
the  imperfection  of  our  analy^i^, 

{p)  In  order  to  determine  the  condition  of  a  Hnid  mass 
at  eacli  instant,  we  mu^t  know  the  direciioti  of  the  mo- 
tion of  a  molecule,  its  velocity,  its  pressure  jh  the 
density  p,  but  if  we  know  the  three  partial  velocities,  pa- 
raliel  to  the  three  ordinates,  we  shall  have  the  entire  re- 
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locitj,  and  also  the  direction^  for  the  partial  velocities  di- 
vided by  tlie  entire  velocities,  express  the  cosioes  of  the 
angles  which  the  coordioatet  make  with  its  direction; 
hence  we  have  five  unknown  quantities.  Now»  in  the  ge- 
neral equation  of  equilibrium  furnished  in  Kotes^  page 
452»  namely,  s  P.S«  +  Q%  +  I^*^'*  characte- 
ristic B  is  independent  of  the  time ;  but  when  the  fluid  is 
in  motion  we  must*  by  what  has  been  just  establbhed* 
substitute 

fo'P.  Q--^  forQ.R-:gforU. 

and  after  the  substitution,  if  we  concinnate,  and  assume 
that 

then  we  shall  have 

since  the  variations  Ss,  are  Independent,  this  equation 
is  equivalent  to  three  di&tinct  equations;  besides  thes^  we 
obtain  another  from  the  circumstance  of  the  continuity  of 

the  fluid,  for  though  each  indefinitely  small  portion  of  the 
fluid  cliaiii^es  its  luiui,  ami  il  iL  i»  cunipressible,  its  vo- 
lume likcvkibe,  during  the  iiiuuon,  still  us  the  mass  niu^t  be 
constant,  the  product  of  the  volume  into  the  density  ii  ii:sL 
be  the  same  as  at  the  commencement;  and  by  equating  die 
two  values  of  the  mass  we  obtain  the  equation  relative  to 
the  continuity  of  the  fluid. 

N^lecling  quantities  indefinitely  small  of  the  fifth 
order,  the  volume  of  the  element  at  the  end  of  the  time 

V       dx  a  if  dz  i 

and  the  density  at  the  same  epoch  becomes 

p+       dt  +       udt+^.  vdt-\-  ^ .  wdt, 
dt       ^  dse         <jr,  dm 
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multiplying  tliis  expression  by  ihe  corresponding  volume, 
the  product  expresses  the  innss  at  the  end  of  ^  +  dt^  from 
which  subtracdng  ^,dxMif.dxy  the  remainder  will  be  lha 
variation  of  this  mass,  which  should  be  r:  0 ;  hence,  we 
obtaia  by  auppresnng  common  factors,  and  neglecUngtf^ 

dt^  dx  dtf    ^  dx  dx^^  dy 

if  the  fluid  is  incompressible  this  equation  is  resolvable 
into  two,  for  both  the  mass  and  also  the  density  remain 
the  same.    The  two  into  which  it  is  resolvable  are 

dt     dx        dy  dm 
du      dv  ^  dvo  _  y  ^ 
dx      djf     dx  ~'  ' 
and  these  combined  with  the  three  equations  already  men- 
tionedy  will  be  sufficient  to  determine     p,  u,  v,  w,  in  a 
function  of  x,     z,  t\  the  first  of  these  equations  becomes 
a  purely  identical  one  when  o  is  conblaut,  but  in  this  case 
we  have  only  four  unknown  (]ii:miIi.ios.    With  respect  to 
elastic  fluids  we  have  also  only  four  diHereiit  equations; 
however,  it  is  to  be  remarked,  that  in  this  species  of  Huidy 
the  density  is  always  in  a  given  ratio  to  the  pressure 
therefore  they  are  reduced  to  one  uoknown  quantity, 
provided  that  the  temperature  is  given ;  and  even  if  it  is 
not»  if  it  varies  according  to  a  given  law,  so  that  that  the 
temperature  may  be  assumed  a  given  function  of  dr,y, 
and  f ,  the  coefficient  which  expresses  the  ratio  of  p  to 
will  be  a  given  function  of  these  variables ;  consequently, 
whether  the  motion  to  be  determined  be  that  of  an  im- 
compressible  fluid,  or  of  one,  of  wiiich  the  temperature 
is  coiihtant,  or  variable  accordini^  to  a  given  law,  we 
shall  in  all  cases  liavc  as  many  diirerential  equations 
as  unknown  quantities;  as  tbe^  equations  are  those  of 
partial  differences  between  four  independent  variables, 
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^1  And  tlwir  perfect  integrationt  cannot  be  ef* 
fected  by  the  ordinary  methods,  except  that  by  means  of 
some  hypothesis  they  are  simplified :  and  even  in  such  a 
case,  we  should  determine  by  means  of  the  stnte  of  the 

fluid  at  the  commencement  of  ihc  motion,  the  uibitrary 
functions  which  their  integrals  contain. 

{ff)  If  in  the  expressions  o[  p,  1  S we  .su])]iosc  the  oi  igiu 
of  the  coordinates  to  be  in  a  point  ^,  j/,  then  in  the  values 
of  If,  lf\  lf\  &c.,  we  have  evidently  Sy=5ar-|-Sar/,  gy=Sy 
+3^/,  l^^ht  +  as/H-&c.t  therefore  if  in  the  values  of  ^ 
^»  ^^&c.t  of  the  variations  of  the  mntaal  distances  given 
in  page  448*  we  substitute  these  values  for  Sa/,  Sy,  &&» 
the  variations  %Zj  &c.  will  disappear  from  these 

expressions;  consequently,  by  substituting  these  values 
for  Sx',  Sy,  Zz'^  &c.  in  the  equation  given  in  page  485, 
we  obtain 

0=«.8.  (g.-P)+».8,(g!_Q)+».&(|f-B) 
+«.'&r.(^  -P)  +  «'.&r/.(^'-P')  +  ni.^. 

(S;-Q'-)  +  '»'?./©'-Q')  +  &- 

the  terms  in  the  expression  which  are  multiplied  by 
^«       respectively,  arc,  by  adding  them  together 

^(S-^)' 

Consequently,  if,  as  is  supposed,  the  system  be  free,  the 
conditions  relative  to  the  mutual  connexion  of  the  bodies 
vrill  only  depend  on  their  mutual  distanoesi  hence  the  va- 
riations of  S^t  S^,  &s»  are  independent  of  these  conditiooSf 
and  therefore  the  preceding  expressions  by  which  diey 
are  respectively  niultiplied,  must  be  put  severally  c^ual  to 
cypher;  and  as  from  what  is  laid  down  in  page  416, 

Sin  2m 

we  have 

Y  Y 
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— —  *IW.  — r-r-  S=  1 

we  obtain  in  the  some  manoer 

rf'B  _  Sw.Q  _  S»t.R , 

therefore  if  all  the  bodies  of  the  system  were  united  in  the 
oentre  of  gravity)  and  the  forces  which  are  applied  lo  them^ 
when  separate^  were  simultaneously  impressed  on  them ; 
the  motion  of  such  a  body  is  the  same  at  that  of  the  cen* 
tre  of  gravity  i  if  the  system  was  only  subject  to  the  mutual 
actions  jv,  jf^  of  the  bodies  composing  it,  and  to  their 
reciprocal  attractions;  then  sinoe  JiJ  \J"U  &c  the  dis- 
tances of  the  bodies  are 


=  ^(a/--«)»+(y-^y+(«'-*)», 

in  consequence  of  the  sole  action     we  have 

«P  =  ^.  «,Q  =  p.  L2=£I,  ^R=p.  ^JLZp.  ; 

«'F=p.  (flp^l,  «'Q'=j,.ii^^  i»'R'=p. 

and  a  similar  proof  may  be  shewn  for  the  bodies  in  the 

case  of  their  mutual  att  j  actioiKs.  As  action  is  equal  to  re- 
action, though  its  direction  be  coiuiar),  when  two  bodies 
impinging  on  each  other  exercise  a  finite  action  in  an  in- 
stant, their  reciprocal  action  will  disappear  in  the  expres- 
sions 2.mP,  S.mQ,  &c. ;  in  fact,  as  we  can  always  sup- 
pose the  action  of  the  bodies  to  K>e  effected  by  means  of  a 
qiring  interposed  between  themt  which  endeavours  to  re- 
store itself  afUr  the  shock,  the  effect  of  the  shock  will  be 
produced  by  forces  of  the  same  nature  with  p,  which, 
as  we  have  seen^  disappear  in  the  expressions  2.mP9  S*inQt 


« 
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&c.    By  integrating  we  obuin zzb,  and 

A^bi+ai  a  is  the  value  oF  A  at  tlie  commencemeiit  oP 

the  motion,  and  b  is  the  uniform  velocity  of  the  centre  of 

gravity  reiolvcd  parallel  to  A,   In  like  manner  the  inva- 

riability  of  the  motion  of  the  centre  of  gravity  of  a  system 

of  bodies,  notwillisiaiiding  iheir  nuitunl  nction,  subsists 

even  in  the  cn>e  in  which  some  of  the  l)o<lit;s  lose  in  an 

instant,  by  this  action  a  rmitc  quantity  of  motion  j  for 

A  (fv 
since  d.      •       =  Sm.       =  the  quantity  of  motion, 

at  (it 

and  since  by  the  principle  of  D'Alembert  the  quantity  of 

fix 

motion  2m.  — —  before  and  after  iiftpact,  should  be  equal 

di 

to  cypher,  i.  e,  such  as  would  cause  an  equilibrium  in 

the  system,  it  follows  that-^^.  2//',  before  and  after  im* 

pact  should  be  equal  to  nothing,  t.  e»  as  2m  is  given, 

<fA 

thevelocity  of  the  centre  of  gravity  in  the  direction  of 

dt 

the  axis  ofa',  is  not  affected  l)y  llie  impact.  We  can  therefore 
always  determine  the  motion  and  direction  of  the  centre  of 
gravity  of  a  system,  by  tlie  law  otlhe  composition  of  torccs, 
for  it  moves  in  the  same  manner  ns  n  body  equal  to  the  sum 
of  the  bodies  would  move,  provided  that  the  same  momenta 
are  communicated  to  it  ri<  are  impressed  on  the  respective 
bodies  of  the  system ;  and  if  the  several  bodies  of  the  system 
were  only  subject  to  their  mutual  action,  then  they  would 
meet  in  the  centre  of  gravity,  for  they  must  meet,  and  the 
centre  of  gravity  remains  at  rest. 

(r)  We  may  make  the  variation  &r  disappear  from  the 
expressions  for  ZfyZf\  &c  ,  by  another  iiupiiosilion  beside 
that  of  page  48i> ;  for  if  we  assume 

5y=y-5f:      i  dj^ r=  ^  +  avi  ?y=s -.^ . 

+  Sy^,  &c. 


'  NOTES. 


then  i£  ia  the  expression  for  ^       Sic^  = 

7  ' 

&c  we  substitute  for  S^',  Sy,'  &c  tlieir  preced- 
ing values,  tbey  become 

\  y  ^  y 

— «J//»)  <lividcd  by/,  = 
by  omitltng  quantities  which  destroy  each  other 

hence,  making  those  substitutions,  the  variation  disap- 
pears from  the  expressions  for  ^ ,  &c.,  and  it  is  easy 
to  perceive,  if  the  preceding  values  be  substituted  for 
SdT,  Sj/f  Bx"f  &c,  in  the  equation  given  in  pnge  485,  thai 
the  coefficient  of  Sir  will  be 

which  is,  by  what  precedes,  equal  to  cypher,  therefore 
its  integral  with  respect  to  /  is 

if  in  place  of  the  forces  Q,  Q\  &c.,  parallel  to  the  axis  of 
^,  we  substitute  the  forces  R,  R',  &&,  parallel  to  the  asia 
of  a,  or  in  this  last  if  we  substitute  Q,  Q',  £»r  P',  &c.> 
we  shall  obtain  the  corresponding  equations 

it  is  evident,  from  what  precedes,  if  the  bodies  of  the 
system  are  only  subjected  to  the  action  of  lbrcc&  ari&ing 
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from  their  mutual  action^  and  of  forces  directed  Co  a  fixed 

point,  tliat  then 

£i»*(P^— Qo;},  S/n.(P«ir— R;r)  -|-&c.  are  respectively  =  0» 

V  t— iffi.  — r— — -I  c  =  S/n.  f  J&c.  but 

from  what  has  been  stated  in  pages  S90,  429,  xdt^—ydx  ^  ^ 

the  area  traced  by  the  radius  vector  of  m  in  hence  then 
appears  the  truth  of  what  is  asserted  in  the  text,  that  when 
the  bodies  composing  the  system  are  only  subject  to  their 
mtttnal  actions,  and  to  attractions  directed  towards  a  fixed 
point»  the  sum  of  the  areas  multiplied  reflectively  by  the 
masses  of  the  bodies  Is  proportional  to  the  time.  The 
constant  quantities  Cf  t^^  may  be  determined  at  any 
instant,  when  the  velocities  and  coordinates  of  the  bodies 
are  given  at  that  instant.  There  are  three  cases  in  wliich 
tliis  pri!)ci[)!e  of  ihe  consevvatioii  oi  areas  ubtains,  when 
the  forces  are  only  the  result  of  the  mutual  action  of  the 
bodies  composing  the  system,  when  the  forces  pass  through 
the  origin  of  the  coordinates,  when  the  system  is  moved 
by  an  initial  impulse  ;  in  the  first  and  last  cases  tlie  origin 
of  the  coordinates  may  be  any  point  whatever  s  if  there  is 
a  fixed  point  in  the  system*  as  by  what  is  stated  in  page 
449*  the  principle  of  the  conservation  of  areas  may  be 
reduced  to  that  of  moments^  the  principle  obtains  when 
this  point  is  made  the  origin  of  the  coordinates ;  for  In 
that  case,  Vy  —  Qjr,  which  is  the  moment  with  respect 
to  the  origin,  will  disappear,  s,ec  Notes,  page  41-2;  if  there 
are  two  Jixcd  points  in  tlie  system,  only  one  of  the  three 
equations  obtains,  namely,  that  which  contains  those  coor- 
dinates, the  plane  of  which  is  pcrpcnclicuiar  to  the  line 
joining  the  given  points*  If  all  the  bodies  of  the  system 
are  equal,  the  theorem  comes  to  tbis^  that  the  sum  of  the 
areas  traced  by  the  radii  Ycclofet  aboat  the  focus  is  pro- 
portional to  the  times. 
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(t)  ir  tbe  variations  &p»  dsf  ^»  Stc,  be  siippoied 
cqaal  to  dic,  Aff  dzf  <£r'|  wliicli  Buppoutton  we  are  per- 
mitted to  make,  the  equation  given  in  page  481,  becomei 

0  =      (g-P.  )+-iy.(^-Q)+«.«^(£-R) 

(^-P.) +»'<«/.  (g'-Q')+«W»'.(g-R'.) 

&c.,  of  which  tlie  integral  is 

s«.  (!^!±f±i^5^)=V+s/«.(Prf«+Q*+iw«). 

this  last  term  is  an  exact  integral,  if  the  forces  P,  Q,  R, 
&c.  nre  tlie  retulu  of  attractive  forces  directed  to- 
wards fixed  centres  and  of  a  mutual  attraction  between 
the  bodies,  which  is  some  fanction  of  the  distance;  if 
we  suppose  it  =:  to  the  preceding  equation  will  become 
Smi^sc+^^t  see  page  48^ ;  hence,  if  the  bodies  composing 
the  system  are  not  solicited  by  any  forces,  f  vanishes,  and 
Sww*  r=r,  i.  e.  the  sum  of  the  living  forces  is  constant,  and  if 
it  does  iioL  vaiiibli,  ihc  sum  of  the  iiicreiucntis  of  the  living 
forces  is  the  same,  whatever  be  the  nature  of  the  curves  de- 
scribed, provided  that  their  points  of  departure  and  arrival 
are  the  same.  What  has  been  stated  respecting  the  mutual 
attraction  of  the  bodies  of  the  system,  is  equally  true  respects 
ing  repulsive  forces^  which  vary  as  some  fanction  of  the  dis- 
tance;  it  is  also  true,  when  the  repulsions  are  produced  by 
the  action  of  springs  interposed  between  the  bodies,  for 
tbe  force  of  the  spring  must  vary  as  some  function  of  the 
distance  between  the  points ;  hence  in  the  impact  of  per- 
fectly elastic  bodies,  though  the  quantity  of  motion  com- 
municated may  be  increased  indefinitehj,  still  the  vis  viva 
after  the  impact  remains  the  same  ui>  belorc  ;  indeed,  during 
the  impact,  the  vis  viva  varies  as  the  coordinates  of  the  re- 
s})cctlve  points  vary,  but  after  the  restitution  of  the  bodies, 
Ironi  their  perfect  elasticity  they  resume  their  original  posi- 
tion, and  therefore  the  value  of  the  vis  viva  remains  the 
same  as  before ;  but  if  the  elasticity  be  not  perfect,  in 
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order  lu  have  the  vis  viva  at  any  uistaiU,  we  should  huvc 
the  relation  which  exists  between  the  compressive  and 
restitutbve  fui  ce.  Tlie  7'/j»  viva  of  ti  system  is  evidently  di- 
mmished  when  tiie  motion  is  modified  by  friction,  or  the 
resistance  of  a  medium,  for  in  that  case  {l^dx'^Qdjf+Rth) 
is  not  a  perfect  integral* 

It  is  evident  from  tKe  manner  in  which  the  principle 
of  the  w  viva  was  deduced,  that  it  only  obtains  when 
the  motions  of  the  bodies  change  by  imperceptible  gra* 
dations,  if  these  motions  undergo  abrupt  changes,  the 
living  force  is  diminished  by  a  quantity  which  is  thus  de- 
termined, let  ^'^y  &c.  denote  the  differences  of 

at  dl 

-y-,  — ~  ,  &c.t  from  one  instant  to  another,  and  from  the 

at  at 

dx 

piinciple  ui  D'Alembert,  as  a.  —  is  the  variation  of  the 

Urn 

velocity  on  the  supposition  thnl  the  body  is  eaiirely  liee, 
and  V.dty  the  variation  which  actually  takes  place,  in 
consequence  of  the  actions  of  the  bodies  of  the  system,  we 
may  apply  the  reasoning  of  page  483  to  this  case;  tliere* 
fore  the  following  equations  obtain 

now  as  ifjr,  dy^  dz  become  in  the  subsequent  instants 

dx  +  ^.dXf  dy-\- ^  d^f  dz-^  ^.dz.  &c. 

if  we  assume  &cs  to  these  quantities,  we  evidently 

satisfy  the  conditicm  of  the  connexion  of  the  parts  of  the 
system,  therefore  substituting  these  quantities  for  Sr,  ^, 
&r,  Bk^  the  preceding  equation  becomes 


2m. 


\\dt^     dl  )  ,  dt^Kd^^      dtl  di 
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» 

the  integral  of  «P.(<^+  ^,dx)  U  evidently  equal  to^iM. 
P.ifj:y        and  the  integral  of 


for  ^.(o;^)  5s  2j:^  +  and  if  A  be  made  equal  to  ^j;,  it 
becomes 

Aor)^  S.(  A;t')^ ;  if«  Lacrouc^  torn.  3«  No.  3i4> 

therefore  if  we  multiply  the  preceding  equation  by  2,  and 
substitute  <£r,  in  place  of  we  shall  obtain  after  concin- 
natlng 

ue,  if  v^v^  o",  denote  the  velocities  of  the  several 
bodies  m,  vi'y  m"y  &c.,  we  have 

^(..-)-4-..(^)'+(.4y  J. 

as  tlie  quantity  under  the  sign  S  is  always  positive,  the 
living  force  of  the  system  is  diminished  by  the  mutual 

action  of  the  bodies  as  often  as  a.    -  Is  finite^  as 

ai 

rf^  expresses  the  square  of  the  velocity  of 

m  before  the  shock,  and 
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the  tqaare  of  th«  velocity  of  m  ahiat  the  shock ;  and  since 
from  the  principle  of  ly  Alenberty 

If  we  tnbtnwt  this  from  the  precedli^g  exprenion  the 
diflerence  becomes 

and  as  +      +        ^  s^^, 

the  IMig  force  of  the  system  before  the  shocks 

the  square  of  the  velocity  lost  by  the  shock,  and  2.ff>  V'(s 
the  loss  which  the  vis  viva  sustains  by  the  shock)  is  equal 
to  the  sum  of  the  living  forces  which  would  belong  to  the 
system,  if  each  body  was  solely  actuated  by  that  which  is 
lost  by  the  shock.  This  theorem  was  first  announced  by 
Carnot. 

{$)  The  variation  of  the  xns  viva  of  the  system  is  equal 

to 

iSm^F^  -f-  B/iM)  s  d^20iM^)9 

therefore  when  thia  ezpfessioii  vanishes^  Smv*  is  either  a 

maximum  or  a  minimum ;  but  from  the  principle  of  vir- 
tual velociiies  it  appears  lliaL  wlieu  P,  Qi  R,  P',  6i.c.,  con- 
stitute an  equilibrium 

and  when  ftr,  ftc,  are  subjected  to  the  conditions 
of  the  oonnexioii  of  the  parts  of  the  systeui  we  may  sub- 
stitute d^f  ifyfdz  §6r  these  variations;  consequently,  we 

iiave 

^     Zm,(?Jx  +  Q,dj/  +  R,dz}f 

the  variation  of  the  vis  viva  equal  to  nothing  in  this 

z  z 
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case,  aiui  therefore  the  m  vtvu  is  either  a  maxiuiuni 
or  minimum.  If  the  system  was  slightly  disturbed  from 
the  position  of  e(]uilii)rium,  expicssincj^  P,  Q,  H,  8cc.,  - 
in  terms  of  the  coordinates  and  expanding  the  resulting  ex* 
pressions  into  a  aerief  proceeding  according  to  the  varin- 
tions  of  the  coordinates  i  the  first  term  of  the  series  will 
be  the  value  of  ^  when  the  system  is  in  equiiibrio ;  and 
sipce  it  is  given,  it  may  be  made  to  coalesce  with  cf  in 
the  expression  given  in  page  494;  the  second  term  va- 
nishes by  the  conditions  of  the  problem ;  and  when  2jii&* 
is  a  maximum,  the  theory  of  maxima  and  minima  shews 
that  the  third  term  of  the  expansion  may  be  made  to 
assume  the  form  of  a  sum  of  S(|uares  alTected  with  a  nega- 
tive sign,  sec  Lacroix,  No.  ISl,  the  number  of  terms  in 
this  sum  being  equal  to  the  number  of  variations  or  inde- 
pendent variables. 

The  terms  whose  squares  we  have  assumed,  are  linear 
functions  of  the  variations  of  the  coordinates,  and  vanish 
at  the  same  time  with  them;  and  they  are  greater  than  the 
sum  of  all  the  remaining  terms  of  the  expansion.  The 
constant  quantity  being  equal  to  r/  +  the  value  of  Swi?*, 
■when  P,  Q,  R,  P',  &c.,  constitute  an  eqailibritiiu,  it  is 
necessarily  {jOhiiivf,  and  may  be  rendered  as  small  as  we 
please  by  diminishing  the  velocities;  but  it  always  exceeds 
the  greatest  of  the  quantities  whose  squares  have  been 
substituted  in  place  of  the  variations  of  the  coordinates; 
for  if.  it  were  less,  this  negative  quantity  would  exceed  the 
constant  quantity,  and  therefore  render  the  value  of  Smr*, 
negative;  consequently,  these  squares  and  the  variations  of 
the  coordinates,  of  which  they  are  linear  functions,  always 
remain  very  small,  therefore  the  system  will  always  oscillate 
about  the  position  of  equilibriuui,  and  lioncc  this  equili- 
brium w  ill  be  one  of  stability.  But  in  the  case  of  <p  being  a 
minimum,  it  is  not  re(juisitc  that  the  variations  sliould  be 
always  constrained  to  be  very  small  in  order  to  satisly  the 
equation  of  living  forces ;  this  indeed  does  not  prove  that 
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there  is  tuf  limit  then  to  those  variatioa%  which  should  be 

done  in  order  to  prove  the  equilibriam  to  be  instable;  in 
Older  to  demonstruLe  Lhis,  we  sliould  substitute  for  these 
variations  their  values  in  a  function  uf  the  time,  and  tiien 
shew  from  the  form  of  tliose  functions,  that  they  increase 
indefiuiiely  with  the  timey  however  small  the  primitive 
velocities  may  be. 

Let  P|  F'f  &c.y  denote  the  weights  of  any  number  of 
bodies  in  equilibrio^  and  8cct  their  coordinates 

with  respect  to  an  horizontal  plane ;  then  if  the  position 
of  the  system  be  disturbed  by  any  (quantity,  however 
small,  we  have 

■ 

(which  is  equal  to  z,  the  distance  of  the  centre  of  gra- 
vity of  all  the  bodies  of  the  system  from  the  horizontal 
1)1  ane)  is  either  a  maximum  or  a  minimum ;  and  the  sum 
of  the  living  forces  is  a  maximum  when  the  centre  ceases 

to  descend,  and  commences  to  ascend,  for 

in  this  case  becomes  2in«R.</«}  and  therefore  by  substitu- 
tion we  have  •|-jv^R.2j9I»  consequently  Smo*  is  a 
masiimum  or  minimum^  according  as  is  a  maximum  or 
minimum ;  when  Smv*  is  a  maximum  the  equilibrium  is 
stable,  when  a  minimum  the  equilibrium  !a  instable.  For 
from  the  definition  of  stability,  it  appears  that  then  the 
bodies  tend  to  revert  lo  the  position  of  ecjuilibrium,  there- 
fore the  velocities  will  diminish  accordini;  as  the  system  de- 
viates more  trom  the  position  of  et|uilibriuni,  consequently 
the  sign  of  the  second  differential  of  ^  will  be  negative ; 
hence  Smv*  will  be  a  maximum  iu  this  case*  and  in  the 
contrary  it  will  be  evidently  a  minimum. 

Let,  as  In  page  41 F  the  force  be  4f  1  to  f(v)f  then  this 
force  resolved  parallel  to  the  axes  of  .r,  becomes  re- 
spectively 
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if  Py  Qy  P,  &c.,  denote  the  same  quantities  as  before, 
the  system  will,  bj  what  it  eitabliihed  in  page  485«  be  iit 
eqaiiibrio  ia  conaequenoe  of  these  Ibroes  and  the  dif- 
ferentiab 

takuii  with  8  contrary  sign,  therefore  in  place  of  the  cqua- 
tioo  given  in  pags  i&S,  we  siutU  luve  the  fiaUowing 

0  =  2m.  [SxM.f^  .  lM"j-P.dt.) 

differs  from  that  equation  in  this  respect»  tfaat^,  ~, 

dt     at  at 

are  multiplied  by  the  function  tl^L^  wbicfa  in  the  case  of 

V 

the  force  to  the  Telocity  is  s  to  unilgr ;  this  differcnoe 
renders  the  solution  of  problems  extreme^  difficnU  \  how* 
e?er  we  may  obtain  from  the  preceding  equation  princi* 
pies  analogous  to  those  of  the  conservation  of  liviiig  forces 
of  areas,  and  of  the  motion  of  the  centre  of  gravity.  For 
instance,  the  preceding  expression,  by  changing  &r|S^^ 
&C|  into  dxf  di^f      &c.,  becomes 

f.  e,  by  expanding  the  expression 
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•nd  thw  last  quantity  is  equal  by  aulistitution  to 
therefore  we  have 

if  this  last  term  is  an  exact  tlitlereotial  equal  to  c^A*  we 
shall  have 

S./^wio.^'-W  =  f/  +  X} 
an  equation  which  establithes  what  Is  sUted  in  page  292. 
If  as  in  page  489,  we  make 

and  make^  as  in  that  page,  the  coefficients  of  &r» 
respecUvely  equal  to  cyphert  we  shall  have 

which  arc  analogous  to  tliose  of  page  464,  from  which  the 
conservation  of  the  motion  of  the  centre  of  gravity  was 
inferredf  when  the  svstem  is  only  subject  to  the  mutual 
aetion  and  reciprocal  attraction  of  the  bodies  composing  it, 
in  which  case  %niVy  ^mQ,  SmR  are  respectively  equal  to 
cypher;  we  can  infer  from  the  preceding  eqnalion 

di       V  at  V 
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Cm^^.  iiil,  but*.  4-.  ±i5i=«.^(„).^  = 

dl        V  (U        V  as 

the  finite  force  of  the  body  resolved  parallel  to  the  axis  of  2 ; 
provided  that  we  undersUnd  by  the  force  of  a  body,  the  pro- 
duct of  the  mass  into  that  function  of  the  velocity  which  ex- 
presses it;  consequently  in  thepreceding  casethe  sum  of  the 

iiiiite  forces  of  the  bodies  composing  the  system  is  constant^ 

whatever  may  be  the  nature  of  ^ ;  but  unless  .^'^^^  =  1,  the 

motion  of  the  centre  of  gravity  will  not  be  uniform  and 
rectilinear^  for  it  is  only  in  that  case  that  we  could 

prove  from  the  expression  C  =  S;w.  ^ .         ,  that 

dA,  the  differential  of  the  coordinate  of  the  centre  of  grn« 

vity,  was  conbtaut. 

Making  the  substitutions  indicated  in  page  491,  and 
afterwards  putting  the  coefficient  of  S.r  =  0,  we  obtain, 
when  the  system  is  not  actuated  by  exu  aueous  forces, 

o=^.(Ug.^)-,...g.±fI)) 

and  by  integrating 

\       at      '  V 

and  in  like  manner 

\      at      /  V 
dt  V 

and  since,  by  whathas been  stated  above,  m.^x.  ^  —  J/^ 
i'^ll  is  the  moment  of  the  finite  force  by    hicii  the  body 
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u  actuated,  Sm.  ^f^-Jl^'j .  Jti^  expresses  the  sum  of 

the  moments  of  all  the  finite  forces  of  the  bodies  of  the 
system  to  make  it  revolve  about  the  axis  of  z,  which, 
when     —  Qx=:  0,  is  constaat,  and  it  evidently  vanishes 
in  the  case  of  equilibrium. 
(/}  If  the  equation 

Sfli.t^  =  C+SSfff.(P.<7;r+Q.r/y+It.d!») 

be  differentiated  with  respect  to  the  characteristic  3  we 
shall  have 

and  the  equation  given  in  page  485  then  becomes 

\         ai  at  at  i 

—  ^,m,dtA>dv ;  and  as  vdt  —  ds,  v'dt  =  ds\  &c. 
we  can  obtain  by  the  same  process  as  in  page  439, 

integrating  wiili  rci>pecL  to  f/,  and  extending  the  integrals 
to  the  entire  curves  described  by  the  bodies  w,  m\  &c.  we 
shall  liave 

C»  and  also  the  vRriattons  &r.  Sy,  &c.  refer  to  the 

extreme  points  of  the  curves  described,  and  when  these 
are  invariable,  we  have  0  =  S.S./wv.rf^,  thiiefoi  e  y..  /).>u 
vds  is  a  minimum.  This  expression  becomes,  by  substitut- 
ing for  ds,  d/,  &c.  v.dl,  i/.dt,  &c.  =  ^/mv^.di  =.  the  sum 
of  the  living  forces  of  the  bodies  composing  the  system, 
consequently,  the  principal  of  the  least  action,  in  fact,  in- 
dicates that  the  sum  of  the  living  forces  of  the  bodies 
composing  the  system  is,  in  its  transit  from  one  position 
to  another,  a  miniuiom ;  and  when  the  bodies  are  not  ac- 
tuated by  any  accelerating  forces,  the  velocities  v,  v',  &c. 
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and  the  sum  of  the  Ufing  forcei  we  consteat  et  each  in- 
stant, see  page  439 ; 

and  the  sum  of  the  living  forces  for  any  interval  of  time  is 
to  this  time,  consequently  in  this  case  the  body  pasKS 
ftom  one  position  to  another  iu  the  shortest  poniUe  time. 
As  '^fmjsdM  s  m,9^,dif  La  Grange  proposed  to  aher 
the  denomhiation  of  the  principle  of  least  action,  and  to 
term  it  the  principle  of  the  greatest  or  least  living  force. 
Tlie  advantage  from  llua  iiiude  of  expression  be, 
that  it  is  equally  applicable  to  a  state  of  eqviilibriuni  and 
motion,  since,  in  tlie  slate  of  cfiuilibrium,  it  has  beeo  al- 
ready shewn  to  be  either  a  maximum  or  minimum. 

(w)  This  is  evideut  from  what  goes  before,  for  from  the 
principle  of  action  and  reaction  the  expressions 

2.111P,  ire  Sfa.(P^Qa:)&c  =0, 

whatever  chaii;^es  arc  produced  by  the  mutual  actions  of 
the  bodies.  Let  X,  Y,  Z  represent  tlie  coordinates  of  the 
moveable  origin  of  the  coordinates, 

x=X+«,i  ^=Y+jf,;  a=Z+*,;  j/sX+x/;  &c. 

If  the  origin  moves  with  a  uniform  rectilinear  motion 

d*X,  =0,  «^*V  =  0,  &c. 

therefore  substituting  for  we  have^  when  the  system 
is  f«M^  by  the  nature  of  the  centre  of  gravity, 

Sw.(i/»Q  4.  d'^)  --Xm.Q.dl*)  =  0,  &c 
by  substituting 

BX  +  -f-  &c. 

in  place  of  &c  in  the  equation  of  page  485,  we 

shall  have 

0  =  SmA,        _P.)+  Sm^^       _Q. ) 
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which  18  precisely  of  the  same  form  as  the  equations 

given  in  pa^e  485,  aiul  the  same  consequences  may  evi- 
dently be  derived  from  thcin ;  if  X,  V,  Z  denote  tlie  co- 
ordinatfis  of  the  centre  oi  gravity,  by  the  nature  of  it  we 
have 

io  like  manner 

Sin.  (^£l±^^li±L) , 

for  S0t.d:r*s  2ffi.<fX*+^Sm.d:v  <?X+2n-i^A 

and  as  2££X.Sm.dc,  =  0,  we  have 

therefore  it  appears,  that  if  the  origin  be  transferred  from 
another  pomt  to  the  centre  of  graTity«  the  quantities  which 
result  are  composed  of  two  different  expressions*  namely 
of  those  which  would  obtain  if  all  the  bodies  of  the  system 

were  concentrated  in  the  centre  ui*  gravity;  aiul  se- 
condly, of  quantities  rcluLivc  to  the  centre  of  gravity 
supposed  fixed;  and  since  the  first  described  quaiitilies 
are  constant,  the  reason  why  the  principles  in  question 
obtain,  with  respect  to  the  centre  of  gravity  is  evident ; 
also  if  the  origin  of  the  coordinates  be  supposed  in 
this  pointy  the  plane  which  passes  through  it«  and  rela- 
tively to  which  ^nu  ^^^^^^'^^^)     ^  maximum,  remains 

always  parallel  to  itself  during  the  motion  of  the  system, 
and  the  same  fonction  relatively  to  every  other  plane 
perpendicular  to  it,  vanishes,  see  note  (ar),  and  page  509. 

3a 
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(.r)  There  exists  a  plane  wiih  le^pect  to  wliidi  c  ami  r  ', 
in  page  492  vanish,  whicli  is  thus  determined,  let  B  repre- 
sent tlie  inclination  of  the  required  plane  formed  by  two  of 
the  new  axes  x"^  y"  with  the  plane  of  or,  and  let  ^ 
represent  the  angle  between  the  axis  of  x  and  the  ia. 
terseciion  of  with  Xf  and  0  the  angle  between  af\ 
and  the  intenection  otxf^f  ^>y^  then  by  subitituUng  it 
wonld  be  easy  to  shew  that 

=  dP«(cos.  0*  sin*  ^  sin.  ^  -4"       xf^,  cos.  ^)  -f- 
^•(cos.  6,  COS.  xp,  sin.  ^— sin.     cos.  ^) — s»  sin.  B,  bin.  tp  ; 

y  ==  «.(co«.  0^  sin.  ^.  COS.     cos.  ^.  sin.  ^}  4* 
y.(cos.  0.  COS.  jfh  COS.  ^-(-sin.i^.  sin.  0) — x  sin.  0.  cos.  f . 
^-''rr  -a:,  sin.  0.  sin.    -}-?/.  sin.  0.  cos.  ;/'  +  ^.  cos.  B; 

if  we  take  the  expressions  x"€l^' — ydx"f  by  substituting 
for  y"dx"j  x"dt/\  &;c.  tlieir  values,  neglecting  quantities 
which  destroy  each  others  and  observing  that  xdy^ydxzs. 
e^xdM-^mdx^cff  &c.  we  shall  obtain  after  all  substitu- 
tions 

Sm.  ^£Wl^£2£f! j  =  c.  cos.  a  -  c'.  sin.  d.  cos.  ^  +  c». 

sin.0Lsin.^$  ^(    ^  rf/       j  =  c. sin. cos. 
+c'.(sin.  ^  sin.  ^  +  cos.  B,  cos.  i/*.  cos.  ^)  +  c*.(cos,  ^.  sin. 
^-HHM.  ft  Sin  ^.  cos.  0),  S»i.  f -2!  — 2 — j  ss  —  (!.  sin. 

0L  sin.  ^4- <K.(sin.  ^  cos.  ^— coe*  0.  cos.  ^.  sin.  f  co*- 
^.cos.  ^+cos.  0.  sin.  ^.sin. 

if  B  and    are  60  determined  that  sin.     sin.  ^  — 

and  therefore  cos.  0  =    .  ,      ^  ==,  we  shall  have 
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thereloi  e  witii  respect  to  a  plane  deterniinetl  in  this  man- 
ner, c/,  d'  vain'sb;  there  exists  only  one  plane  which  pos- 
ceases  thit  ptopeity,  tut  supposing  it  to  be  the  pUae  of 
x^Sf,  then 

2m.  ^  ~j  —  c.  sni.  t/.  cos.  ^; 

Sot.  (si  — ^-^^ — ^  =  — ^c. sin.  0,  61U. ^ ; 

if  these  two  fooetiottt  be  put  =:  to  cypher,  we  shall  have 
sin.  9  s  0  f  therefore  the  plane  coineides  with 

the  plane  x„  since  whatever  has  been  the  direction  of 
the  original  plane  Xft/t  the  value  ol 

it  fiillows  that  c*+^^-f*^*  ii  constant^  and  that  the  plane 
of  determined  by  what  precedes,  is  that  with  re- 

spect  to  which  Xnu^       (U  '  ^  is  a  maximum:  this 

plane  therefore  possesses  these  remarkable  properties, 
namely,  that  the  sum  of  the  areas  traced  by  the  pro- 
jections of  tlie  radii  vectores  of  the  several  bodies  on 
it,  and  multiplied  by  their  masses,  is  the  greatest  pos- 
sible, and  that  the  same  sum  vanishes  for  every  plane 
which  is  perpendicular  to  it;  by  means  of  these  pro- 
perties we  can  always  find  its  position,  whatever  va* 
riations  may  l>e  induced  in  the  respective  positions  of  the 
bodies  in  consequence  of  their  mntua]  action;  as  cos  ^ 
sin.  9.  coa.  ^  sin.  9,  sin.  i^  represent  the  cosines  of  the  angles 
which  the  pUme  makes  with  the  plane  y^z^  x;  y^z, 
it  follows  that  where  we  have  the  projections  c*  of  any 
area  on  three  coordinate  planes,  wc  iiave  its  projection 

Ssf.  ^€:Mjr£:^^^  the  plane  of  *",y',  the  positionof 

which,  with  respect  to  the  three  planes  .ry,  xz^tfSi  is  given; 
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H  d«>  appew.  !««.  the  a^p™.!- of  S«.  (-iSL|-_). 

that  for  all  planes  equally  indined  to  the  plane,  on  whieh 
the  prcjectioD  »  a  maximuniy  the  values  of  the  prcjec* 
tion  of  the  area  are  equal;  <v  ^>  heiv^  constanty  aod  -ifl 
to  the  oosines  of  the  angles^  which  the  plane  cm  which  the 
projection  of  the  area  is  a  n)axiDram,;^akes  with  ary>  9t»%tPt 
the  podtion  of  this  plane  is  neeessarlly  fixed  and  invari- 
able ;  and  as  c,         depend  on  the  coordinates  of  the 

bodies  at  any  insUnt»  and  on  the  velocities  &e. 

at  at 

when  these  quantitits  are  given,  we  can  determine  the  po- 
sition of  this  plane,  which  may  be  called  invariable  because 
it  depends  on  c,  c",  which  are  constant  when  the  bodies 
are  only  subject  to  their  mntuid  action^  and  to  the  action  of 
forces  directed  towards  a  fixed  point.  Since  the  plane 
is  undetermined  in  the  text^  we  infer  that  the  sum  of 
the  squares  of  the  projections  of  any  areas  exbting  in  the 
invariable  plane^  on  any  three  coordinate  planes  existing 
in  the  same  point  of  space  is  constant,  therefore  if  on  the 
axes  to  the  coordinate  planes  xy^  xz^  j/z,  lines  be  assumed 
-TT-l  to  c,  (/f  c",  then  the  dia<j;onal  of  the  paraIlcloj)iped 
whose  sides  were  -H-1  to  tliese  linee,  will  represent  the 
quantity  and  direction  of  the  greatest  moment,  and  this 
direction  is  the  same  whatever  three  coordinate  planes  be 
assumed^  but  iheposilion  in  absolute  space  is  undetermined* 
for  the  projections  on  all  parallel  planes  are  evidently  the 
same.  The  conclusions  to  which  we  have  arrived  respect- 
ing the  projections'  of  areas,  are  evidently  applicable  to 
the  projections  of  moments,  since,  as  has  been  remarked 
in  page  44-2,  these  moments  may  be  geometrically  repre- 
prescnted  by  triangles,  of  \^  hich  the  bases  represent  the 
projected  force,  the  altitudes  being  equal  to  perpendicu- 
lars let  fall  from  the  point  to  which  the  moments  nvc  re- 
ferred, on  the  directions  of  the  bases  ;  therefore  when  the 
forces  applied  to  the  several  points  of  the  system  have  an 
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unique  resultant  V|  since  the  sum  of  the  moments  of  any 
forces  projected  on  a  plane  is  equal  to  the  moment  of  Ui^ 
projection  of  their  resultant^  it  follows  that  the  unique  re>* 
sultant  V»  and  the  point  to  irhieh  the  moments  are  applied, 
must  exist  in  the  invariable  plane,  therefore  the  axis  of 
this  plene  must  be  at  right  angles  to  this  resultant  s  and  as 

[see  pfige  443)  are  equal  to  the  cosines  of 
the  angles,  which  V  makes  vviih  the  coordinates;  and  as 

c  e 

iue  ctjual  to  the  cosines  of  the  nnj^les,  which  the  axis  to 
the  invariable  plane  makes  wiLh  the  isamc  courdiiiaLc;>,  we 

~  ^*  ^^^^ 

The  practical  role  for  the  determination  of  the  plane 
of  greatest  projeaion  is  given  in  Chapter  II.  VoL  IL 
From  what  has  been  established  in  notes,  page  505,  it 

appears  that  for  all  points  in  which  ^^^^^^^  •  2/«=0, 

the  value  of  c  remains  constantly  the  same;  but  it  is  evi- 
dent that  tiiis  ctiualioii  will  l)e  satisfied,  if  the  locus  of  the 
origin  of  the  coordinates  be  eitiier  the  i  i;(lit  line  described 
by  the  centre  of  gravity  or  any  line  parallel  to  this  line; 
therefore  for  ail  such  positions  the  invariable  plane  re- 
mains constantly  parallel  to  itself,  however,  though  fiar 
all  points  of  the  $awie  parallel  the  direction  of  the  invap 
riable  plane  remains  constantly  pandlel  to  itself  still  in 
the  passage  from  one  parallel  to  another,  the  direction  of 
this  plane  changes.  (A,  13,  C,  are  the  coordinates  of  the 
new  origin.    See  Celestial  Mechanics,  page  145.) 

When  the  forces  are  reducible  to  an  Uiii^ue  icsultant, 
if  the  origin  of  the  coordinates  be  any  point  in  it,  the  quanti- 
ties r,  c',  c^',  and  therefore  the  phiue,  with  respect  to  which 
the  piqjection  of  the  areas  is  a  maximum,  vanishes;  and 
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if  the  locus  of  the  origin  be  any  line  parallel  to  this  iioe^ 
the  value  of  the  projectioii  of  Ihe  area  on  the  plane  ^» 

with  respect  to  this  line      A^dK'—^ulY  ^  ^ 

tliis  case  vanishes,  if  the  locus  of  the  origin  be  a  right  line 
diverging  from  this  retukant»  the  expression 

SMy  is  susceptible  of  continual  increase.  The  plancy  with 

respect  to  which  the  value  of  Vc*+c'*+c**  is  the  mini- 
mum  maximorum  is  perpendicular  to  the  direction  of  the 
general  resultant,  or  of  the  common  motion  with  which  the 

system  is  actuatetl,  its  axis  is  a  perpendicular  to  this  plane, 
erected  at  the  origin,  which  may  be  any  point  in  the  direc- 
tion; for  all  c<|uidisUiiit  origins  existinrr  in  a  perpendicular 
plane,  the  maximum  areas  will  have  the  snme  values,  and 
their  planes  will  be  normal  to  the  different  generatrices  of 
an  hjperboloid  of  revolution  described  about  this  central 
azls$  although  the  value  of  the  maximum  area  should 
be  given,  still  if  the  origin  be  not  also  given,  its  plane  cannot 
be  distinguished  from  an  infinity  of  others  perpendicular 
to  the  generatrices  of  an  hyperboloid  of  revolution ;  but  if 
witli  the  preceding  we  combine  the  condition  that  the  areas 
should  be  the  minimum  of  the  maxima  areas,  relatively  to 
difiTerenl  origins  in  space,  the  plane  sought  may  be  easily 
found,  inasmuch  as  it  enjoys  not  only  an  exclubive  pro- 
perty with  respect  to  those  whicli  pass  through  the  same 
origin,  but  likewise  another  exclusive  property  with  re* 
spect  to  those  which  have  ,  the  first  property  common 
with  it. 

In  the  system  of  tlie  world,  as  we.  do  not  know[  any 
fixed  pomt  to  which  the  difierent  heavenly  bodies  may  be 
referred,  and  as  we  are  also  ignorant  of  the  direction  and 
Ibrce  with  which  this  system  moves  in  space,  neither  the 
plane  nor  the  value  of  the  area  which  ii  the  minimum  maxi- 
jnorum  can  be  determined^  we  can  solely  select  the  plane  of 
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tlie  maximum  area  with  respect  to  tm^ point  which  mom 
with  the  Telocity  of  the  common  centre  of  gravity  of  the 
system  in  a  right  line ;  therefore  the  origin  may  be  assumed 
at  the  common  centre  of  gravity,  which,  during  the  entire 
motion  possesses  the  property  of  niuviiri^  in  a  vigiit  line. 

The  principle  oi  the  conservation  of  area??,  and  also  that 
ofl  iving  forces,  may  be  reduced  tocertain  relations  between 
the  coordinates  ot  the  mutual  distances  of  the  bodies  com- 
posiog  the  system  ;  for  if  the  origin  of  the  coordinates  be 
supposed  to  be  at  the  centre  of  gravity*  the  equation  given 
in  page  507  may  be  made  to  assume  the  form 

(for  the  verification  of  those  formula  see  Celestial  Mecha- 
nics, page  14-5),  the  second  members  of  these  equations 
multiplied  by  dt^  express  the  sum  of  the  projections  of  the 
elementary  areas  traced  by  each  line  which  joins  the  two 
bodies  of  the  system)  of  which  one  is  supposed  to  move 
round  the  other  considered  as  immoveable^  each  area 
being  multiplied  by  the  product  of  the  two  masses,  which 
are  connected  by  the  same  right  line.  It  might  be  made 
appear,  as  in  page  508*  that  the  plane  passing  through 
any  of  the  bodies  of  the  system,  and  with  respect  to  which 
the  preceding  function  is  a  maximum,  remains  always 
parallel  to  itself,  during  the  motion  of  the  system,  and 
that  this  plane  is  parallel  to  the  plane  passing  through 
the  centre  of  gravity,  relatively  to  which  the  function 

2m.  ('^^^^^^)  w  *  maximum*  &c    Also  the  second 

members  of  the  preceding  equations  vanish  with  respect  to 
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all  planes  passliifr  tiiroii£r}i  the  same  body,  and  perpendi- 
cular to  the  plane  in  question. 

In  like  maimer  the  equation  given  in  page  494  may  be 
made  to  amune  the  form 

which  only  respects  the  oodrdinates  of  the  ravlual  distances 

of  the  bodies,  in  which  the  Brst  member  expresses  the  sum 
of  the  squares  of  the  relative  velocities  of  the  bodies  of  the 
system  about  each  other,  considering  tliem  two  by  two,  and 
supposinfT,  at  the  same  time,  tliat  one  of  ihem  is  immove- 
able,  each  square  being  multiplied  by  the  product  of  the 
tvio  masses  which  are  considered.  See  Celestial  Mecha* 
iiicsy  page  148* 

It  may  be  remarkedi  with  respect  to  the  preceding , 
oooclnsions  about  the  invariable  p1ane»  that  in  any  system 
of  solid  or  fluid  molecules  actuated  primitively  by  any 
forces,  and  subjected  to  their  mutual  action,  if  it  happens 
that  uiter  a  great  number  oi'  o^ciilaiioiis  Lhci^c  molecules 
are  arranged  in  a  permanent  state  of  rotation  about  an  in-» 
variable  axis  passing  t!irou<^h  their  common  centre  of  gra- 
vity, (which  is  most  probably  the  case  with  respect  to  the 
celestial  bodies),  then  their  equator  will  be  parallel  to  that 
plane  which  would  furnish  the  maximum  of  areas  with 
respect  to  the  centre  of  gravity.  See  Vol.  IL  Chap.  IX. 
page  121. 

It  may  be  likewise  remarked  here^  that  planes  are  not  the 
sole  sur&ces  on  which  the  areas  remain  constant  without  im- 

dergoing  any  change  during  the  motion  of  the  system  ;  the 
same  j)roperty  appertains  to  every  circular  conic  surface,  of 
which  the  summit  is  tlie  origin  of  the  radii  voctorcs,  but  it 
is  necessary  that  these  radii  should  be  projected  on  the  cone 
by  lines  parallel  to  its  axis,  the  areas  described  on  the  sur- 
faces of  different  cones  having  the  same  axis  and  summity 
(see  page  507))  are  inversely  as  the  sines  of  the  angles  of  the 
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cones,  therefore  the  area  will  be  least,  which  is  projected 
oil  the  ri^ht  cone.  If  the  angle  of  the  cone  is  given  but 
the  axes  diflferent,  liiere  is  only  one  on  the  surface  of 
which  the  area  traced  by  the  radius  vector  will  be  a  maxi- 
mum; also  among  all  those  which  assign  the  same  value  to 
the  maximum  areas  relatively  to  difierent  origins  in  space^ 
there  is  only  one  which  will  give  the  least  of  these  maxima 
areas.  The  axes  of  these  remarkable  cones  are  the  same 
as  the  axes  of  the  momenta  or  areas  which  possess  the  same 

propel  Utb. 
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ERRATA. 


ftfc  15,  Um  is.  Jrom  bottom,  for  bccooiM  read  beoomiBf . 

5,  from  bottom,  for  and  Mtd^^ 
MM     7^M»  3,  for  plan  read  ii\Ane. 

A,  from  btittain,  after  which  tfud  it. 
mmmm  XH^ nmm-  7,  from  bottom,  mflcr  tnm  remd  a, 

mmm,  A  13.  for  fuUcr  I  iWlftertllir. 

— _  1S5,          4,  <i^/<-of. 

V    ib.          9, /or  lun  »ra<i  earth. 

  137,         8,  <^rr  each  rrod  otlicr. 

ISO,  — 19, /or  cartonic  rcaii  caibonii  . 

  15],        8,  front  bottom,  for  the  cowteoU  read  thtj» 

——  153,  20,  for  transvcm-  read  IIMMMt 

  191,         6,/t»/- the  read  thete. 

—  197,—  9,  for  comcu  read  mtfh* 
——    ib.  —  19,  for  on  rrtwi  in. 

_  5,  qfltr  the  read  periodll  flf  ttw> 
  210,  17,  for  on  read  to. 

—  Sii,^— IS, /or  6nt  read  iecoad. 
828|^— '  14iv  o/br  directkHM  rrodof. 

_  SS7i— -17,  ybr  tune  rciuf  velocity. 

»  S78,-^8S,  VI«raU/«r  velocity  r«w(  action. 
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